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5.1 M3u ngiu nhién

Q= {X1,X2,...,Xn,...}—

tap tat cd cic so liéu sinh ra tir mét bién ngau nhién X

mau ngau nhién

Wn = {XI)XQ"'an} - Q

[a t3p n cac so liéu sinh ra tir n quan sat bién ngau nhién X.
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Chiéu cao sinh vién

Q= {172,168, ...,159,...}—

tap tat ca cac sb liéu sinh ra tir mot bién ngiu nhién X-chiéu cao clia sinh
vién dai hoc

va

mAu sb liéu cha 150 sinh vién

wiso = {158,169, 171,...,173}

gom 150 s6 liéu vé chiéu cao clia 150 sinh vién.

IR R D CLEREIE Ly thuyét Xic suit va Théng ké Toan hoc  Ngay 12 théng 10 nim 2013 8 /47



-
Giai thich

© Bién ngu nhién X dic trung cho mdt tinh chit ndo dé cla téng thé
Q) nhu chiéu cao, trong lugng, tudi tho, mdc song, ...

IR R DGR EIE M Ly thuyét Xéc suit va Théng ké Toan hoc  Ngdy 12 théng 10 nim 2013 9 /47



-
Giai thich

© Bién ngu nhién X dic trung cho mdt tinh chit ndo dé cla téng thé
Q) nhu chiéu cao, trong lugng, tudi tho, mdc song, ...

@ M3u nglu nhién ¢ n, w, sinh ra bdi n quan s4t doc 1ap mdt bién
ngau nhién X

IR R DGR EIE M Ly thuyét Xéc suit va Théng ké Toan hoc  Ngdy 12 théng 10 nim 2013 9 /47




-
Giai thich

© Bién ngu nhién X dic trung cho mdt tinh chit ndo dé cla téng thé
Q) nhu chiéu cao, trong lugng, tudi tho, mdc song, ...
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@ Bién ngiu r\1hién X dic trung cho rpcf)t tinh chét, ndo dé clia téng thé
Q) nhu chiéu cao, trong lugng, tudi tho, mdc song, ...

@ M3u nglu nhién ¢ n, w, sinh ra bdi n quan s4t doc 1ap mdt bién
ngau nhién X

© MAu nglu nhién wp = {X1, X2, ..., Xn} gdm n bién ngiu nhién déc
[&p cung phan phai

Q Sb6 n duoc goi 13 kich thuéc m3u hay cd miu
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@ Ham phan phdi ly thuyét Fx(x) = P(X < x)con dudc goi 1a ham
phan phdi chinh xac
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@ Ham phan phdi ly thuyét Fx(x) = P(X < x)con dudc goi 1a ham
phan phdi chinh xac

@ Khi n 16n ham phan phbi thuc nghiém c6 gis tri gan ding véi ham
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P( lim sup | Fa(x) — Fx(x) |[=0) =1

n—o00 XER

@ Ham phan phéi ly thuyét Fx(x) = P(X < x)con dugc goi I3 ham
phan phoi chinh xac
@ Khi n 16n ham phan phbi thuc nghiém c6 gis tri gan ding véi ham
phan phdi Iy thuyét
Fn(x) = Fx(x)

© Lam thuyc nghiém can xUr ly tap 16n sb lidu dé thong tin nhan dugc da
tin cay
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téng thé (xét trudng hop X 13 bién nglu nhién rdi rac)
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Gia st X 12 bién ngu nhién dic trung cho tinh cht nao dé (can nghién
clu) cla tong thé Q Khi do,

o

2]

Ham phan phdi Iy thuyét Fx(x) = P(X < x) con dudc goi |3 ham
phan phoi chinh xac

Ky vong todn E(X) = p = ZJ" xjp;j con dugc goi la trung binh téng
thé (xét trudng hop X 13 bién ngiu nhién rdi rac)

Phuong sai D(X) =0 = Y7 | xj — pu ?pj con dugc goi la phuong sai
téng thé (xét trudng hop X 13 bién nglu nhién rdi rac)

Xac subt pj=P(X =x;)=p,j=1,2,...n con dugc goi la tan subt
tong thé

Cac dic trung 11,02, p dugc goi |3 cic tham sb tong thé (tham sb Iy
thuyét)
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Trung binh miu

