J Sci.Univ.Kelaniya 4 (2008): 15-20

EXACT FORMULA FOR THE SUM OF THE SQUARES OF THE BESSEL
FUNCTION AND THE NEUMANN FUNCTION OF THE SAME ORDER OF
HALF-ODD INTEGER

R. A. D. PIYADASA AND D. K. MALLAWA ARACHCHI
Department of Mathematics, University of Kelaniya, Kelaniya, Sri Lanka
E-mail: piyadasa54@yahoo.com

ABSTRACT

Sum of the squares of the Bessel function and the Neumann function of the same
order of half-odd integer has been found to be very useful in addressing a puzzle in
nuclear physics. One approximate formula available in the literature is valid for the
complex argument whose real part is greater than zero, and the absolute value of error
term is undefined for half-odd integers. Another approximate formula which is valid
for all complex arguments has been obtained using sophisticated mathematical method
called Barnes' method. However, the error in the formula is very difficult to calculate.
We have obtained exact formula for the sum of the squares of Bessel and Neumann
functions of the same order of half-odd integers which is valid for all complex
arguments, and its proof is also given.

Keywords: Bessel functions, Neumann functions, Anomalous absorption, Partial
waves

INTRODUCTION

In case of elastic scattering of neutrons on composite nuclei, it has been found
(Kawai & Iseri, 1985) that the S-matrix element becomes zero for a special
combination of energy (E), orbital angular momentum (| ), total angular momentum (j)
and composite target nuclei (A). This phenomenon is called anomalous absorption of
neutron partial waves by the nuclear optical potential. This phenomenon occurs is case
of elastic proton scattering on composite target nuclei (Iseri & Kawai, 1986) and it has
been found (Piyadasa, 1985) that this phenomenon is universal for light ion elastic
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scattering on composite nuclei. Anomalous absorption of partial waves of light ion
scattering shows striking systematic in varies parameter planes. For example, angular
momenta corresponding to partial waves absorbed lie on straight lines in the parameter

1) . . . .
plane (E A3j in case of neutron elastic scattering. The partial wave UIj of angular

momentum | satisfies the relation,
2 .
‘Ulj (k,r)‘ = ji® (kr)+ 7y (kr)

for a zero of S-matrix element, where k is the incident wave number and r is the radial
distance between the projectile and the target nucleus. j,(kr) and n,(kr) stand for
the spherical Bessel function and the spherical Neumann function respectively.

In finding the origin of systematic of the anomalous absorption of neutron partial
waves by the nuclear optical potential, we have found that exact formula for the sum
it (kr) +nf* (kr) = (”] 321 (k)4 NP (k)

2 2

2kr

is very important, whereJ 4 and N ; stand for Bessel function and Neumann
l+= I+=
2 2

function respectively. Only approximate formulae are available in the literature for
JZ (kr)+ N2 (kr).
I+= I+=
2 2
One approximate formula for Jil(ZH leé(z) has been given (Watson, 1944)
2 2
which is valid for Re(Z) > 0. However, its validity for all complexes Z is conjectured

(Grad Shteyn & Ruzhik, 1980). Another one has been derived (Watson, 1944) using
the sophisticated mathematical method called Barnes’ method which is valid for all
complex Z, but the error term is supposed to be very difficult to estimate.

We have obtain exact formula for the sum of the square of the Bessel function
and the Neumann function of the same order of half odd integer which is valid for all
complex Z, and its proof is given in the next section.

MATERIALS AND METHODS
In this section, the proof of the formula is given using the method of
mathematical induction.
The following five formulae have been proved for all integral n and complex z
(Watson, 1944).
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1(z)+|N l(z) \/7€XD(I[Z—(n+1) ]kzO kl(n(nk—;|k()2lz) @

N . (z)+ Nn+3(z)=(2n+1)Nn+l(z) @)
Nn_Z(Z)—Nn+;(Z)=2Nr’H;(Z) 2 3)
3 (2)ed ()=, ) @
Jn_;(ZJ—Jn+§(2)=2J;+%(2) 2 (5)

Theorem: Forall zeC and nezZ",
2k —1)"(n+k)!
J2 z +N2 7) = 0 (
@FN(2)= 7ZZk02k 2K k1(n —k)!
where (2k —1)!'=1 whenk =0.

(6)

Proof: From (6), when n=0, J2(z)+ Nf(z):i
2 2 7z

andwhen n=1, J2(z)+ N§(z)=£(1+i2j.
2 2 7\’ z

From (1), for n=0,
. 2 . 2 .
J1(2)+iN (2) = [ —exp(i(z - 7)) = — | —exp(iz) @
2 2 /4 wZ
and putting —i in place of i, we get

J%(z)—iN%(z) =—\/gexp(—iz) 8)

Hence, multiplying (7) and (8), we get, J2(z)+ N2(z)= 2
2 2 .7

Again from (1), we get, J;(2)+iN;(2) = 2 exp(i z) {1+ i]
2 2 \ 72 iz

and putting —i in place of i, we get,

J;(2)—IN; = iexp(iz)(l—_ij and multiplying these two gives
2 2\ 7z iz

J2(z)+ N§(z)=i(1+i2) 9)
2 2 Tz

z
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Thus, (6) holds for n=0and 1.

