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1 MD signals and systems

1.1 Periodic sequences

Let n,r € N* and N, P € N**k_ g(n) is peridioc if
z(n + Nr) = z(n). (1)
The number of samples in one period is

| det(N)], (2

and NP is also a valid periodicity matrix.

1.2 Linear shift-invariant systems

Let a,b € C and let v(n) = auy(n)+bduz(n) and w(n) = u(n—m).
A system L is linear and shift-invariant (LSI) if
L. £[o)(n) = aLfur)(m) + bL[uz](n),
Lw](n) = L[u](n —m).

If £ is linear and y(n1,n2) := L[z](n1, n2) then
z(k1, k2) L[8](n1 — k1,n2 — k2). (3)

hiq kg (n1,m2)

y(ni,n2) = ),

k1=—00 ko
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If £ is also shift-invariant then

h := hoo(n1 — k1,n2 — k2) = hjy, &, (n1,n2). (4)

1.3 2D convolution

0 0
1. zxkxh= 3 >,

k1=—0 ky=—00

z(k1,k2)h(n1 — ki1,n2 — k2)

2. x ¥k h="hxxz
3. (z sk h) k% g =z k% (h k% g)
4. x %% (h+g) = (x k% h) + (x %% g)

1.4 Separable systems

If /‘L(n17 TLQ) = hl(nl)hz(nz) then
y(ni,n2) = h1 * (he % x). (5)

That is

0
1. g(ni,n2) =he ¥z = Y ho(ke)z(ni,ne — ka2),

ko=—00

1.5 BIBO stability

A system is BIBO stable if

0 0

PIEDY

k1=—00 kg=—00

h(nl,ng)| =S < (6)

1.6 Fourier transform

The Fourier transform is defined as

= ZZm(nl, ng) exp(—jwini — jwana). (7)

ni n2

X (w1, w2)

2r 0

X is periodic with N = [ 0 or

]. Its inverse transform is

Ky s
1 . .

z(ni,ng) = w2 f f X (w1,w2) exp(jwini + jwang)dwidws.

s ™

(8)
Some nice properties:

1. a,be C:axy +by; >* aXy + bX>
2. z(n1 — k1,n2 — k2) °® exp(—jwiki — jwak2) X (w1, ws)
3. exp(joini + jOan2)z(ni, n2) o X (w1 — 61, w2 — 02)
4. hsxzo® HX

2 Discrete fourier transform

2.1 Discrete fourier series

Let = be periodic with with N = [1\(;1 132] Them its 2D fourier
series is
1 NiziNa—1 o
x(n1,n2) = NV kZO kZO X(k17k2)exp(37n1kl+]N naka),
1 2
9)
with
N3—1Np—1

2 2
Xk k)= Y ) x(nl,m)exp(—j%mkl—jﬁznm).

n1=0 ngy=0

(10)
It also holds that
X (k1,k2) = X(wl,wg)\ml:27r L= 2“N2 (11)
if X(w1,w2) is the FT of one period of z.
3 Linear block transforms
3.1 Separable unitary block transforms
The forward transform is
Y = AXAT (12)
and the backward transform is
X =AfyA* (13)

Let A = (a1,...,an). Then, X can be written as a linear combi-
nation of basis images.

N N
Z Z kiaka) (14)
3.2 Separable block transforms
The forward transform is
Y = A;XAT. (15)
It can be also written as
y = Agpx (16)

if is x is extraced row-wise from X and
(A1)11A2 (A1)1NnA2
Aosp=A1®Az = : : Y
(A1)N1A2 (A1)NNA2



3.3 Haar transform

4.2 Critically sampled filterbank

1 1
H, = [1 _1] (18)
Hy. ®[1 1]
H = 2 19
okt 1 |:2212k o[l -1 (19)
AHaar _ LH b (20)
2k No
3.4 Hadamard transform
1
Agled = 7z [i _11] (21)
k
AL = (@) A (22)
=1
3.5 Unitary DFT
1 1 1 1
ADFT 1 eI oI5 e,j%ﬂ)
L e 27\':(%71) o 4«:(11671) o 21(:13{;1)2
(23)
3.6 Unitary DCT
1
L k=0
DCT VM
(AN Jkn = { 2 og TEnEDE L £0 (24)
\ M 2M
1 1 1
V2 V2 V2
5 cos ﬁ cos 23—” . cos W
APCT — [ = | (o 21 cos B cos 2@M—1)7
M 2M 2M 2M

(M—=1)7 (M—1)3w
COS bYYi COSs SM

20
(25)

3.7 KLT

Let UAUH be the eigendecomposition of the covariance matrix
E [XXT] — ppT or the autocorrelation matrix E [XXT]. Then
the KLT is defined as

AKLT _ yHy, (26)