© Trung binh m3u X |3 mét bién nglu nhién.
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@ Khéng phu thudc vao ¢ miu, ky vong clia trung binh miu (thuc
nghiém) bing trung binh Iy thuyét:
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Phuong sai miu

1< — 2
Do(X) =S5 == | X=X |
j=1

© Phuong sai m3u S2 13 mot bién ngiu nhién.
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Phuong sai m3u diéu chinh

N A 1 < — 5
Da(X)=52=—=> | X;—X|
j=1

@ Phuong sai m3u diéu chinh S2 13 mét bién nglu nhién.
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E(SE)ZE(mZ|Xj_X| )202
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Phuong sai m3u diéu chinh va phuong sai m3u

@ Khi n I6n, hai gid tri d6 xép xi nhau, vi

n||—>n;on—1:1
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@ Khi n I6n, hai gid tri d6 xép xi nhau, vi

n||—>n;on—1:1

@ Trong nhidu phdn mém théng k&, S2 dugc thay cho S2
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Dung trong tinh toan
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Tan suat mau

@ n 13 ¢8 mAu, k 13 sb cac thanh phan m3u thda man diéu kién cta
ngudi chon mau
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Tan suat mau

@ n 13 ¢8 mAu, k 13 sb cac thanh phan m3u thda man diéu kién cta
ngudi chon mau

@ Khi n 16n, tan subt thuc nghiém (m3u) x4p xi tan sult ly thuyét p

fn = p
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Tan suat mau

@ n 13 ¢8 mAu, k 13 sb cac thanh phan m3u thda man diéu kién cta
ngudi chon mau

@ Khi n 16n, tan subt thuc nghiém (m3u) x4p xi tan sult ly thuyét p

fn = p

© Day I3 ban chat cha xac suat theo quan diém thong ké va |13 Ludt yéu
cac so I6n Bernoulli
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M6 men trung tdm maiu
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5.3 C4c dic trung cia miu ngiu nhién

Trung vi mau (Median m3u)

Trong mét mau thir tu {Xp Xp2ps - - - Xo) } trung vi mau 13 sb ding & giita
néu n I&, 13 trung binh cong hai sb ditng giita néu n chn

@ Miu A={3,4,4,55,56,7,8,9,10} cé trung vi mau med=5

PGS.TS.Trdn Lbc Hing (UFM, 10/2013)
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5.3 C4c dic trung cia miu ngiu nhién

Trung vi mau (Median m3u)

Trong mét mau thir tu {Xp Xp2ps - - - Xo) } trung vi mau 13 sb ding & giita
néu n I&, 13 trung binh cong hai sb ditng giita néu n chn

@ Miu A={3,4,4,55,56,7,8,9,10} cé trung vi mau med=5

@ M3u B ={3,4,4,5,5,5,6,7,8,9,10,11} c6 trung vi miu
med=(5+6)/2=5.5

PGS.TS.Trdn Lbc Hing (UFM, 10/2013)
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5.3 C4c dic trung cia miu ngiu nhién

S6 trdi mau(Mod m3u)

Trong m&t mau {xqy, X[2]; - - - » X[} } SO trdi mau la cdc so xuat hién nhiéu
[an nhat

@ M3u A={3,4,4,55,5,6,7,8,9,10} c6 sb tr6i miu mod=5
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5.3 C4c dic trung cia miu ngiu nhién

S6 trdi mau(Mod m3u)

Trong m&t mau {xqy, X[2]; - - - » X[} } SO trdi mau la cdc so xuat hién nhiéu
[an nhat

@ M3u A={3,4,4,55,5,6,7,8,9,10} c6 sb tr6i miu mod=5
Q@ M3u B ={3,4,4,4,5,5,6,7,8,9,10,11} c6 sb troi mau mod=4
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5.3 C4c dic trung cia miu ngiu nhién

Hé sb bat dbi xing mAu
B!

