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ABSTRACT

In this study a linear model has been suggested as an approximation to the existing non-linear model viz.
Gompertz curve. It has been proved by fitting the suggested model to different data sets obtained from various
authentic sources. The proposed model has been applied to data set obtained from Kutner et al (2004) in table 1.1
and N Okendro Singh et al (2009) in table 1.2. The results in terms of relevant parameter values have been
displayed through tables and the graphical representation has been done by using a Statistical Software
‘Statgraphics’. Just by having a careful look over the results one can conclude easily that the proposed linear
model is a good approximation to the existing non-linear model.
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INTRODUCTION

Based on the relationship between monomolecular model
and Gompertz model, a model having linearly appearing
parameters has also been developed as an adequate
approximation of Gompertz model. Ratkowsky (1983)
has given the following functional form for Gompertz
model.

Y =exp{a+ﬂ.px} ...... (1)
On taking Natural Log Transformation of (1) we have
log(Y)=a+pBp" ... @)

Equation (2) is another form of writing the model (1).

If a graph is plotted between Y and X, it will show an
‘S’- shape Curve. From equation (2) we learn that the
graph between log(Y) and X will show an asymptotic
shape. This fact has been observed for the suggested data
sets considered in the present investigation.

In early studies we have considered an approximation of
the Right Hand side of equation (2), on the basis of
suggestions of Misra (1992) as

a+p.p* =a+bX +§ ...... 3)

Combining equations (2) and (3) we can write an
approximation of the model (1) as

log(Y) =a+b.X +§ ...... 4

The appropriateness of model (4) as an approximation to
Gompertz model can be verified by fitting it to various
data sets obtained from various sources and carrying out
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its analysis and it’s residual studies as described in
bellow. Equation (4) is the proposed model.

Estimation of Parameters and Analysis of Residuals
The proposed model (4) can be written as

Z —log(Y) =a+b.X +§ ...... 5)

The constants a, b, ¢, o, B and p are all unknown
parameters. Applying the Standard Procedures the least
square estimates of parameters a, b, and ¢ will be given

by
B=(X'X)'x'z ... (6)

where

B=[abc]

1 X, —=
Xl
1 x, —+
X2
X = e
1 x, —
Xn

| AnNnx=<3

z =[2Z, Z, ..... Z. ]
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The variance-covariance matrix of B
Var( B ) will be
Var(B)=(X'X)'e? ... 7)

denoted by

The values of coefficient of determination R?, Residual
Mean Square s®>, Mean Absolute Error (MAE) and
Standardized residuals are computed in a manner
identical to methods discussed in earlier study as in
Tiwari (2010). Similarly the analysis of residuals i.e.
residual plots and Normal Probability Plot for the
residuals have also been carried out as discussed in
Tiwari (2010). The analysis table displaying values of

log(Y), log(Y), e =log(Y)—log(Y) etc. are also

given for the data sets from 1.1 to 1.2.

It is very important to note here that Draper and Smith
(1998, Pg. 278) have specifically stated that the residuals
to examine, for model like (5) in which log
transformation has been used on dependent variable Y,

should be of the form log(Y)—log(Y). They have

further stated that all tests and confidence statements
must be made in the Transformed Space only.

Draper and Smith (1998, Ill Edition, Pg. 278) have
specifically commented that: “Suppose we have fitted a

model to In(Y), and we make a prediction in InY ata
certain set of X’ s. We can, if we wish, evaluate

Y :exp{InY} and predict in the original space.

Also, confidence statement on E(INY') with interval
(a, b) can be translated into a confidence statement with

interval (ea,eb)in the Y-space. It will not be

symmetric about the predicted value Y | of course. We

~

can also evaluate residuals Yi —Yi at the data points, if

we wish. These residuals are not, however, checked;
these are not the residuals that should satisfy the
residuals checks for normality, and so on”.

Box and Cox (1964) have given a family of
transformations on dependent variable Y as

() (Y*=1)/4, for =0
(i) log(Y), for A =0

The model (4) also admits a transformation on dependent
variable Y as in Box and Cox (1964) family of
transformations if A = 0.

It has also been remarked that there is no relationship
between the parameters of the transformed model and
those of the original model, therefore any attempt to find
such a relationship is not fruitful. The analysis of the
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residuals has also been carried out in the same lines as in
Misra (1992).

Fitting of Model (4) to Suggested Data Sets

A variety of the data sets from 1.1 to 1.2 has been
obtained from different sources to which the model (4)
has been applied.

The data set 1.1 has been obtained from Kutner et al
(2004) which relates to a study on effectiveness of
coupons offering a price reduction on a given product.
The predictor variable X represents the amount of price
reduction offered to coupons and the response variable Y
represents the number of coupons redeemed.

The data set 1.2 are obtained from N Okendro et al
(2009), they relate to growth performance of Tor
Putitora (a fish species) under the monoculture and
polyculture systems with the stocking densities of 4000
and 1600 per hectare respectively in earthen ponds of 0.1
hectare each. Here Y is the Average weight gain in gm
and X is Time in months.