The KLT minimises the energy packing coefficient

m—1 5
kZO E[y7]
Ne(m) = ——F—. (27)
‘ E[yTy]
The decorrelation efficiency 7. is 1 for the KLT, with
M—1 M-1
R %ﬂhyy(kvm
me == S : (28)
> rex(k,1)]
k=0 1=0,k+#l

4  Multiresolution theory

4.1 Resolution pyramids

The total number of pixels of a M x N signal in a P + 1 level
pyramid is

11 1 4
MN(1+-+ =% +-+ =) <-MN. 29
<+4+42+ +4P> 3 (29)

cos (M—1)(2M—1)m

A filterbank is called critically samples if the amount of samples
stays the same before analysis and after synthesis. That is, suppose
you have M subsamplers with a subsampling ratio of 1 : k;. Then
it should hold that

LI
ko ki ka1

=1 (30)

4.3 Effect of up-/downsampling

4.3.1 Continuous fourier transform

If we decimate X (w) by the the factor m, then

Y (w) = %milx (ﬂ + 27ri> . (31)
=0

m m

4.3.2 7Z-transform

4.3.2.1 Upsampling

Upsampling z(n) by the factor L yields

T R
The z-transform of y(n) is
Y(z)= ) y(k)z"" (33)
k=—w
As y(n) is only nonzero for k = Ln it holds that
Y()= ) y(In)z"""= Y ()" =X (39)
4.3.2.2 Downsampling
Let
AR PR (35)
Let y(k) = z(Lk) and let | = 7. Then
Y(z) = Z z(Ll)z"t = Z z(n)qr(n)z" L. (36)
l=—0 n=-—o
For L = 2 one can write g2(k) as
@) = (=) +1). (37)
Thus
Y (z) :iooz(n)qg(n)z7%
= 3 syt
= % :ioim(fl)_":v(n)27% + _%olaow(n)zg)
- 3 nf_zmxm)(—zé)"+n§_zwx<n>z—3>
= 3 (X(—v2) + X (V7).
(38)
So in short decimation by 2 is
Y(z) = 5 (X(—v3) + X(v3) (39)



4.4 Frequency response of a 2-channel filterbank

Let Fp, F1 denote the analysis filters and Go,G1 the synthesis
filters. Then

X(w) = % (Fo(w)Go(w) + Fi (w)G1(w)) X (w)
+ 5 (Fo(w+ m)Go(w) + Fi(w + 71)G1(w)) X (w + 7).
(40)
We get aliasing cancellation if
Golw) = Fi(w+m),
-Gi(w) = Folw+m)
—Gow) = F(w+m),
Gi(w) = Fy(w+m)
or (41)
go(n) = (=1)"fi(n),
gi(n) = (=D)"*'fo(n)
or
go(n) = (1) fi(n),

gi(n) = (=1)"fo(n).

4.5 Design of a 2-channel perfect reconstruction filter bank

Let z—! be a delay by I. A filter bank with PR and aliasing can-
cellation has to satisfy

Fo(2)Go(z) + F1(2)G1(2) = 2271 (42)

Fo(—2)Go(2) + F1(—2)G1(2) =0 (43)
To satisfy (43) let

Go(z) Fi(—=2)

Gi(z) = —Fo(—2). (44)
Let Po(z) = Go(z)Fo(z) and Pi(z) = G1(2)F1(z). With
Py (2) = —Py(2), (42) is satisifed if

Po(2) — Po(—2) = 227" (45)

Thus there must be only one odd power [ in Py(z). The design of
a 2-channel PR filter bank consists of two steps:

1. Design a low-pass filter Py(z) satisfying (45).
2. Factor Py(z) into Fy(2)Go(z) and get Fi1(z), G1(z) with (44).

5 The lifting implementation of the DWT

5.1 Polyphase representation

Lifting is super duper. To do this we split the calculation of the
even and the odd samples for each channel of our filterbank.

Ye(2) = He(2)Xe(2) + 271 Ho(2) Xo(2) (46)

Y. (2) includes subsampling implicitly. The polyphase representa-
tion of a filter H is

H(z2) = He(22) + 271 Ho(2%) (47)
We can determine He(z) and H,(z) with

He(ZZ) = M (48)

and

2y
Ho(2%) = — a1 (49)
Or you just take the even coefficients and throw them in He(2?)
and throw the odd ones in H,(22) (don’t forget to divide the latter
by 271). Now we can represent our filterbank with the polyphase

matrix: X0 R ()
(XH<Z)> = P(2) (z*lxo(z)) (50)
with

5 Foe(2z) Foo(z
Bz = (e e(3)- (51)

X1 (%) and X g (z) hereby denote the outputs of the analysis step.
Note that as X¢(z) and X,(z) are subsampled versions of X (z)
you also have to subsample the filters. That is, take Fpe(z) instead
of Fpe(2?) for example.
The synthesis matrix is

_ (Goe(=) G1re(2)
P() = (G5 &), (52)

Perfect reconstruction can be achieved if
P(zY)P(z) =1 (53)

That leads for example to

Foo(z) = —Gie(z77),
Fie) = —Goolz V) 54)
Flo(z) = Goe(z_l).
With (47) it also holds
Fo(z) = —2'Gi(z71),
Fi(s) = 1Ge(—a-1), (55)

If Fo = Go and F7 = G the wavelet transform is orthogonal
otherwise it is biorthogonal. If det(P(z)) = 1 then the filter pair
(Go, G1) is called complementary. If (Go,G1) is complementary,
so is (Fo, F1).