Nlw

(1)

Hé sb nhon mau
Y2 =
(112)?
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Luu y

Gia st w,, 13 mdt mAu ngiu nhién c6 cic dic trung miu. Khi dé,

© Daic trung vé vi tri: trung binh mAu, trung vi m3u, sb trdi mAu.
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Luu y

Gia st w,, 13 mdt mAu ngiu nhién c6 cic dic trung miu. Khi dé,
© Dic trung vé vi tri: trung binh mAu, trung vi mau, sb troi mau.
@ Dic trung vé su phan tan: phuong sai mau, phuong sai mau diéu
chinh, dé réng mau (R, = x5 — X(1))
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Luu y

Gia st w,, 13 mdt mAu ngiu nhién c6 cic dic trung miu. Khi dé,
© Dic trung vé vi tri: trung binh mAu, trung vi mau, sb troi mau.
@ Dic trung vé su phan tan: phuong sai mau, phuong sai mau diéu
chinh, dé réng mau (R, = x5 — X(1))
(s D,éc trung vé l)‘mh déng cha phan phébi (cGa ham mét do): hé sb bt
déi xing, hé s6 nhon
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5.3 C4c dic trung cia miu ngiu nhién

Trong lugng tinh bang kg clia 45 sinh vién

43,50, 58, 65, 55, 60, 53, 65, 71, 63, 66, 76, 54, 61, 66

49,55, 58,65, 54, 61, 54, 65, 70, 64, 61, 75, 56, 69, 67

54,55,51,61,59,61,56,65,71,64,61,70,59,61, 65

@ Tinh cac dic trung clia miu trén
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5.3 C4c dic trung cia miu ngiu nhién

Trong lugng tinh bang kg clia 45 sinh vién

43,50, 58, 65, 55, 60, 53, 65, 71, 63, 66, 76, 54, 61, 66

49,55, 58,65, 54, 61, 54, 65, 70, 64, 61, 75, 56, 69, 67

54,55,51,61,59,61,56,65,71,64,61,70,59,61, 65

@ Tinh cac dic trung clia miu trén

@ Vé biéu do mé t3d miu trén
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Giai:

St dung ngdn ngit R, véi 1énh tao miu x < —c()

@ lénh summary(x) cho biét

Min = 43. 1stQu. =55 Median = 61.

Mean = 60.93 3rdQu. =65 Max. =76
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@ lénh summary(x) cho biét

Min = 43. 1stQu. =55 Median = 61.

Mean = 60.93 3rdQu. =65 Max. =76
@ Lénh mean(x) cho biét X = 60.93333
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Giai:

St dung ngdn ngit R, véi 1énh tao miu x < —c()

@ lénh summary(x) cho biét

Min = 43. 1stQu. =55 Median = 61.

Mean = 60.93 3rdQu. =65 Max. =76

@ Lénh mean(x) cho biét X = 60.93333
@ Lénh var(x) cho biét S, = 49.65455
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Giai:

St dung ngdn ngit R, véi 1énh tao miu x < —c()

@ lénh summary(x) cho biét

Min = 43. 1stQu. =55 Median = 61.

Mean = 60.93 3rdQu. =65 Max. =76
@ Lénh mean(x) cho biét X = 60.93333
@ Lénh var(x) cho biét S, = 49.65455
@ Lénh range(x) cho biét Rys = 76 — 43 = 33
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]
Bidu dd 1

@ SUr dung ngdn ngit R, vdi 1énh tao hist(x)

Histogram of x

158

10

Frequency

40 50 60 70 80
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5.4 C4c phan phdi clia cic dai luong théng ké

Q@ Gid st w, = {X1,X2,...,X,} 13 mdt mau ngdu nhién

Dinh nghia

f(wn) = F(X1, X2,..., Xn)
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5.4 C4c phan phdi clia cic dai luong théng ké

Q@ Gid st w, = {X1,X2,...,X,} 13 mdt mau ngdu nhién

@ Moi ham clia m3u dugc goi 13 mét théng ké

Dinh nghia

f(wn) = F(X1, X2,..., Xn)
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@ Trung binh miu X = %ZJ"ZIXJ la mét théng ké
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@ Trung binh miu X = %ZJ"ZIXJ la mét théng ké

@ Phuong sai mdu 52 = £ 57 (X; — X)? Ia mét théng ke
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@ Trung binh miu X = %ZJ"ZIXJ la mét théng ké
@ Phuong sai mdu 52 = £ 57 (X; — X)? Ia mét théng ke

