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ABSTRACT

In this article, we estimate Lorenz curve and Gini-index for exponential
distribution using the semi-parametric method. We derived the estimates using
least square method based on the survival function. The estimation is also
carried out under various censoring schemes. The performances of the
estimators in terms of MSE are compared via a Monte Carlo simulation study.
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1. Introduction

The Lorenz curve and Gini-index play a central role in the analysis of income
data and the evaluation of welfare judgments. Also these have been extensively
used in the study of inequality of distributions. Let X be a non-negative random
variable with distribution function F. The Lorenz curve corresponding to the
random variable X, denoted by L(p), is defined (Gastwirth, 1971) by the formula

p
L(p)ﬂ F(x)dx,0< p <1, (1.1)

where
F7(x) = sup{y: F(y) <x}
We assume that the mean g is finite and positive. If the distribution which is

being studied is the income of a certain population, then L(p) denotes the
fraction of the total income received by the 100p%of the population which has
the lowest income. The Gini index is twice the area between the Lorenz curve
and the “line of equal angle'(also known as “line of equal distribution’). The Gini-
index G is defined as
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G= 1-2[ L(p)dp (1.2)
0

For the applications of Lorenz curve and Gini-index we refer to Moothathu
(1990) and Bhattacharjee (1993) and the references therein. These measures
have also been found applications in reliability theory. For example, see Chandra
and Singpurwalla (1981).

lyengar (1960) showed that the maximum likelihood estimator of the Gini-index
for the normal-logarithmic model is asymptotically normal and Moothathu
(1985a and 1985b) obtains the distribution of the maximum likelihood
estimators of the Lorenz curve and the Gini-index of the Pareto and exponential
distribution, respectively. He also obtains uniformly minimum variance unbiased
estimators which are strongly consistent and asymptotically normal, for the
lognormal distribution (Moothathu, 1989) and the Pareto distribution.
(Moothathu, 1990). Sathar et al. (2005) discussed the problem of estimation of
Lorenz curve and Gini-index for the Pareto distribution in the Bayesian frame-
work.

The outline of the paper is as follows. In Section 2, the general least square
procedure of estimating the parameter of an exponential distribution is
introduced. Then using its survival function, least square estimators of the
Lorenz Curve and Gini-index of exponential distribution under various censoring
schemes are obtained. Results of a Monte Carlo simulation study conducted to
evaluate the performance of these estimators in terms of mean squared error
(MSE) are provided in Section 3. A brief summary of the results are given in
Section 4.

2. Estimation of Lorenz curve and Gini-index

In this Section, we obtained the estimates of Lorenz curve and Gini-index based
on a sample X = (X3,X,... Xn) from an exponential density using various methods.

The estimation under various censoring schemes using least square method is
discussed in this section.

2.1 Least square estimator based on survival function

Afify (2003) derived the least square estimator using the regression of survival
function on the observations, for the Pareto distribution. In this set-up, we use
this approach to derive another estimator for the Lorenz Curve and Gini-index,
for the exponential distribution with pdf

[(x,0,0) =Lexp(-L(x—6)),x>0>0,6>0, (2.1)
and survival function
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S()=PX=x)=exp (-1 (% —6))i=12,...n. 2.2)
The Lorenz curve and the Gini-index for (2.1) simplifies respectively to
L(p)=p+o(6+c)" (1-p)log (1-p),0<p<1, (23)
and
=2(@+0)" _ (2.4)
Taking logarithms on both sides of (2.2) we get
Log S(xi) = —+(x, —6),i=12,....n. (2.5)
or
xi= 8—cologS(x,),i=12,..n. (2.6)

Equation (2.6) can be written in the form, Y; = AX; + b, where
A =-0Y,=x,X,=10gS(x) and b = 6. By least square procedure, the
estimator of A is

n Y, —nb
A ==
>,
i-1

> % —no
— i

=2 (2.7)
>, logS(x;)
i=1
ixi -no
where 6, =-———r (2.8)
> logS(x,)

An estimate of the survival function S(x;) is 1 - F (Xin: @)) where X, is the i
order statistic and F (Xin 1 ) :%, the empirical distribution function. In order to

avoid log (0), D'Agostino and Stephans (1986) suggested that, F (Xin = @) can

I—cC
——  i=1,2,.....n where 0 < ¢ <1, generally. In
n—-2c+1,
this paper, we take the three popular values for c, viz ¢ = 0, 0.3 and 0.5. Then
(2.8) becomes

be approximated by,
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n

> % —-né
i-1

5 = — : 2.9
O T il @9)
D log————
Y n+1-2c
From (2.7) we obtain the estimate of L and G respectively as
L, = p+6,(0+6,) " (U~ p) log(L- p), (2.10)
and
G, =%(0+6‘,S)_1. (2.12)
From (2.9), we obtain the estimate of L and G respectively as
L, = p+6,.(0+6.)" (L~ p)log(L- p), (212)
and
G, =%(e+&,s)‘1. (2.13)

2.2 Estimation using type-11 censored sample

Censored data are commonly encountered in practical applications to income
and wealth distributions, for several reasons such as confidentiality or
convenience. Sometimes the data may have been censored by the data providers.
This usually affects extreme values, the problem of “top-coding' and “bottom-
coding’. Some high income observations may have been removed from the
sample because of concern for confidentiality. Sometimes extreme values have
been modified because it was inconvenient to store large numbers in the data set.
Therefore, here we consider the censored sample situation.

