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Tu khéa (Key Words)

o Cic luat phan phdi xac suat
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Chuong 4. Cac dinh ly giéi han va tng dung

@ Cic quy luat xac sult thudng gip
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Chuong 4. Cac dinh ly giéi han va tng dung

@ Cic quy luat xac sult thudng gip
@ Bt ding thitrc Chebyshev va tng dung
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Céc quy luat xac subt thudng gip

@ Quy luat Bernoulli
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4.1 Cac quy ludt xac subt thudng gip

@ Quy luat déu
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1. Quy luat Bernoulli

o Bai toan
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1. Quy luat Bernoulli
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Quy luat Bernoulli

Dinh nghia
Bién ng3u nhién X tuan theo quy luat Bernoulli, ky hiéu X ~ B(p), néu

P(X=1)=p, P(X=0)=1-p,pe(0,1)

o X 13 sb thanh céng cha phép thi
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o SAp ngita, sbng chét, ding sai, ...

e Bién ngSu nhién nhan mot trong hai gid tri 0 va 1, véi xac sut p va
(1-p), tuong ling.
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Céc vi du

o SAp ngita, sbng chét, ding sai, ...
e Bién ngSu nhién nhan mot trong hai gid tri 0 va 1, véi xac sut p va
(1-p), tuong ling.
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Céc ddc trung

e Kyvong E(X)=p

PGS.TS.Tran Léc Hung (HCMC, Ly thuyét X4c sudt vd Théng ké Todn hoc ~ Ngy 22 thang 9 nim 2013 11/ 80



-
Céc ddc trung
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Quy luat nhij thic

Dinh nghia
Bién ngAu nhién X tuén theo quy ludt nhj thirc, ky hiéu X ~ Bn(p), néu

P(X = k)= Ckpk(1 = p)" %, 0<k<n,pe(0,1)

@ X 13 sb thanh cong cha n phép thir Bernoulli
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A A . . k |
@ Hé so nhj thirc C = W,og k <n.
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o Kiém dinh chit luong clia 300 trudng dai hoc, tién hanh kiém todn
150 ngan hang, ...
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Céc vi du

o Kiém dinh chit luong clia 300 trudng dai hoc, tién hanh kiém todn
150 ngan hang, ...

@ Xét nghiém méu cho 1000 ngudi c6 kha ning bi HIV véi xac subt
phat hién HIV trong mot phép thi 13 0.99.
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o Kiém dinh chit luong clia 300 trudng dai hoc, tién hanh kiém todn
150 ngan hang, ...

@ Xét nghiém méu cho 1000 ngudi c6 kha ning bi HIV véi xac subt
phat hién HIV trong mot phép thi 13 0.99.

@ S8 USB bj nhi®m virus trong 1500 USB ban ra, véi xac subt nhidm 13

0.001
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Céc ddc trung

E(X)=p=np

Phuong sai
D(X) = 0* = np(1 — p)

IR R D GO UICIEE N Ly thuyét Xéc suit va Théng ké Toan hoc  Ngdy 22 thang 9 ndm 2013 14 / 80



-
Ching minh

o Coi X; = 1 néu phép thi thir j thanh cdng, véi x4c sult p
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Ching minh
o Coi X; = 1 néu phép thi thir j thanh cdng, véi x4c sult p
e Coi X; =0 néu phép thir thir j khéng thanh cong, véi xac subt 1-p
o Cac bién ngiu nhién X1, Xo,..., X, 13 déc 1ap, cling phan phbi
o S& phép thir thanh cbng trong n phép thir déc 1ap I3

X=X1+Xo+...+ X,
e Khi dé,
E(X)=E(X1)+...+ E(X,) = nE(Xy) =np
va do tinh déc lap, ném

D(X) = D(X1) + ...+ D(X,) = nD(X1) = np(1 — p)
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Han ché cda quy luat

o Khi sb phép thir 16n, p qua gan 0 holc gin 1.
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Han ché cda quy luat

o Khi sb phép thir 16n, p qua gan 0 holc gin 1.
e Xac subt p € (0,1), nhung n qué 16n
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Dinh ly giéi han dia phuong de Moivre-Laplace

Dinh Iy

Xét mot day phép thir Bernoulli cé xac subt thanh cong p € (0,1). X 13 sb
phép thir thanh cong. Khi dé,

lim. P(X - k) - np(ll_p)so(xk)

2 k—np

N )
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-
Giai thich

o Ham ¢(x) I3 ham mat dé ctia mé hinh chuan chinh tic N(0,1).
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Giai thich

o Ham ¢(x) I3 ham mat dé ctia mé hinh chuan chinh tic N(0,1).

@ Xac subt p € (0,1), nhung n qua I6n, viéc tinh theo mé hinh nhi thitc
khong kh3 thi.
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Giai thich

o Ham ¢(x) I3 ham mat dé ctia mé hinh chuan chinh tic N(0,1).
@ Xac subt p € (0,1), nhung n qua I6n, viéc tinh theo mé hinh nhi thitc
khong kha thi.

@ Khi n I6n, cé xap xi
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Dinh ly giéi han dia phuong de Moivre-Laplace

Gieo 6000 lan m6t con xiic xac can doi dong chat. Tinh xac suat cé ding
1000 1an xuat hién mat "luc"

¢ day
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Giai:

=

@ Xdac suat xuat hién mat "luc" 1a p =
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Giai:
@ Xdac suat xuat hién mat "luc" 1a p = %.
b

@ n = 6000 la qua I6n, viéc tinh theo md hinh nhi thic khéng kha thi, vi

P(X = 1000) = P6000(1000; 1/6) =

B 6000!
~ 1000!(6000 — 1000)

|(1/6)1000(1 . 1/6)5000
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Giai:
1

@ Xdac suat xuat hién mat "luc" 1a p = 5

@ n = 6000 la qua I6n, viéc tinh theo md hinh nhi thic khéng kha thi, vi

P(X = 1000) = P6000(1000; 1/6) =

B 6000!
~ 1000!(6000 — 1000)!