Assume the result is true for n < p.

Then

) (2k =) (p + k)!
2(z)+N 1(2)= Zkzozk (oot

We have, from (2) x(3) + (4) x(5),

2(2n+1)

2 oy a2 poy M2 gy 12 pon
Nni%(Z)+Jn7%(Z)—Nn%(Z/—JM%(Z)— .

(Jm%(zur’”%(zﬁ Nn+;(2)N;+§(Z/)

so that
2 2 N2 2 y
Nn+g(z)+3n+g(z)_ Nn_%(z)Jn_%(z)

2(2n+1) ., ' )
. (Jn+%(z)1n+%(z)+ Nn+%(z)Nn+%(z)j

2n+1i
dz

— N2 ) 2 ) 2 2
_Nn_%(z)+Jn_%(z)— (Jn+%(z)+Nn+;(z)).

Now, substituting p in place of n, we have

3(2)+J23(2) N21(2)+J21()— (n+1) d (J21(2)+N21(2))
z dz

2 2 (2k-)N(p-1+K)! (2p+D) d b (2k —1)1(p +k)!
72420 2% 2%KkI(p—1—k)! 2 dz 7r2k02k Ki(p—k)!

_ 2 [R@K-DU(p-14 k)t & K-DU(PHK)! ,y  (@K-DU(P+K)NK)

_7Z'Z (kozk Zkkl(p—l—k)' sz 2k+2k|(p k)' ( p+ )+kz=l 2k 2k+2k|(p k)l ( p+)

_ 2| RHEk-DM(p-1+k)! , p(p-T1) @k -Di(p+k)!  2p+1
T r2\& 2% K (p-1- k)' 27° 12% 2% 2k1(p - k)l z?

+(2p+ 1)2

P (2k =D)M(p+k)!(2k)
+(2p+1)k§1 2K 2% 241 (p k! ) (10)
C2( (p+D(p+2) M2k —1)!(p-1+K)! p (2k —3)N(p +k —1)!
_ﬁz[“ 222 =vLF 2K1(p +1—K)! +(@p )Z2k122k(k DI(p+k—1)!

+1)§(2k—3)!!(p+k—1)1(2k—2)J o

o 2"z (k-1 (p-k-1)1
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by putting k+1 in place of k in the second and third summations. Also, these two
summations simplify to

p+1 11
2p+ )Z k(12k2k Di(p+k-1)! so that the right hand side of (11) is
22 (k-=D!(p-k+1)!
2(, (p+1)(p+2) &l2k-1nlp- 1+k) &t (2k-n(p+k—1)!
7zz(1Jr 22° +kz§ 2k 2%k (p-1- k) l)22“ HKk-1)1p—k+1)!
2 (p+D)(p+2) p2(2k-DN(p-1+k)!
=—/|1+ + T(p—k+1 k)+2k(2p+1
ﬂ( 272 & 7 K (p11_K)! [(p—k+D)(p—k)+2k(Zp+1)]
(2p-111(2p-1)t

+(2p+1)-

)(2p+1)"(2p)'J 12

2P 1z2P(p—1)1 +(2p+1 P22P+2 )
1l I

The summation here simplifies to Z (2:( 2k1) '(p+1+k)!
22 kl(p+1-k)!

(2p- 1)”(2p+1)! (2p+1)”(2p+1)'
2p 2pp| 2p 2p+2p‘ :

and each of the last two

terms simplifies to

Hence, the expression (11) is equal to
2 RS2k -1 (p+1+k)!
7z = 2% 2K (p+1-k)1

Thus,
+1(2k DI (p+1+k)!
7Z'Zk02k 2K1(p+1-k)!

(Z)+Jz s(@)=—

so that the result is true forn=p + 1.

Hence, by the principle of Mathematical induction, the result is true for all non-
negative integral n. The formula

n+ n+

. Z( ~1)' 2k -)uEI - +k)!In+1)! 2 (2p-Di(n+ p)!
=0 k=0 k!'(n —k)1(n—1)!(2iz)"* 520 2P 2% pl(n - p)!
follows at once from (1).
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RESULTS
We have obtained exact formula for the sum of the squares of the Bessel
function and the Neumann function of the same order of half-odd integer. The proof
given this article is used to express the above sum as a double summation of two finite
series which is a deduction from our proof.

DISCUSSION

The main objective of establishing a formula for the sum of the squares of Bessel
and Neumann function of the same order of half-odd integers in to solve the long
standing mathematical problem posed by the anomalous absorption of light ion partial
wave by the nuclear optical potential. By the exact formula for the sum of the squares
of Bessel and Neumann functions of the half-odd integral order, one obtains the exact
value of the wave function the asymptotic region. This result can directly be used in
case of neutrons scattering on composite nuclei. We believe that the exact formula we
established will be very important in mathematics as well.
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