Suppose that n items, X1,X2, .... Xn which follows exponential distribution, are
put on a test. Let {X;} be a sequence of independent and identically distributed

(iid) random variables with pdf (2.1). Assuming that X = (X ,,...X,,) are the
first r type Il right censored sample from a sequence{X} of iid exponential

distribution with pdf (2.1) are observed. The test is terminated when a pre-
assigned number of items, say r(< n) have failed. The lifetimes of these first r

failed items say X = (x(z) ,...x(r)) are observed. In this case, we derived the least
square estimator for Lorenz Curve and Gini-index, by replacing the empirical

survival function Sn(x) with the Kaplan-Meier (Kaplan and Meier, 1958)
estimator
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1

S, (X) = 1- @ 2.14
() H( 7 (2.14)
where
1 if X; <X,
dj = . (2.15)
2 i X <xp
This gives

Zn: Xi—néd
—_ i-1
> log(1- L
i-1

n—i+ 1)
The estimate of Lorenz Curve and Gini-index under type —II censored samples
are given respectively as

A

O-I’CS

(2.16)

L.=p+6,.(0+6,.)"(1-p)log(l- p), (2.17)
and
L= "7 @+6..)". (2.18)

2.3 Estimation using type-I censored sample

In this section, we propose a semi parametric estimator for the Lorenz Curve and
Gini-index of the exponential distribution (2.1), when the data is censored at a
pre determined time T. Suppose n components with exponential life times are
put on test and we observe the number of components failed at each time point x,
x + k x + 2k ... up to the time T. Define, n; as the number of components still
functioning at the time xj= x+jk, j =0, 1, 2,... x;< T'and d - j as the number of
components whose failure occurs in the time interval (x;-1,x;).Then the Kaplan-
Meier estimator of the survival function S(x) (Jan et al., 2005) for a given x is

nj —dj
sx=[] [Mj (2.19)

IXjyex nj

for x < xy; S*(x) = 1. Then by least square procedure as in Section2.1, we have
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n
in—n@

Otes = =1 ; (2.20)

e

n
i=1 j:x;<x

where m; as the number of components still functioning at the time y, y; = y+jk,
and d; as the number of components whose failure occurs in the time interval
(¥j-1, yj). This leads to the estimate of Lorenz Curve and Gini-index as

Lics = P + Gics(0+ Sies ) (1— p)log(1— p), (2.22)
and
CA;tcs Z%( 0+ Oics )71 (2.22)

2.4 Estimation under interval censoring

Interval censored data arises naturally in some applications. For Example, when
a failure time T cannot be observed, but can only be determined to lie in an
interval obtained from a sequence of examination times. Jan et al. (2005)
proposed weighted estimate of the survival function of the exponential
distribution under interval censoring. In the present section we extent the result
to obtain weighted estimate of Lorenz Curve and Gini-index under interval
censoring.

Suppose n components with exponential life times are put on test and let data set
consists of n observations x;; X,; ..., x,. It there is no censoring, x; is the failure
time of the component. But in this case we consider the observation times X;; X»;
..., xn includes the censoring time also. That is, for some of the x; it is only
known that the equipment j was still function at x; and disappeared (either failed
or censored) after time x;. Let r be the number of distinct failure times or
censored times and Xg)< ...< x(y be the ordered failure times. Define n;as the
number of equipment functioning just before xg including the equipment about
to fail. Define d; as the number of equipment which has failed and c; as the
number of equipment censored at time X;. Then the weight w; at time X is
defined as (Jan et al., 2005) w;j =% . Here w; = 1 if there is no censoring, and

J

w;< 1, if there is censoring at x;. Then the weighted Kaplan-Meier estimator of
the survival function S, is
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1, forx=0
S*(X)= H w, (njr;dj) for Xy 1

ixg=x

0, for x>x,
which gives

n

D % —no

A i=1

s =_Zn: 3 [Iong +|og(1—2*i)]

i=1 jixj<x

Then the estimate of Lorenz Curve and Gini-index turns out to be

Lics = P+ Gics( 0+ Gics ) (1 p)log(1— p),
and

A

A O-- " _1
Gics :_IZCS (0+0ics)

3. Simulation results

(2.23)

(2.24)

(2.25)

(2.26)