(1/6)1000(1 . 1/6)5000

o Sir dung dinh Iy gidi han dia phuong de Moivre- Laplace, cé x4p xi

1
P<X - 1000) ~/6000x1/6x(1 — 1 /6)80(0) -

1 1
~ /6000x1,/6x(1 — 1/6) v/27

= 0.01909859
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3. Quy luat Poisson

Dinh nghia

Bién ngiu nhién X c6 quy luat Poisson véi tham s& X, ky hiéu X ~ P()\),

néu

e_AAk_
k!

A>0;, k=1,2,...

o X 13 sb cic cudc goi dién thoai téi tdng dai trong khoang thdi gian
xac dinh [to, t1].
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3. Quy luat Poisson

Dinh nghia

Bién ngiu nhién X c6 quy luat Poisson véi tham s& X, ky hiéu X ~ P()\),

néu

e_AAk_
k!

A>0;, k=1,2,...

o X 13 sb cic cudc goi dién thoai téi tdng dai trong khoang thdi gian
xac dinh [to, t1].

o ) 13 tbc do cubc goi trong mét khodng thdi gian. A I3 hing sb duong.

@ La trudng hop dic biét cia md hinh nhi thitc khi n 1é6n va p bé.
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Xay dung quy luat Poisson tur quy luat nhi thic

Dinh ly x4p xi Poisson

Giad st p, — 0 khi n — oo va np, = A. Khi dé,

—AAk
lim Ckpk(1—p)rt=°

n—00 k!

Céng thic gan ding

Khi n 16n, p gan véi 0 hodc 1
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Ching minh.
o Sir dung bién déi céng thic Bernoulii va gia thiét p, = 2
! A A
Ckk].— n_kzin 7k1_7n—k:
npn( pn) kl(n_k)l(n) ( n)

_ n(n—1)(n—2z!...(n—k+1)()\)k(1)\)n_k:
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Ching minh.
o Sir dung bién déi céng thic Bernoulii va gia thiét p, = 2
CrpR(1— pp)"* = k!(n"ik)!(i)"(l . %)n—k _
_ n(n—1)(n— 2/3!. (n—k+ 1)(2),((1 B %)n_k _
2= b2 a- - Ak - Ay

@ Cho n — o0, ta dugc

Tim Cpn(1— pn)" ™ =
— " n o M\n Y =
o Am (1= )" =7e
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Céc ddc trung

Ky vong va phuong sai
Néu X ~ P()\),A > 0, thi E(X) = D(X) =\

o Dic trung cho bién cb hiém, it x3y ra (dong dt, séng than, ung thu

)
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-
Céc ddc trung

Ky vong va phuong sai
Néu X ~ P()\),A > 0, thi E(X) = D(X) =\

o Dic trung cho bién cb hiém, it x3y ra (dong dt, séng than, ung thu

e Hai dic trung bang nhau.
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Quy luat hinh hoc

Bai toan

Phép thi Bernoulli dugc tién hanh cho téi khi xuit hién bién cb A dau
tién.

o X |3 sb phép thir Bernoulli phai tién hanh.
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Quy luat hinh hoc

Bai toan

Phép thi Bernoulli dugc tién hanh cho téi khi xuit hién bién cb A dau
tién.

o X |3 sb phép thir Bernoulli phai tién hanh.
o Xac sudt xuit hién bién ¢ A I3 p,p € (0,1).
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Quy luat hinh hoc

X ~ Geo(p) & P(X =n) = (1-p)"'p

en>1pe(0,1)
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Quy luat hinh hoc

X ~ Geo(p) & P(X =n) = (1-p)"'p

en>1pe(0,1)
o Gieo dong tién cho t6i khi nao sp thi ngiing
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Céc ddc trung

E(X) =2

Phuong sai
D(X) = LF

v
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Quy luat nhj thic am

Phép thir Bernoulli dugc tién hanh cho téi khi bién cb A xuAt hién bién cb
dang k lan.

@ n 13 sb phép thi Bernoulli phai tién hanh.
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Quy luat nhj thic am

Phép thir Bernoulli dugc tién hanh cho téi khi bién cb A xuAt hién bién cb
dang k lan.

@ n 13 sb phép thi Bernoulli phai tién hanh.
o k 12 sb 1an xut hién bién b A, k =n,n+1,...
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|
Quy luat nhj thic am

Phép thir Bernoulli dugc tién hanh cho téi khi bién cb A xuAt hién bién cb
dang k lan.

@ n 13 sb phép thi Bernoulli phai tién hanh.
o k 12 sb 1an xut hién bién b A, k =n,n+1,...
@ Xéc sult xult hién bién c6 A 13 p,p € (0,1).
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Quy luat nhj thic am

X ~ NBy(p) < P(X = k) = C~1p"(1 — p)k—"

@ ¢6 dang cong thic Bernoulli
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Quy luat nhj thic am

X ~ NBn(p) & P(X = k) = C/—1p"(1 — p)k—"

@ ¢6 dang cong thic Bernoulli

e NB,(p) la Negative Binomial model
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Céc ddc trung

E(X) = n%)

Phuong sai

D(X) = nif

| A\
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Néu X1, Xa, ..., X, doc 1ap va X; ~ Geo(p), p € (0,1), thi

X = 37X ~ NB(p)
=it
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Quy ludt siéu hinh hoc/Siéu boi

o Téng thé c6 N phan td, trong dé c6 M phin tir ¢6 tinh A, con lai
(N-M) phan tlr c6 tinh A. Ldy dong thsi ra n phan td tir tong thé dé.
Goi X 1a s6 phan tlr cé tinh chat A trong s6 céc phan ti lay ra.