© Phuong sai m3u didu chinh 52 = -L 71 (Xj — X)? 1a mdt théng ké

n—1
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@ Trung binh miu X = %ZJ"ZIXJ la mét théng ké

@ Phuong sai mdu 52 = £ 57 (X; — X)? Ia mét théng ke

© Phuong sai m3u didu chinh S2 = LY (X = X)? 1a mét thbng ké

Q Tin subt miu £, = £ 13 mét théng ké
o g
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Phan phdi cta trung binh mau X

Néu (X1, Xz, ..., X,) 13 mét mAu sinh tir bién nglu nhién cé phan phbi
chuan chinh tic 91(0, 1), thi
@ Trung binh miu X = £ 377, X; c6 phan phbi chudn N(p, 02).
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-
Phan phdi cta trung binh mau X

Néu (X1, Xz, ..., X,) 13 mét mAu sinh tir bién nglu nhién cé phan phbi
chuan chinh tic 91(0, 1), thi
@ Trung binh miu X = £ 377, X; c6 phan phbi chudn N(p, 02).

Q Théng ké Z = @ n c6 phan phdi chuin 9(0,1).
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Phan phbi clia phuong sai m3u diéu chinh SAE

Dinh Iy 1

Néu (X1, X2, ..., X,) 1a mét m3u sinh tir bién ngiu nhién cé phan phbi
chuan chinh tic 91(0, 1), thi

Q@ Tdng cic binh phuong U = X2 + ... 4+ X2 c6 phan phdi x2 (khi binh
phuong) véi n bac tu do.

PGS.TS.Tran Léc Hung (UFM, 10/2013)
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Phan phbi clia phuong sai m3u diéu chinh SAE

Dinh Iy 1
Néu (X1, X2, ..., X,) 1a mét m3u sinh tir bién ngiu nhién cé phan phbi
chuan chinh tic 91(0, 1), thi
Q@ Tdng cic binh phuong U = X2 + ... 4+ X2 c6 phan phdi x2 (khi binh
phuong) véi n bac tu do.

@ Ham mat dé cla phan phbi X2 c6 dang

0, néu x <0
fu(x,n) = n_q _x A
ulx, n) L_x27le72, néux>0,n>0.

PGS.TS.Trdn Léc Hung (UFM, 10/2013)
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Phan phbi clia phuong sai m3u diéu chinh SAE

Dinh Iy 1
Néu (X1, X2, ..., X,) 1a mét m3u sinh tir bién ngiu nhién cé phan phbi
chuan chinh tic 91(0, 1), thi
Q@ Tdng cic binh phuong U = X2 + ... 4+ X2 c6 phan phdi x2 (khi binh
phuong) véi n bac tu do.

@ Ham mat dé cla phan phbi X2 c6 dang

0, néu x <0
fu(x,n) = n_q _x A
ux, n) —A—x2"le72, néux>0,n>0.
22r(2)

@ Trong d6 ham Gamma I(a) = [;° x* te *dx, (a > 1)

PGS.TS.Trdn Léc Hung (UFM, 10/2013)
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Phan phbi clia phuong sai m3u diéu chinh SAE

Néu (X1, Xa, ..., X,) 13 mét m3u sinh tir bién ngdu nhién c6 phan phdi
chuan N(u, 02), thi 5152 c6 phan phéi x2 ; véi (n-1) bac tu do

o2
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Ham mat do phan phbi x2

o Ham mat do6 phan phéi x2 véi n=4 va n=10
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Phan phbi Student (t-phan phéi)

Dinh nghia

Mat bién ngiu nhién T dugc goi |3 c6 phan phbi Student véi v bac tu do,
néu ham mat dé cé dang

(
%)\/ﬁ(lJr%)VTH’ v>0,teR

PGS.TS.Tran Lbc Hing (UFM, 10/2013)
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Ham mat d6 phan phdi Student

o Khi v ting, thi ham mat dé f(t, ) tiém cin chuan.