In this Section we present the results of a simulation study. In order to assess the
performance of the estimators of the Lorenz Curve and Gini-index, we perform a
simulation study of 2000 samples of sizes n = 20; 30; 50 and 100 generated for
different values of the parameters specified in the table. We present the
simulation results concerning the mean and mean square errors of all these
estimators. The computational results for the means and MSEs (in parentheses)
are displayed in Tables 1-3. The means and mean squared errors of the
estimators under least square method are presented in Table 1, and censored
sampling are presented in Tables 2-3. It is to be noted that the MSE of the

estimators become smaller as the sample size increases.
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Table 1: Means and MSEs (in parentheses) of the estimates of Lorenz Curve and
Gini-index under least square method

c=25 c=2.2 c =25 c =35
True Lorenz 0.07106 0.06786 0.06366 0.05330
n=20 Lis 0.04032 0.04207 0.04284 0.02476
(0.0223) (0.0324) (0.0239) (0.0221)
Gls 0.25032 0.26207 0.28284 0.32476
(0.0223) (0.0324) (0.0239) (0.0221)
n=30 Lis 0.05621 0.05608 0.05602 0.03603
(0.0123) (0.0214) (0.0117) (0.0113)
515 0.25621 0.27608 0.29602 0.33603
(0.0123) (0.0214) (0.0117) (0.0113)
n=>50 ils 0.06227 0.06725 0.06228 0.04326
(0.0011) (0.0017) (0.0034) (0.0017)
st 0.26227 0.28725 0.30228 0.34326
(0.0011) (0.0017) (0.0034) (0.0017)
n =100 Lis 0.07521 0.0609 0.06912 0.05231
(0.0009) (0.0001) (0.0005) (0.0004)
st 0.28521 0.2909 0.31912 0.35231
(0.0009) (0.0001) (0.0005) (0.0004)
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under various censored schemes

Table 2: Means and MSEs (in parentheses) of the estimates of Lorenz Curve

c=25 c=2.2 c=2.5 c=35
True Lorenz 0.063662 0.07870 0.076613 0.08860
n=20 L.s 0.060318 0.043243 0.051594 0.057525
(0.000618) (0.000944) (0.000767) (0.000657)
Ls 0.060323 0.043251 0.051600 0.057531
(0.000616) (0.000943) (0.000767) (0.000656)
Lics 0.062046 0.045214 0.053544 0.059302
(0.000611) (0.000833) (0.000663) (0.000570)
n=30 L,.s 0.068741 0.050665 0.059226 0.065252
(0.000408) (0.000504) (0.000418) (0.000317)
Lis 0.068743 0.050670 0.059230 0.065254
(0.000410) (0.000503) (0.000418) (0.000317)
Li.s 0.069664 0.052021 0.060366 0.066263
(0.000412) (0.000445) (0.000373) (0.000282)
n=50 L.s 0.075529 0.051460 0.065219 0.071857
(0.000209) (0.000472) (0.000199) (0.000125)
Lis 0.075529 0.051463 0.065221 0.071857
(0.000209) (0.000472) (0.000199) (0.000125)
Lies 0.075972 0.052278 0.065813 0.072357
(0.000222) (0.000438) (0.000183) (0.000114)
n=100 L.s 0.078886 0.056867 0.068669 0.076014
(0.000113) (0.000259) (0.000104) (0.000048)
L.s 0.078886 0.056868 0.068669 0.076015
(0.000118) (0.000104) (0.000104) (0.000048)
Lis 0.079075 0.057237 0.68945 0.76230
(0.000320) (0.000247) (0.000099) (0.000045)
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various censored schemes

Table 3: Means and MSEs (in parentheses) of the estimates of Gini-index under

c=15 c =0.75 c =0.48 c =0.39
True Lorenz 0.25000 0.16666 0.12121 0.103317
n=20 Gres 0.250007 0.415864  0.345515 0.280050
(0.000817) (0.065380) (0.052313) (0.033912)
Gires 0.250236 0.416829  0.346202 0.280484
(0.000823) (0.065887) (0.052646) (0.034080)
Gics 0.236545 0.394478  0.327240 0.264769
(0.000919) (0.055098) (0.044229) (0.028488)
n=30 Gres 0.196218 0.358446  0.287541 0.209092
(0.003266) (0.040811) (0.028089) (0.012697)
Gres 0.196328 0.358939  0.287828 0.209222
(0.003255) (0.041026) (0.028190) (0.012727)
Gics 0.189473 0.345426  0.277228 0.201728
(0.004011) (0.035705) (0.024714) (0.011092)
n=50 G res 0.189571 0.345869  0.277483 0.201844
(0.004000) (0.035887) (0.024799) (0.011117)
Gres 0.153241 0.328175  0.224546 0.175755
(0.009769) (0.027566) (0.011234) (0.006064)
Gics 0.153276 0.328396 0.224634 0.175803
(0.009764) (0.027643) (0.011254) (0.006072)
n=100 Gres 0.150133 0.321253  0.219965 0.172186
(0.010363) (0.025308) (0.010294) (0.005523)
Gres 0.127559 0.291718 0.196472 0.146123
(0.015106) (0.016399) (0.005285) (0.002244)
Gics 0.127569 0.291794  0.196501 0.146138
(0.015104) (0.016419) (0.005289) (0.002245)

4. Conclusion

The present paper proposes semi-parametric approaches to estimate the Lorenz
curve and Gini-index of exponential distribution. Comparisons are made
between the different estimators based on a simulation study, and it is to be
noted that the MSE of the estimators become smaller as the sample size
increases.
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