X ~ SGeo & P(X = k) =

|
0
s
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Quy ludt siéu hinh hoc/Siéu boi

o Téng thé c6 N phan td, trong dé c6 M phin tir ¢6 tinh A, con lai
(N-M) phan tlr c6 tinh A. Ldy dong thsi ra n phan td tir tong thé dé.
Goi X 1a s6 phan tlr cé tinh chat A trong s6 céc phan ti lay ra.

@ X ¢6 quy luat siéu hinh hoc, X ~ SGeo.

X ~ SGeo & P(X = k) =

|
0
s
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Céc vi du

© Trong 10° vé x8 s c6 50 gidi thudng. M6t ngudi mua 10 vé. Tinh
xac suat dé ngudi d6 trang it nhat 1 giai.

@ Trong mét khu vuc bau cr ¢6 10.000 cir tri, c6 7820 ngudi Gng hd
ing ctr vién A. Chon mét mau gdm 200 ngudi. Tinh x4c sult trong
mau dé cé 142 ngudi Gng hd A.
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Quy luat phan phdi déu

X ~ Ula,b] & fx(x) = L=, Vx € (a,b)

a’

e fx(x)=0,Vx ¢ (a, b)
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Quy luat phan phdi déu

X ~ Ula,b] & fx(x) = L=, Vx € (a,b)

a’

e fx(x)=0,Vx ¢ (a, b)
o Giai thich tinh déu qua db thi ham mat do fx(x)
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Quy luat phan phdi déu

X ~ Ula,b] & fx(x) = L=, Vx € (a,b)

a’

e fx(x)=0,Vx ¢ (a, b)
o Giai thich tinh déu qua db thi ham mat do fx(x)
o Thudng gip trudng hop déu trén [0,1].

IR R D GO AR Ly thuyét Xéc suit va Théng ké Toan hoc  Ngdy 22 théng 9 ndm 2013 34 / 80
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Céc ddc trung

E(X) =2

Phuong sai
—p)2

D(X) = (312)
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7. Quy luat mi

X c6 quy ludt mi X ~ Exp(A\),A >0

Fx(t)=1—e*, néu t>0, A>0

o M5 ta su hdng héc clia mét hé théng, thai gian séng (life-time) clia
mot sinh vat.
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|
7. Quy luat mi

X c6 quy ludt mi X ~ Exp(A\),A >0

Fx(t)=1—e*, néu t>0, A>0

o M5 ta su hdng héc clia mét hé théng, thai gian séng (life-time) clia
mot sinh vat.

@ Phi hop véi moi quy luat tu nhién vé sy hdng, su sbng.
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|
Cac dac trung cla quy luat mi

> =

v

M& ment bac r
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Tinh khong tri nhé

Dinh nghia

PX>s+t|X>t)=P(X>s), Vs,t>0

o Hé théng di hoat déng qua (s+t) thdi gian, véi diéu diéu kién d3 trai
qua t thdi gian, nhung hé théng khéng nhé d3 qua t thdi gian.
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Tinh khong tri nhé

Dinh nghia

PX>s+t|X>t)=P(X>s), Vs,t>0

o Hé théng di hoat déng qua (s+t) thdi gian, véi diéu diéu kién d3 trai
qua t thdi gian, nhung hé théng khéng nhé d3 qua t thdi gian.
e TU dinh nghia suy ra

P(X > s+ t,X > t) e_)\(s+t) . e_)‘s.e_)‘t

P(X > t) B et

=e M =P(X>5s)
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Vi du

o Gid su tc“;ng thdi gian phdi chd & ngin hang cé quy ludt mii véi trung
binh 10 phat

PGS.TS.Tran Léc Hung (HCMC, 9/ Ly thuyét X4c sudt vd Théng ké Todn hoc  Ngy 22 thang 9 nim 2013 39 / 80



]
Vi du

o Gid su tc“;ng thdi gian phdi chd & ngin hang cé quy ludt mii véi trung
binh 10 phat
@ Tinh xac sut dé mét khach hang phai chd & ngan hang nhiéu hon 15
phat
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]
Vi du

o Gid su tc“;ng thdi gian phdi chd & ngin hang cé quy ludt mii véi trung
binh 10 phat
@ Tinh xac sut dé mét khach hang phai chd & ngan hang nhiéu hon 15
phat
@ Tinh xac sut d& mét khach hang phai chd & ngan hang nhiéu hon 15
pht, néu 6ng ta con & lai ngan hang sau 10 phiit.
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]
Vi du

o Gid su tc“;ng thdi gian phdi chd & ngin hang cé quy ludt mii véi trung
binh 10 phat
@ Tinh xac sut dé mét khach hang phai chd & ngan hang nhiéu hon 15
phat
@ Tinh xac sut d& mét khach hang phai chd & ngan hang nhiéu hon 15
pht, néu 6ng ta con & lai ngan hang sau 10 phiit.
e Giai:
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]
Vi du

o Gid su tc“;ng thdi gian phdi chd & ngin hang cé quy ludt mii véi trung
binh 10 phat
@ Tinh xac sut dé mét khach hang phai chd & ngan hang nhiéu hon 15
phat
@ Tinh xac sudt d& mdt khach hang phai chd & ngan hang nhiéu hon 15
pht, néu 6ng ta con & lai ngan hang sau 10 phiit.
e Giai:

© Gia st X 13 thai gian khach hang phai phai ch& nhidu hon 15 phit. Khi
ds,

P(X > 15) = e 1% = ¢~2/3 & 0.513417119
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Vi du

o Gid su tc“;ng thdi gian phdi chd & ngin hang cé quy ludt mii véi trung
binh 10 phat
@ Tinh xac sut dé mét khach hang phai chd & ngan hang nhiéu hon 15
phat
@ Tinh xdc suit d&€ mét khach hang phai chd & ngan hang nhiéu hon 15
phdt, néu 6ng ta con & lai ngan hang sau 10 phit.
e Giai:
© Gia st X I3 thai gian khich hang phai phai chd nhidu hon 15 phat. Khi
de,
P(X > 15) = e 11 = ¢ /3 ~ 0.513417119
@ Do khéng c6 tri nhg,nén

P(X>15|X >10)=P(X >5+10| X >10)=P(X >5) =

— e~ 5% ~ 0.606530659
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8. Quy luat Cauchy

Trong mit phing cho dudng thing A va diém ngudn A ¢ A. Bin cac hat
(phan ti) tir diém A theo huéng ngiu nhién dén A. Goi B 13 vj tri va
cham cda hat véi A.

@ R rang vi tri B 13 ngiu nhién.
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|
8. Quy luat Cauchy

Trong mit phing cho dudng thing A va diém ngudn A ¢ A. Bin cac hat
(phan ti) tir diém A theo huéng ngiu nhién dén A. Goi B 13 vj tri va
cham cda hat véi A.

@ R rang vi tri B 13 ngiu nhién.

o Xuht phét tir thi nghiém vt Iy
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Quy luat Cauchy

@ Goi O 13 hinh chiéu clia A Ién A
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Quy luat Cauchy

@ Goi O 13 hinh chiéu clia A Ién A
o Ky hiéu ¢ = OAB
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Quy luat Cauchy

@ Goi O I3 hinh chiéu cda A 1én A
o Ky hiéu ¢ = OAB
@ Theo gia thiét bai toan thi ¢ ~ U[-7/2,7/2]
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Quy luat Cauchy

Goi O 13 hinh chiéu cta A lén A

Ky higu ¢ = OAB

Theo gia thiét bai toan thi ¢ ~ U[—7/2,7/2]

D3t X = OB, A\ = OA thi X I3 bién ngu nhién va X = \tg(y)
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Quy luat Cauchy

Goi O 13 hinh chiéu cta A lén A

Ky higu ¢ = OAB

Theo gia thiét bai toan thi ¢ ~ U[—7/2,7/2]

D3t X = OB, A\ = OA thi X I3 bién ngu nhién va X = \tg(y)

Khi d6, v6i x € R, ham phan phbi xac suit cda X I3

Fx(x) = P(X < x) = P(p < arctg(x/\)) = % + arctg(x/A)

s
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Quy luat Cauchy

o Ham mat do xac sut px(x) xéac dinh bdi

OFx(x A
px(x) = gx( )ZW(A2+X2)
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Quy luat Cauchy

o Ham mat do xac sut px(x) xéac dinh bdi

OFx(x A
px(x) = gx( )ZW(A2+X2)

e Bién nglu nhién X duoc goi 13 c6 Quy luat Cauchy.

IR R D GO UICIEE N Ly thuyét Xéc sult va Théng ké Toan hoc  Ngdy 22 théng 9 ndm 2013 42 /80



-
Trong vat ly

o phan phdi Cauchy dugc biét nhu I3 phan phbi Lorentz, ham Lorentz
hay phan phdi Breit-Wigner
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Trong vat ly

o phan phdi Cauchy dugc biét nhu I3 phan phbi Lorentz, ham Lorentz
hay phan phdi Breit-Wigner

@ Ham Lorentz I3 nghiém cla phuong trinh vi phdn md ta luc cong
hudng
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-
Trong vat ly

o phan phdi Cauchy dugc biét nhu I3 phan phbi Lorentz, ham Lorentz
hay phan phdi Breit-Wigner

@ Ham Lorentz I3 nghiém cla phuong trinh vi phdn md ta luc cong
hudng

o Trong vat Iy quang phd, né dung dé biéu di&n hinh dang cic dudng
quang phé dugc néi rong bdi nhiéu co cau may méc, dic biét |a su va
cham
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Trong vat ly

o phan phdi Cauchy dugc biét nhu I3 phan phbi Lorentz, ham Lorentz
hay phan phdi Breit-Wigner

@ Ham Lorentz I3 nghiém cla phuong trinh vi phdn md ta luc cong
hudng

o Trong vat Iy quang phd, né dung dé biéu di&n hinh dang cic dudng
quang phé dugc néi rong bdi nhiéu co cau may méc, dic biét |a su va
cham

Quy luat Cauchy khong cé ky vong va phuadng sai.

o
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9. Quy luat chuan Gauss

X c6 quy ludt chuin X ~ N(u,o?)

¢,u,a’2 (X)

1
B oV 2w

Ham mat do

fe(x) = —=e 25

o/ 27r

o Mb t3 quy ludt cic sai sb trong cac phép do.
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9. Quy luat chuan Gauss

X c6 quy ludt chuin X ~ N(,u,,az)

Ham mat do

o 2(xu2

fx(x) =

o\ 2w

o Mb t3 quy ludt cic sai sb trong cac phép do.