5.2 Laurent polynomials/series

A Laurent series is

q
h(z) = > hpz " (56)
k=p
The degree of a LP is
|h| =q—p. (57)

For two LPs a(z) and b(z) with |a(z)| > |b(z)| there always exists
a q(2) with [q(2)| = [a(z)] — [b(2)| and r(2) with [r(z)| < [b(z)]
such that

a(z) = b(z)q(z) + 7(2) (58)

5.3  The euclidean algorithm

Let |a(z)| = |b(z)], b(2) # 0, ao(z) = a(z) and bo(z) = b(z). Then

aiy1(z) = bi(2)
bi+1(2) = ai(2) mod b;(2) (59)

There exists some n with by (z) = 0. Then an (2) = ged(a(z),b(2)).

With ¢;+1(z) = ‘;?’f(zz)) (without remainder) it holds that

a;(2) = ¢i+1(2)bi(2) + bi+1(2). (60)
Rewriting that in a matrix yields
(:3) = (198) (i) (o1
Thus
(53) =TT (7 8) (67)- (62
i=1

5.4 Lifting theorem

If (Go, G1) is complementary, so is (G, Go) only if
Gh(2) = G1(2) + Go(2)s(2?). (63)

Similar statements hold for G{), F{) and F}:

Go(2) = Go(2) + G1(2)t(2?), (64)
Fi(2) = Fo(2) = F1(2)s(=72), (65)
F(2) = Fi(2) = Fo()t(z~?). (66)



5.5 From the lifting theorem to lifting steps

Consider again (63). Using (47) G/, and G, are

G, = G1e(2) + Goe(2)s(z) (67)
G, = G1o(2) + Goo(2)s(z) ~
Rewriting this in a matrix together with Go. and Go, yields
Goe(z) G1.(2) | _ [ Goe(2) Gie(2) 1 s(z)
<G00<z> Gao<z>> -(@xard) (69)- o
One can identify the polyphase matrix and rewrite this to
P'(z) = P(2) (é S<1Z>) . (69)
Similarly holds
Go: P'(2) = P(2) () (70)
Fy: ﬁ’l(z) = ((1) *S(T_U) P(2), (71)
~ 1 0\ ~
Fl:P(2) = (7t(z_1) 1) P(2). (72)
We call
1
U= (1) (73)
an update matrix,
P = (t(lz) ?) (74)
a prediction matrix and
£=(53) (75)
a lazy wavelet transform. We can factorize P as
P=L.. . UPUIP; (76)
and P as N
P=.. . UPUP:L. (77)
6 Geometric wavelets
6.1 Radon transform
The radon transform is
o 0
w00 = [ [ Ha)otecos(s) + ysin(®) - p)dady  (79)
—00 —0
with p € (=00, ), 0 € [0, 27). Its is symmetric with
T(p,9+7r) - ’I‘(*p,e),
r—p0+m) = r(p,0). ()
The fourier transform for a fixed 6 is
0
Ro) = [ r(p.0) *<vap. (80)
—o0

Inserting the definition of the radon transform yields
o ©
_ J J f T y e ]27Tw(zcos(9)+ysln(@))dmdy (81)
0 —00

By substituting u = wcos(f) and v = wsin(f) it holds that
Ry(w) = F(wcos(0),wsin(h)). (82)

If we do some stuff we end up with

Uy
(z,y) f f |w| Rg (w)e? 2™ P dw df. (83)
0

—© p=wx cos(0)+y sin(6)

As is this is not integrable it needs to be multiplied with a window
function, e.g.

] € [0, wmas]

else (84)

) = {g

or

h(w):{c-‘r(c—l)cos(ff‘*’l) w e [0, M) (85)

0 : else

The latter is called Hamming window for ¢ = 0.54 or Hann window
for ¢ = 0.5. So to summarise the inverse radon transform consists
of these steps:

1. Calculate Rg(w).

2. Multiply Rg(w) by h(w)|w|.

3. Calculate the inverses of h(w)|w|Rg(w) for each 6.

4

. Sum all the inverses.

6.2 Discrete radon transform

The discrete radon transform is

M—-1N-1

Z Z f(z,y)d(z cos(0) + ysin(0) — p) (86)

z=0 y=0



