
Multidimensional Digital
Signal Processing

Or plain: Image processing for dummies.
Version 2013-02-18

1 MD signals and systems

1.1 Periodic sequences

Let n, r P Nk and N,P P Nkˆk. xpnq is peridioc if

xpn`Nrq “ xpnq. (1)

The number of samples in one period is

|detpNq|, (2)

and NP is also a valid periodicity matrix.

1.2 Linear shift-invariant systems

Let a, b P C and let vpnq “ au1pnq`bu2pnq and wpnq “ upn´mq.
A system L is linear and shift-invariant (LSI) if

1. Lrvspnq “ aLru1spnq ` bLru2spnq,

2. Lrwspnq “ Lruspn´mq.

If L is linear and ypn1, n2q :“ Lrxspn1, n2q then

ypn1, n2q “

8
ÿ

k1“´8

8
ÿ

k2“´8

xpk1, k2qLrδspn1 ´ k1, n2 ´ k2q
loooooooooooooomoooooooooooooon

hk1k2 pn1,n2q

. (3)

If L is also shift-invariant then

h :“ h00pn1 ´ k1, n2 ´ k2q “ hk1k2 pn1, n2q. (4)

1.3 2D convolution

1. x ˙˙h “
8
ř

k1“´8

8
ř

k2“´8

xpk1, k2qhpn1 ´ k1, n2 ´ k2q

2. x ˙˙h “ h˙˙x

3. px ˙˙hq˙˙ g “ x ˙˙ ph˙˙ gq

4. x ˙˙ ph` gq “ px ˙˙hq ` px ˙˙ gq

1.4 Separable systems

If hpn1, n2q “ h1pn1qh2pn2q then

ypn1, n2q “ h1 ˙ ph2 ˙ xq. (5)

That is

1. gpn1, n2q “ h2 ˙ x “
8
ř

k2“´8
h2pk2qxpn1, n2 ´ k2q,

2. ypn1, n2q “ h1 ˙ g “
8
ř

k1“´8
h1pk1qgpn1 ´ k1, n2q.

1.5 BIBO stability

A system is BIBO stable if

8
ÿ

k1“´8

8
ÿ

k2“´8

|hpn1, n2q| “ S1 ă 8 (6)

1.6 Fourier transform

The Fourier transform is defined as

Xpω1, ω2q “
ÿ

n1

ÿ

n2

xpn1, n2q expp´jω1n1 ´ jω2n2q. (7)

X is periodic with N “

„

2π 0
0 2π



. Its inverse transform is

xpn1, n2q “
1

4π2

π
ż

´π

π
ż

´π

Xpω1, ω2q exppjω1n1 ` jω2n2qdω1dω2.

(8)
Some nice properties:

1. a, b P C : ax1 ` by1� aX1 ` bX2

2. xpn1 ´ k1, n2 ´ k2q� expp´jω1k1 ´ jω2k2qXpω1, ω2q

3. exppjθ1n1 ` jθ2n2qxpn1, n2q� Xpω1 ´ θ1, ω2 ´ θ2q

4. h˙˙x� HX

2 Discrete fourier transform

2.1 Discrete fourier series

Let x be periodic with with N “

„

N1 0
0 N2



. Them its 2D fourier

series is

xpn1, n2q “
1

N1N2

N1´1
ÿ

k1“0

N2´1
ÿ

k2“0

Xpk1, k2q exppj
2π

N1
n1k1`j

2π

N2
n2k2q,

(9)
with

Xpk1, k2q “

N1´1
ÿ

n1“0

N2´1
ÿ

n2“0

xpn1, n2q expp´j
2π

N1
n1k1 ´ j

2π

N2
n2k2q.

(10)
It also holds that

Xpk1, k2q “ Xpω1, ω2q|
ω1“2π

k1
N1

,ω2“2π
k2
N2

(11)

if Xpω1, ω2q is the FT of one period of x.

3 Linear block transforms

3.1 Separable unitary block transforms

The forward transform is

Y “ AXAT (12)

and the backward transform is

X “ AHYA˚ (13)

Let A “ pa1, . . . ,aN q. Then, X can be written as a linear combi-
nation of basis images.