@ Phl hogp véi moi quy luat vat ly, xac sult, théng ke, ...

IR R D GO UICIEE N Ly thuyét Xéc sult va Théng ké Toan hoc  Ngdy 22 théng 9 ndm 2013 44 / 80



-
Céc ddc trung

Ky vong, phuong sai
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Quy luat chuan chinh tic N(0,1) cta Laplace

Ky vong, phuong sai
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Chuyén dbi

Chinh tic héa
Moi bién ngu nhién X ~ N(u,0?) déu c6 thé dua v& Y ~ N(0,10), néu

_X-w

g

Y

D& thy, khi dé

Ky vong, phuong sai
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Giai thich nghia "chuan"

@ La quy ludt dugc phat hién bdi Gauss va Laplace (mét cach doc 1ap)
tlr cac bai todn vat ly
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Giai thich nghia "chuan"

@ La quy ludt dugc phat hién bdi Gauss va Laplace (mét cach doc 1ap)
tlr cac bai todn vat ly

o L3 phan phbi gi6i han ctia nhiéu phan phdi khac khi n rt 16n
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Giai thich nghia "chuan"

@ La quy ludt dugc phat hién bdi Gauss va Laplace (mét cach doc 1ap)
tlr cac bai todn vat ly

o L3 phan phbi gi6i han ctia nhiéu phan phdi khac khi n rt 16n

e Dinh Iy dugc quan tdm 13 dinh ly gidi han trung tam.
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10. Quy luat Loga—chugn

Bai todn Galton, 1879

Gid st X1,..., X, 13 cac bién nglu nhién duong, doc lap, cing phan phbi.
D3t T, = HJ":1XJ Khi dé

lim P(logT, < t) = ®(t)

n— o0
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Quy luat Loga—chué?n

Tu day,

Dinh nghia

X ~ logN(0,1) <= logX ~ N(0,1)
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Quy luat Loga—chué?n

o Néu X1, Xo,...,X, |a cic bién ngdu nhién déc 1ap, ciing phan phdi,
nhan gia tri duong thi
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Quy luat Loga—chué?n

o Néu X1, Xo,...,X, |a cic bién ngdu nhién déc 1ap, ciing phan phdi,
nhan gia tri duong thi
@ trung binh sb hoc n1 ZJ'-’:lXJ- c6 phan phbi gisi han tiém can chuin
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Quy luat Loga—chué?n

o Néu X1, Xo,...,X, |a cic bién ngdu nhién déc 1ap, ciing phan phdi,
nhan gia tri duong thi
@ trung binh sb hoc n1 ZJ'-’:lXJ- c6 phan phbi gisi han tiém can chuin
@ trung binh hinh hoc (HJ'.’:1 Xj)l/" c6 phan phdi gisi han tiém can
Loga-Chuan
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Quy luat Loga—chué?n

o Néu X1, Xo,...,X, |a cic bién ngdu nhién déc 1ap, ciing phan phdi,
nhan gia tri duong thi
@ trung binh sb hoc n1 ZJ'-’:lXJ- c6 phan phbi gisi han tiém can chuin
@ trung binh hinh hoc (HJ'.’:1 X;)Y/" c6 phan phéi gidi han tiém can
Loga-Chuan
e Phan phdi Loga-Chusn thudng mé ti cic dai lugng nhu
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Quy luat Loga—chué?n

o Néu X1, Xo,...,X, |a cic bién ngdu nhién déc 1ap, ciing phan phdi,
nhan gia tri duong thi
@ trung binh sb hoc n1 ZJ'-’:lXJ- c6 phan phbi gisi han tiém can chuin
@ trung binh hinh hoc (HJ'.’:1 X;)Y/" c6 phan phéi gidi han tiém can
Loga-Chuan
e Phan phdi Loga-Chusn thudng mé ti cic dai lugng nhu
@ trong lugng cha ngudi trudng thanh
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Quy luat Loga—chué?n

o Néu X1, Xo,...,X, |a cic bién ngdu nhién déc 1ap, ciing phan phdi,
nhan gia tri duong thi
@ trung binh sb hoc n1 ZJ'-’:lXJ- c6 phan phbi gisi han tiém can chuin
@ trung binh hinh hoc (HJ'.’:1 X;)Y/" c6 phan phéi gidi han tiém can
Loga-Chuan
e Phan phdi Loga-Chusn thudng mé ti cic dai lugng nhu
@ trong lugng cha ngudi trudng thanh
@ ndng do cac khodng chat trong I8p chat tich tu trong long dat
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|
Quy luat Loga—chué?n

o Néu X1, Xo,...,X, |a cic bién ngdu nhién déc 1ap, ciing phan phdi,
nhan gia tri duong thi
@ trung binh sb hoc n1 ZJ'-’:lXJ- c6 phan phbi gisi han tiém can chuin
@ trung binh hinh hoc (HJ'.’:1 X;)Y/" c6 phan phéi gidi han tiém can
Loga-Chuan
e Phan phdi Loga-Chusn thudng mé ti cic dai lugng nhu
@ trong lugng cha ngudi trudng thanh
@ ndng do cac khodng chat trong I8p chat tich tu trong long dat
© phén phoi cla cai
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|
Quy luat Loga—chué?n

o Néu X1, Xo,...,X, |a cic bién ngdu nhién déc 1ap, ciing phan phdi,
nhan gia tri duong thi
@ trung binh sb hoc n1 ZJ'-’:lXJ- c6 phan phbi gisi han tiém can chuin
@ trung binh hinh hoc (HJ'.’:1 X;)Y/" c6 phan phéi gidi han tiém can
Loga-Chuan
e Phan phdi Loga-Chusn thudng mé ti cic dai lugng nhu
@ trong lugng cha ngudi trudng thanh
@ ndng do cac khodng chat trong I8p chat tich tu trong long dat
© phan phodi cha cai
© thdi gian mdy méc hu
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Quy luat Loga—chué?n