The least square estimates of coefficients a, b and ¢ of
the model (3.4) fitted to the above data sets are given in
their respective tables. The values of coefficient of
determination R? Residual Mean Square s*> and Mean
Absolute Error (MAE) are also provided. The tables also
provide the values of least square estimates of

Z =log(Y) and residuals Z—Z or log(Y)—log(Y) (as
suggested by Draper and Smith 1998, pg. 278).

The values of Standardized residuals have been
calculated for all data sets. In all cases, the values of
standardized residuals lie in between -3 to +3. The values
of standardized residuals confirm that residuals do not
reflect model inadequacy, (Montgomery et al, 2003).

The graphs describing observed and fitted values,
residual plots and Normal Probability Plot for the
residuals are also drawn for the data sets. The graph of
observed versus fitted values confirms an excellent fit in
case of all data sets. It is very interesting to note that plot

of log () versus X and also plot of IOQN) versus X are

both asymptotic in shape. This confirms type of
relationship between asymptotic model and Gompertz
model.

It has been observed that the values of R? are very high
and values of Residual Mean Square s are very small for
all data sets. The Mean Absolute Error is also
considerably small.

The residual plots of e; versus X; show a horizontal band
for all data sets. It confirms that residuals fulfil the model
assumptions. The points of Normal Probability Plot for
the residuals are approximately in a straight line which
means that errors follow normal distribution. All these
observations lead to the conclusion that the model (1.4)
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can be considered as a good approximation of Gompertz
model represented by equation (1.2). Moreover without
loss of generality we can consider X=1 instead of X=0, Draper and Smith (1998,

wherever necessary.
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It is to be emphasized that the analysis of residuals on all
data sets has been carried out as per suggestions of

Il Edition, Pg. 278),

Montgomery et al (2003) as well as Box and Cox (1964).
The analysis along with the necessary graphs for all data

sets is as follows.

Data Set: 1.1 Source of the Data: Kutner et al (2004). Ch.-13. Pg. 569.
Analysis of the data

Table-1 A
S.No. | X | Y | Log(Y) Log(YA) Residual (Log(Y)- Log(YA ) | Standardized Residuals
1 5 | 30 | 3.401200 | 3.399770 0.001430 0.022835
2 10 | 55 | 4.007330 | 3.998320 0.009010 0.143879
3 15| 70 | 4.248500 | 4.305870 -0.057370 -0.916131
4 20 | 100 | 4.605170 | 4.540680 0.064490 1.029829
5 30 | 137 | 4.919980 | 4.937530 -0.017550 -0.280253
Parameter Estimates
Table-1 B
S. No. Results
1 a | 4.11072
2 b | 0.0324102
3 ¢ | -4.36499
Coefficient of determination (R?) = 99.4205 percent
Residual Mean Square (s%) = 0.00392152
Mean Absolute Error =0.0299705
GRAPH FOR THE DATASET 1.1
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Plot of LOG(y) with Predicted Values
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Normal Probability Plot for e
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Data Set: 3.3.4

Data Set: 1.2

Source of the Data: N Okendro Singh et al (2009). (Monoculture)
Analysis of the data

Table-2 A:
S.No. | X | Y | Log(Y) Log(YA ) | Residual (Log(Y)- Log(YA y) | Standardized Residuals
1 1 | 320 | 5.768320 | 5.761010 0.007310 0.242572
2 3 | 400 | 5.991460 | 6.014960 -0.023500 -0.779813
3 6 | 475 | 6.163310 | 6.179190 -0.015880 -0.526954
4 9 | 550 | 6.309920 | 6.314520 -0.004600 -0.152644
5 12 | 650 | 6.476970 | 6.442630 0.034340 1.139522
6 15 | 725 | 6.586170 | 6.567850 0.018320 0.607922
7 18 | 825 | 6.715380 | 6.691620 0.023760 0.788440
8 23 | 950 | 6.856460 | 6.896240 -0.039780 -1.320040
Parameter Estimates
Table-2 B
S. No. Results
1 a | 5.98075
2 b | 0.0402953
3 ¢ | -0.260041
Coefficient of determination (R?) = 99.5293 percent
Residual Mean Square (s®) = 0.000908145
Mean Absolute Error =0.0209357
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GRAPH FOR THE DATA SET 1.2
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Plot of y vs x
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Normal Probability Plot for e
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CONCLUSION

The data sets arising from different fields have been
considered for the application of proposed model (4),
which has satisfactorily described the data sets. The
graph between X and Y resembles a ‘S’- shape where as
the graph between Log(Y) and X as well as super

imposed graph between log(Y) and X are both

asymptotic in nature. It confirms the theoretical
relationship between Gompertz and asymptotic model.

The graphs between log(Y) and X show an excellent
fit for all data sets.

A very high values of R? in percentage have been
observed for all data sets, The magnitude of residual sum
of squares s° is also very small for all data sets. The
values of mean absolute errors are also very small in all
cases. The values of Standardized residuals are also
between -3 to +3 which confirm the absence of any
outliers in the data.

The residual plots are showing horizontal band for all
data sets and can be considered as satisfactory and are
not showing any unusual pattern. The Normal
Probability Plot for the residuals obtained for all data sets
also show a straight line. All these discussions lead to
the conclusion that the model (4) is a good
approximation of Gompertz model represented by
equation (2).
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