X “

N
ÿ

k“1

N
ÿ

l“1

yklaka
T
l (14)

3.2 Separable block transforms

The forward transform is

Y “ A1XAT
2 . (15)

It can be also written as

y “ A2Dx (16)

if is x is extraced row-wise from X and

A2D “ A1 bA2 “

»

–

pA1q11A2 . . . pA1q1NA2

... ... ...

pA1qN1A2 . . . pA1qNNA2

fi

fl . (17)



3.3 Haar transform

H2 “

„

1 1
1 ´1



(18)

H2k`1 “

«

H2k b
“

1 1
‰

2
k
2 I2k b

“

1 ´1
‰

ff

(19)

AHaar
2k

“
1
?

2k
H2k (20)

3.4 Hadamard transform

AHad
2 “

1
?

2

„

1 1
1 ´1



(21)

AHad
2k

“

k
â

l“1

AHad
2 (22)

3.5 Unitary DFT

ADFT
M “

1
?
M

»

—

—

—

—

—

—

–

1 1 1 . . . 1

1 e´j
2π
M e´j

4π
M . . . e´j

2πpM´1q
M

1 e´j
4π
M e´j

8π
M . . . e´j

4πpM´1q
M

... ... ... ... ...

1 e´j
2πpM´1q

M e´j
4πpM´1q

M . . . e´j
2πpM´1q2

M

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(23)

3.6 Unitary DCT

pADCT
M qkn “

# 1?
M

k “ 0
b

2
M

cos πp2n`1qk
2M

k ‰ 0
(24)

ADCT
M “

c

2

M

»

—

—

—

—

—

–

1?
2

1?
2

. . . 1?
2

cos π
2M

cos 3π
2M

. . . cos p2M´1qπ
2M

cos 2π
2M

cos 6π
2M

. . . cos 2p2M´1qπ
2M

... ... ... ...

cos pM´1qπ
2M

cos pM´1q3π
2M

. . . cos pM´1qp2M´1qπ
2M

fi

ffi

ffi

ffi

ffi

ffi

fl

(25)

3.7 KLT

Let UΛUH be the eigendecomposition of the covariance matrix
E
“

XXT
‰

´ µµT or the autocorrelation matrix E
“

XXT
‰

. Then
the KLT is defined as

AKLT “ UHx. (26)

The KLT minimises the energy packing coefficient

ηepmq “

m´1
ř

k“0
E
“

y2k
‰

E ryTys
. (27)

The decorrelation efficiency ηc is 1 for the KLT, with

ηc “ 1´

M´1
ř

k“0

M´1
ř

l“0,k‰l
|ryypk, lq|

M´1
ř

k“0

M´1
ř

l“0,k‰l
|rxxpk, lq|

. (28)

4 Multiresolution theory

4.1 Resolution pyramids

The total number of pixels of a M ˆ N signal in a P ` 1 level
pyramid is

MN

ˆ

1`
1

4
`

1

42
` ¨ ¨ ¨ `

1

4P

˙

ď
4

3
MN. (29)

4.2 Critically sampled filterbank

A filterbank is called critically samples if the amount of samples
stays the same before analysis and after synthesis. That is, suppose
you have M subsamplers with a subsampling ratio of 1 : ki. Then
it should hold that

1

k0
`

1

k1
` ¨ ¨ ¨ `

1

kM´1
“ 1 (30)

4.3 Effect of up-/downsampling

4.3.1 Continuous fourier transform

If we decimate Xpωq by the the factor m, then

Y pωq “
1

m

m´1
ÿ

l“0

X

ˆ

ω

m
` 2π

l

m

˙

. (31)

4.3.2 Z-transform

4.3.2.1 Upsampling

Upsampling xpnq by the factor L yields

ypnq “

"

x
`

n
L

˘

: n mod L “ 0
0 : else

. (32)

The z-transform of ypnq is

Y pzq “
8
ÿ

k“´8

ypkqz´k (33)

As ypnq is only nonzero for k “ Ln it holds that

Y pzq “
8
ÿ

n“´8

ypLnqz´Ln “
8
ÿ

n“´8

xpnqpzLq´n “ XpzLq. (34)

4.3.2.2 Downsampling

Let

qLpkq “

"

1 : k mod L “ 0
0 : else

. (35)

Let ypkq “ xpLkq and let l “ n
L

. Then

Y pzq “
8
ÿ

l“´8

xpLlqz´l “
8
ÿ

n“´8

xpnqqLpnqz
´ n
L . (36)

For L “ 2 one can write q2pkq as

q2pkq “
1

2
pp´1q´k ` 1q. (37)

Thus

Y pzq “
8
ř

n“´8
xpnqq2pnqz

´n
2

“
8
ř

n“´8
xpnq 1

2
pp´1q´n ` 1qz´

n
2

“ 1
2

˜

8
ř

n“´8
p´1q´nxpnqz´

n
2 `

8
ř

n“´8
xpnqz´

n
2

¸

“ 1
2

˜

8
ř

n“´8
xpnqp´z

1
2 q´n `

8
ř

n“´8
xpnqz´

n
2

¸

“ 1
2
pXp´

?
zq `Xp

?
zqq .