Ham méat do

Néu X ~ logN(u, o), thi ham mat dé dang

1 (Inx — u)?
p(x) = meXp{_T}’ (x>0)
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Quy luat Loga—chué?n

Ham phan phoi xac suat

Néu X ~ logN(p, o), thi ham phan phéi x4c sut

F(x) = /OX p(t)dt = & (%&) . (x> 0).

trong d6 p: tham sb ty 18 (scale), o: tham sb shape va

X
®(x) = &= [ e /2dt 1a ham Laplace.
—0o0
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-
Cac dic trung md hinh Loga-chusn

o Moment cip k : iy = E(Xk) = ekntk?a?/2,
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-
Cac dic trung md hinh Loga-chusn

o Moment cip k : iy = E(Xk) = ekntk?a?/2,
o Ky vong E(X) = erto?/2,
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-
Cac dic trung md hinh Loga-chusn

o Moment cip k : iy = E(Xk) = ekntk?a?/2,
o Ky vong E(X) = erto?/2,

o Phuong sai Var(X) = e2#t7° (e

~1).
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Cac dic trung md hinh Loga-chusn

Moment cp k : px = B(XK) = ekntk®o?/2,
Ky vong E(X) = ehta?/2.
Phuong sai Var(X) = e2u+02(eo

Mode:e/‘_"2; Median=e*.

2

~1).
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Cac dinh ly gidi han

e Dinh ly x4p xi Poisson
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-
Cac dinh ly gidi han

e Dinh ly x4p xi Poisson

@ Dinh ly giéi han dia phuong de Moivre-Laplace
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-
Cac dinh ly gidi han

e Dinh Iy x4p xi Poisson
@ Dinh ly giéi han dia phuong de Moivre-Laplace
@ Dinh ly gidi han tich phan de Moivre-Laplace
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-
Cac dinh ly gidi han

Dinh Iy x4p xi Poisson
Dinh ly giéi han dia phuong de Moivre-Laplace
Dinh ly gidi han tich phan de Moivre-Laplace

Dinh ly gidi han trung tam
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Ban chit cla céc dinh Iy gidi han

@ Xét cac trudng hgp khi cong thirc Bernoulli khéng con thich hgp
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Ban chit cla céc dinh Iy gidi han

@ Xét cac trudng hgp khi cong thirc Bernoulli khéng con thich hgp
@ khin 16n, p bé (hodc gn 1) c6 dinh Iy x4p xi Poisson
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|
Ban chit cla céc dinh Iy gidi han

@ Xét cac trudng hgp khi cong thirc Bernoulli khéng con thich hgp
@ khin 16n, p bé (hodc gn 1) c6 dinh Iy x4p xi Poisson
@ khin Ién, p € (0,1) cé dinh ly gidi han dia phuong de Moivre-Laplace
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Ban chit cla céc dinh Iy gidi han

@ Xét cac trudng hgp khi cong thirc Bernoulli khéng con thich hgp
@ khi n I6n, p bé (hodc gan 1) cé dinh ly x4p xi Poisson
@ khin Ién, p € (0,1) cé dinh ly gidi han dia phuong de Moivre-Laplace
© khin 16n, sb phép thir thanh cong thudc khodng (ki, kp) cé dinh Iy gidi
han tich phan de Moivre-Laplace
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Ban chit cla céc dinh Iy gidi han

@ Xét cac trudng hgp khi cong thirc Bernoulli khéng con thich hgp
@ khi n I6n, p bé (hodc gan 1) cé dinh ly x4p xi Poisson
@ khin Ién, p € (0,1) cé dinh ly gidi han dia phuong de Moivre-Laplace
@ khi n 18n, sb phép thir thanh cbng thubc khoang (ki, k») c6 dinh ly gidi
han tich phan de Moivre-Laplace

@ Xét truong hagp téng quét, cho mét diy cic bién ngdu nhién déc lap,
cung phan phdi véi ky vong va phuong sai hitu han (Dinh ly gidi han
trung tam)
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Ban chit cla c4c dinh ly gidi han

@ Xét cac trudng hgp khi cong thirc Bernoulli khéng con thich hgp
@ khin 16n, p bé (hodc gn 1) c6 dinh Iy x4p xi Poisson
© khinlén, p € (0,1) c6 dinh Iy gigi han dia phuong de Moivre-Laplace
© khi n 18n, so phép thir thanh cdng thudc khodng (ki, ko) cé dinh Iy gidi
han tich phan de Moivre-Laplace
@ Xét truong hagp téng quét, cho mét diy cic bién ngdu nhién déc lap,
cling phan phdi véi ky vong va phuong sai hitu han (Dinh ly gidi han
trung tam)
@ Xét truong hgp t(’gng quat, cho mét day cac bién nglu nhién déc 1ap,
khéng cling phan phbi véi ky vong va phuong sai hitu han (Dinh ly
gi6i han trung tdm Lindeberg-Feller)
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Dinh Iy xap xi Poisson

Gia st pp, — 0 khi n — oo va np, = A. Khi dé,

-\ k
lim Clpk(1— p)rt = &2

n—00 k!