04
Phin phéi T Students
03 (D3 t do v=15,30)
Z
]
302
2
'
0.1
0

; : : : v 1 T T
-4 -3257 -2 -1 0 1 2. #2813 4t
Bién ngdu nhign

IR R G CEEEIE Ly thuyét Xéc suit va Théng ké Toan hoc  Ngay 12 thing 10 n3m 2013 34 / 47



Phan phbi Student

Dinh Iy 1

Bién ngiu nhién T c6 dang

Z
T= 5V

c6 phan phbi Student; trong d6 Z déc lap véi U, Z € 9N(0,1); U € X2

Néu X € M(p, o2), thi bién ngdu nhign T = X4

K. /n c6 phan phbi
o phan p

Student véi (n-1) bac tu do

PGS.TS.Tran Léc Hung (UFM, 10/2013)
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Phan phéi F (Fisher R.A - Snedecor G.W)

Dinh nghia

Mbt bién ngiu nhién X dugc goi 13 c6 phan phéi F véi 11 va 11 bac tu do,
néu véi x > 0,1 > 0,1, > 0,ham méit db xac suat cé dang

I'( vitve ) 141 il 1 N i)
) = ey, T U0

PGS.TS.Tran Lbc Hing (UFM, 10/2013)
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Ham mat dé phan phéi F

o Khi v ting, thi ham mat dé f(t, ) tiém cin chuan.

4q

Probabi Ity Density
[~}

as

az

P roba bility Dens fy

PGS.TS.Tran Lbc Hing (UFM, 10/2013)

FPDF({1,1df)

F POF (10,1 of)

0.4

0.3

0.1

Probabi ity Density

Prota bility Dens iy

4q

FPDF (1,10 df)

F POF{1d, 10 df)
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Phan phéi F

Dinh Iy 1

Bién ngiu nhién F ¢6 dang

U1 1%}
F =
U2 U o 1

c6 phan phbi F véi 11 va 1» bac tu do; trong d6 Uy va Us 13 cac bién nglu
nhién déc lap c6 phan phdi x2 véi v1 va v, bac tu do

Néu X, Y e N(u,0?), véi X, Y doc 1ap, thi bién ngiu nhién F = ; c6

2

phan phéi F véi (11 — 1) va (v2 — 1) bac tu do
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Phan phoi tiém can chuan

Dinh Iy 1

Gid st (X1, X2, ..., Xp) 12 miu sinh ra tir n quan sat déc lap clia mot bién
ngiu nhién c6 E(X) = p va D(X) = o2, thi bién nglu nhién Z = —£\/n
c6 phan phbi tiém can chuan khi n — oo, tic I3

X — 1 X 12
lim P =P(x) = — e 2V d
n—o0 < ) ( ) \/ 27 /—oo Y

L?‘
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Phan phoi tiém can chuan

Dinh ly 2

Gia st tién hanh n quan sit doc 1ap, véi xac subt thanh céng ctia mbi

quan sat la p,p € (0,1). Goi k la s6 quan sit thanh cbng trong n quan
p " k_ ,

sat, 0 < k < n. Khi dé, bién ngdu nhién Z = "7[)\/5 c6 phan phoi

v/ pP(1-p)

tiém can chuan khi n — oo, tifc 13

K—p 1 X 1,2
lim P(" n <x> =®(x) = — e 2¥ dy
p(l —p)
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Phan phoi tiém can chuan

Dinh Iy 3

Gid st X cé phan phdi x2 véi n bac tu do. Khi dé, cic bién ngiu nhién
Z =252 va W = (V2X — v2n — 1) c6 phan phbi tiém can chudn khi
n — 00, tifc la

X —n 1 X 1.0
lim P < x| =9(x) = — e 2 d
n—o0 ( v2n > (x) V2T /oo Y

1 X
/,-m,,%op<m Y x> —o()= = / gy
T J—c0
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Phan phoi tiém can chuan

Gia st T c6 phan phdi Student véi n bac tu do. Khi d6, phan phéi ctia T
I3 ti€ém can chuan khi n — oo, tic la