(38)
So in short decimation by 2 is

Y pzq “
1

2

`

Xp´
?
zq `Xp

?
zq
˘

. (39)



4.4 Frequency response of a 2-channel filterbank

Let F0, F1 denote the analysis filters and G0, G1 the synthesis
filters. Then

pXpωq “ 1
2
pF0pωqG0pωq ` F1pωqG1pωqqXpωq

` 1
2
pF0pω ` πqG0pωq ` F1pω ` πqG1pωqqXpω ` πq.

(40)
We get aliasing cancellation if

G0pωq “ F1pω ` πq,
´G1pωq “ F0pω ` πq

or
´G0pωq “ F1pω ` πq,
G1pωq “ F0pω ` πq

or
g0pnq “ p´1qnf1pnq,
g1pnq “ p´1qn`1f0pnq

or
g0pnq “ p´1qn`1f1pnq,
g1pnq “ p´1qnf0pnq.

(41)

4.5 Design of a 2-channel perfect reconstruction filter bank

Let z´l be a delay by l. A filter bank with PR and aliasing can-
cellation has to satisfy

F0pzqG0pzq ` F1pzqG1pzq “ 2z´l (42)

F0p´zqG0pzq ` F1p´zqG1pzq “ 0 (43)

To satisfy (43) let

G0pzq “ F1p´zq
G1pzq “ ´F0p´zq.

(44)

Let P0pzq “ G0pzqF0pzq and P1pzq “ G1pzqF1pzq. With
P1pzq “ ´P0pzq, (42) is satisifed if

P0pzq ´ P0p´zq “ 2z´l. (45)

Thus there must be only one odd power l in P0pzq. The design of
a 2-channel PR filter bank consists of two steps:

1. Design a low-pass filter P0pzq satisfying (45).

2. Factor P0pzq into F0pzqG0pzq and get F1pzq, G1pzq with (44).

5 The lifting implementation of the DWT

5.1 Polyphase representation

Lifting is super duper. To do this we split the calculation of the
even and the odd samples for each channel of our filterbank.

Yepzq “ HepzqXepzq ` z
´1H0pzqX0pzq (46)

Yepzq includes subsampling implicitly. The polyphase representa-
tion of a filter H is

Hpzq “ Hepz
2q ` z´1Hopz

2q (47)

We can determine Hepzq and Hopzq with

Hepz
2q “

Hpzq `Hp´zq

2
(48)

and

Hopz
2q “

Hpzq ´Hp´zq

2z´1
. (49)

Or you just take the even coefficients and throw them in Hepz2q
and throw the odd ones in Hopz2q (don’t forget to divide the latter
by z´1). Now we can represent our filterbank with the polyphase
matrix:

´

XLpzq
XH pzq

¯

“ rP pzq
´

Xepzq

z´1Xopzq

¯

(50)

with
rP pzq “

´

F0epzq F0opzq
F1epzq F1opzq

¯

. (51)

XLpzq and XHpzq hereby denote the outputs of the analysis step.
Note that as Xepzq and Xopzq are subsampled versions of Xpzq
you also have to subsample the filters. That is, take F0epzq instead
of F0epz2q for example.
The synthesis matrix is

P pzq “
´

G0epzq G1epzq
G0opzq G1opzq

¯

. (52)

Perfect reconstruction can be achieved if

rP pz´1qP pzq “ I. (53)

That leads for example to

F0epzq “ G1opz´1q,
F0opzq “ ´G1epz´1q,
F1epzq “ ´G0opz´1q,
F1opzq “ G0epz´1q.

(54)

With (47) it also holds

F0pzq “ ´z´1G1pz´1q,
F1pzq “ z´1G0p´z´1q.

(55)

If F0 “ G0 and F1 “ G1 the wavelet transform is orthogonal
otherwise it is biorthogonal.