Céng thitc gan diing

Khi n I6n, p ge“\m vGi 0 hodc 1
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Ching minh.
o Sir dung bién déi céng thic Bernoulii va gia thiét p, = 2
! A A
Ckk].— n_kzin 7k1_7n—k:
npn( pn) kl(n_k)l(n) ( n)

_ n(n—1)(n—2z!...(n—k+1)()\)k(1)\)n_k:
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Ching minh.
o Sir dung bién déi céng thic Bernoulii va gia thiét p, = 2
CrpR(1— pp)"* = k!(n"ik)!(i)"(l . %)n—k _
_ n(n—1)(n— 2/3!. (n—k+ 1)(2),((1 B %)n_k _
2= b2 a- - Ak - Ay

@ Cho n — o0, ta dugc

Tim Cpn(1— pn)" ™ =
— " n o M\n Y =
o Am (1= )" =7e
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Dinh ly giéi han dia phuong de Moivre-Laplace

Dinh Iy

Xét mot day phép thir Bernoulli cé xac subt thanh cong p € (0,1). X 13 sb
phép thir thanh cong. Khi dé,

lim. P(X - k) - np(ll_p)so(xk)

2 k—np

N )
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-
Giai thich

o Ham ¢(x) I3 ham mat dé ctia mé hinh chuan chinh tic N(0,1).
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-
Giai thich

o Ham ¢(x) I3 ham mat dé ctia mé hinh chuan chinh tic N(0,1).

@ Xac subt p € (0,1), nhung n qua I6n, viéc tinh theo mé hinh nhi thitc
khong kh3 thi.
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-
Giai thich

o Ham ¢(x) I3 ham mat dé ctia mé hinh chuan chinh tic N(0,1).
@ Xac subt p € (0,1), nhung n qua I6n, viéc tinh theo mé hinh nhi thitc
khong kha thi.

@ Khi n I6n, cé xap xi
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Dinh ly giéi han dia phuong de Moivre-Laplace

Gieo 6000 lan m6t con xiic xac can doi dong chat. Tinh xac suat cé ding
1000 1an xuat hién mat "luc"
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]
Giai:

=

@ Xdac suat xuat hién mat "luc" 1a p =
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i
Giai:
@ Xdac suat xuat hién mat "luc" 1a p = %.
b

@ n = 6000 la qua I6n, viéc tinh theo md hinh nhi thic khéng kha thi, vi

P(X = 1000) = P6000(1000; 1/6) =

B 6000!
~ 1000!(6000 — 1000)

|(1/6)1000(1 . 1/6)5000
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E—
Giai:
1

@ Xdac suat xuat hién mat "luc" 1a p = 5

@ n = 6000 la qua I6n, viéc tinh theo md hinh nhi thic khéng kha thi, vi

P(X = 1000) = P6000(1000; 1/6) =

B 6000!
~ 1000!(6000 — 1000)!

(1/6)1000(1 . 1/6)5000

o Sir dung dinh Iy gidi han dia phuong de Moivre- Laplace, cé x4p xi

1
P<X - 1000) ~/6000x1/6x(1 — 1 /6)80(0) -

1 1
~ /6000x1,/6x(1 — 1/6) v/27

= 0.01909859
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-
Dinh ly giéi han tich phan de Moivre-Laplace

Xét mot day phép thir Bernoulli cé xac subt thanh cong p € (0,1). X 13 sb
phép th(r thanh céng. Khi do,

lim P<k1 <X< k2> = O(x1,) — P(xk,)

n—o0
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-
Giai thich

e Ham ®(x) 13 ham phan phbi xac sult chia luat chuin chinh tic
N(0,1), dugc goi la tich phan Laplace.
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-
Giai thich

e Ham ®(x) 13 ham phan phbi xac sult chia luat chuin chinh tic
N(0,1), dugc goi la tich phan Laplace.
e Cic gid tri cia ham ®(x) dugc tinh & bang tich phan Laplace.
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-
Giai thich

e Ham ®(x) 13 ham phan phbi xac sult chia luat chuin chinh tic
N(0,1), dugc goi la tich phan Laplace.
e Cic gid tri cia ham ®(x) dugc tinh & bang tich phan Laplace.
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-
Dinh ly giéi han tich phan de Moivre-Laplace

Gieo 60 13n mdt con xtic x§c can déi déng chit. Tinh xac sut dé sb 1an
xuat hién m3t "luc" trong khoang (10, 15)

6 day
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]
Giai:

@ Xdac suat xuat hién mat "luc" la p = %.
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i
Giai:
@ Xdac suat xuat hién mat "luc" la p = %.

@ n =60 13 I6n, viéc tinh theo cbng thitc nhi thic khong kha thi, vi

P@o(lo S X S 15; 1/6) =

-y ToiE0 1oy (/0" (1~ 1/6)" ¢

k=10
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|
.o
Giai:
@ Xac sult xult hién mit "luc" 13 p= %.
@ n =60 13 I6n, viéc tinh theo cbng thitc nhi thic khong kha thi, vi

P@o(lo S X S 15; 1/6) =

-y ToiE0 1oy (/0" (1~ 1/6)" ¢

k=10
o Sir dung dinh Iy gidi han dia phuong de Moivre- Laplace, cé x4p xi
15 -60.1/6

1/60.5/36

= ®(1.732051) — 0 = 0.9582

P(10§X§15>:d>( ) — &(0) =
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-
Dinh ly giéi han trung tam