1 X 12
lim P T < x :d)x:—/ e 2V d
n—o00 < > () \ 27T —59 Y
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o Néu m3u c3 n chia thanh k 16p v6i ny + np + ... nk = n, thi trung

binh m3u
1 &
X==3"nx
nj:1 NjA;

va phuong sai miu

k
1 2
ﬁ:n§;W@—Xn
J:
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o N&u m3u chia thanh k khoang c6é d6 dai bing nhau
[x0; b+ xo], [x1; b+ xal, . [xk—1; b + xk—1]

thi trung binh m3u cé dang

va phuong sai mau
k
1 ’ —/2
Sp==>Y nX?—X,
n <~
P

véi X,-/ = %[X,'_1 + x;], cac diém giita cac khoang

IR R G CEREIE Ly thuyét Xéc suit va Théng ké Toan hoc  Ngay 12 thang 10 nim 2013
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>
N
<\

o Néu m3u chia thanh k khoang c6 d6 dai bing nhau va cac gia tri
khoang 16n, c6 thé st dung phép bién d&i tuyén tinh

(Xi — Xo)

Y; =
h

Xy =hY +Xo; Sk = h°SY,
trong d6 Xp € {X1, Xa,...X,} va h 13 do rong cac khoang
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Bai tap chuong 5

Bai tap 1
Kiém tra thdi diém nhan vién khéng lam viéc tai mét don vi, ngudi ta cé
thong ké sau, véi thai gian quy dinh két thic gis lam viéc 1a 5:00 pm.

5:10 4:55 5:05 4:37 4:58 4:55 4:59

5:11 4:50 5:00 4:35 4:59 4:54 4:58

@ Hay tinh cic dic trung cha mAu (trung binh, phuong sai mAu,
phuong sai mau diéu chinh, trung vi, mod, c& mau, do rong mgu)

PGS.TS.Tran Léc Hung (UFM, 10/2013)
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Bai tap chuong 5

Bai tap 1
Kiém tra thdi diém nhan vién khéng lam viéc tai mét don vi, ngudi ta cé
thong ké sau, véi thai gian quy dinh két thic gis lam viéc 1a 5:00 pm.

5:10 4:55 5:05 4:37 4:58 4:55 4:59

5:11 4:50 5:00 4:35 4:59 4:54 4:58

@ Hay tinh cic dic trung cha mAu (trung binh, phuong sai mAu,
phuong sai mau diéu chinh, trung vi, mod, c& mau, do rong mgu)
@ Cho y kién nhan xét

PGS.TS.Tran Léc Hung (UFM, 10/2013)

Ly thuyét X4c suit vd Théng ké Todn hoc  Ngay 12 thang 10 nim 2013 46 / 47



R
Bai tap chuong 5

Théng ké sb phit di 1am mudn clia mdt co quan, cb két qua sau X sb
phat muén: 0, 1, 2, 3, 4 5 6, 7, 8 9
n;—tan sb: 183,15, 16,14, 13, 2, 1, 1, 1, 1

@ Hay tinh cic dic trung cia mAu (trung binh, phuong sai mAu,
phuong sai m3u diéu chinh, trung vi, mod, c& m3u, d6 rong m5u)
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Bai tap chuong 5

Théng ké sb phit di 1am mudn clia mdt co quan, cb két qua sau X sb
phat muén: 0, 1, 2, 3, 4 5 6, 7, 8 9
n;—tan sb: 183,15, 16,14, 13, 2, 1, 1, 1, 1

@ Hay tinh cic dic trung cia mAu (trung binh, phuong sai mAu,
phuong sai m3u diéu chinh, trung vi, mod, c& m3u, d6 rong m5u)

@ Tinh trung vi va trung binh cic d6 |éch so vdi trung vi

> j=1 0y | Xj — Med |

n
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Bai tap chuong 5

Théng ké sb phit di 1am mudn clia mdt co quan, cb két qua sau X sb
phat muoén: 0, 1, 2, 3, 4 5 6, 7, 8 9
n;—tan sb: 183,15, 16,14, 13, 2, 1, 1, 1, 1

@ Hay tinh cic dic trung cia mAu (trung binh, phuong sai mAu,
phuong sai m3u diéu chinh, trung vi, mod, c& m3u, d6 rong m5u)

@ Tinh trung vi va trung binh cic d6 |éch so vdi trung vi

> j=1 0y | Xj — Med |

n

© So sanh két qua & (1) va (2)
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