Gid st X1, Xo, ... 1a mot ddy cac bién nglu nhién déc 1ap, cling phan phbi
véi ky vong E(X;) = p, D(X;) = 02 < 400, j=1,2,.... Khi dd,

Xi b Xy —
lim P(1+ * ”“<x>:d>(x)

n—o0 o'ﬁ

IR R D GO UICIEE N Ly thuyét Xéc sult va Théng ké Toan hoc  Ngdy 22 thang 9 ndm 2013 67 / 80



-
Giai thich

o Khing dinh phan phbi chuin chinh tic ®(x) 13 gidi han cha phéan
phdi clia tong cic bién ngiu nhién ddc 1ap, cling phan phdi, c6 ky
vong va phuong sai hitu han
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-
Giai thich

o Khing dinh phan phbi chuin chinh tic ®(x) 13 gidi han cha phéan
phdi clia tong cic bién ngiu nhién ddc 1ap, cling phan phdi, c6 ky
vong va phuong sai hitu han

o Khing dinh khi n 16n, c6

p<5‘£5)) <x) ~ o

Vi 5, = X1+ X0+ ...+ X,
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-
Giai thich

o Khing dinh phan phbi chuin chinh tic ®(x) 13 gidi han cha phéan
phdi clia tong cic bién ngiu nhién ddc 1ap, cling phan phdi, c6 ky
vong va phuong sai hitu han

o Khing dinh khi n 16n, c6

p<5‘£5)) <x) ~ o

Vi 5, = X1+ X0+ ...+ X,
@ L3 co sé cho mé phdéng Monte Carlo va khodng tin cdy cho cic tham
sO cla tong thé
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4.3 Luat yéu cac sb 16n

Luat Bernoulli, 1713

Thuc hién n phép thir déc 1ap, c6 k phép thi thanh cbng véi xac subt

thanh cong la p. Khi d6, véi n I6n
k
n
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-
Giai thich

o Ty I& bé trai va bé gai xap xi 0.5 khi n 16n
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-
Giai thich

o Ty I& bé trai va bé gai xap xi 0.5 khi n 16n

o Tin subt f, = % 13 u6c luong khdng chéch va viing clia xac subt p
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4.3 Luat yéu cac sb 16n

B4t ding thitc Chebyshev
Vi moi bién ngiu nhién X c6 E(X) = p va D(X) = 02 < 4o0. Khi dé

1
(1 x-si2 ) < 1o

m
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Giai thich

o Bit ding thic 3 — ¢ va ting dung trong théng k& (so sanh véi dinh ly
giGi han tich phan)
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Giai thich

o Bit ding thic 3 — ¢ va ting dung trong théng k& (so sanh véi dinh ly
giGi han tich phan)

e Dang tucng duong

IR R D GO AR Ly thuyét Xéc suit va Théng ké Toan hoc  Ngdy 22 thang 9 ndm 2013 72 / 80



Luat yéu sb 16n Chebyshev

Gid st X1, Xo, ... |3 diy cac bién ngiu nhién doc Iap, c6 cling phuong sai
hitu han béi cling mdt hang sb. Khi dé, véi n 1én

Xi+...+ Xy E(Xn) + ... E(X»)

n n
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Luat yéu sb 16n Khinchin

Gid st X1, Xo, ... |3 diy cac bién ngiu nhién doc Iap, c6 cling phan phdi
va E(X,) = p. Khi dé, véi n I6n

X1+.--+Xn

- ~ [
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Giai thich

@ Ung dung trong vat ly
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-
Giai thich

@ Ung dung trong vat ly
e (ing dung trong théng ké
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Bai tdp chuong 4

X4c suit mét lo thubc bi v& khi van chuyén tir noi sdn xult téi noi tiéu
thu 3 0.01.
© Dung dinh vaxép xi Poissoln tinh xac sult c6 diang 5 lo thubc bi vé
khi van chuyén 300 lo thudc.
@ Phai van chuyén bao nhiéu lo thubc cling loai dé xac sult cé it nhit
mot lo thudc bi vd khdong bé hon 0.999
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|
Bai tdp chuong 4

Bai tap 2.

Gieo 30 lan mét con xtc xac can doi dong chat. Goi X la s6 diém sau 30
lan gieo con x(c xac.

Q@ Tinh E(X) va D(X)
@ Tinh x4c sudt P(X > 120)
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Bai tdp chuong 4

Trong kho c6 100 thung san phgm, trong mdi thiing c6 90 chinh phém va
10 phé& pham. M&i thiing hang I3y ra (c6 hoan lai) kiém tra 5 san pham
Tinh x4c sut dé téng s6 phé& pham thudc khoang (40; 55)
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Bai tdp chuong 4

Gieo 3,20\0 Iﬁp mét, déng tién cé xa’c\suét xult hién m3t sép [a 0.519. Goi
X 1a so lan sap xudt hién sau 3200 |an gieo.

@ Tinh sb 1an sAp c6 kha ning xult hién nhit.

@ Tinh xéc sut tuong dng.

© Tinh xac suit P(1600 + 5v/2 < X < 1600 + 10+/2).
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Bai tdp chuong 4

Bai tap 5.

Goi X 13 sb ngusi vég mdt hiéu cit téc trong khodng thdi gian 30 phdt.
Gia stt X c6 phan phoi Poisson véi tham s A = 2.

@ Hai trung binh c6 bao nhiéu ngudi vao cit téc trong 30 phiit.

@ Tinh xac sudt P(E(X) — /D(X) < X < E(X) + v/D(X)).
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