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ABSTRACT

For the estimation of finite population variance a generalized double
sampling estimator is proposed. The bias and mean square error (MSE) of
the proposed estimator are found. Theoretical comparison with the
traditional estimator is carried out and it is shown that the proposed
estimator is more efficient than the traditional one.

Keywords: Auxiliary variable, Taylor’s series expansion, Bias, Mean Square
Error.

1. Introduction

In sampling theory, auxiliary information is widely used at the stages of
selection and estimation, at the selection stage the auxiliary information is
used by designing various sampling schemes and at the estimation stage it is
used in formulating various types of estimators of different population
parameters with a view of getting increased efficiency. Estimators like ratio,
product, difference, regression and the classes of ratio and product type
estimators for population parameters mainly population mean and variance
are studied by many authors and are available in the literature. To cite some
references in this context, one may see estimation procedures and their
properties by Das and Tripathi (1978), Liu (1974) and Srivastava and Jhajj
(1980). But when parameters of one or more auxiliary variables are not
available in advance then the alternative is to use double sampling or two
phase sampling technique where we first take a preliminary large sample of
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size n' (called first phase sample) on which only the auxiliary variable is
observed and then from n’ taking a sub-sample of size n (called second
phase sample) on which both the variables are observed. In such situations
the different estimators known as double sampling ratio, product, difference
and regression estimators were developed. For more details regarding other
double sampling estimation procedures, see Sukhatme et. al. (1984), Murthy
(1967) and Cochran (1977). This present paper too contributes to this area.
Let a large preliminary sample of size n’ is drawn from a population of size N
and then a subsample of sizen from n' is drawn by using simple random
sampling without replacement scheme for both the phases. At first phase
sample of sizen’, only the auxiliary variable X is observed and at the second
phase sample of size n, both the study variable Y and the auxiliary variable X
are observed.

Let (y,X) be the sample means of (y,x) based on second phase sample of

size n and x’ be the sample mean of first phase n' sample values on the
auxiliary character X. Let p be the population correlation coefficient

between Y and X,

N — _ 1 N \r T \s
SYZZNl_l'l(Yi_Y)Z ' S>2<=Nl_lN(Xi_X)2 and ﬂrs:ﬁ;(Yi_Y)(xi_x) '
i= i1 i=

where (v x ) are the population values of (v, x) respectively for the i" (i = 1,
2, ..., N) unit of the population.

For estimating finite population variance, a generalized double sampling
estimator is proposed as

19 I
dg =;i2=l‘,yi2 -y £(7.%,X), (L.1)

where f(y,X,X') satisfying the validity conditions of Taylor’s series

expansion is a bounded function of (y,X,x") such that
(i) (Y, X,X)=Y (1.2)

(i) first order partial differential coefficient of f (y,X,X’) with respect to y
at T =(¥, X, X) is unity, that is
0

f, = (5 f(V,%, x’)l -1 (1.3)
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(iii) second order partial differential coefficient of f (y,x, x") with respect to
y at T=(Y,X, X) is zero, that is

62
f, = f(Vv.X.X)| =0 1.4)
(57 %X )JT
(iv) f, =- f,, (1.5)

for f; and f, being the first order partial derivatives of f (y,x,x’) with respect
to X and x' respectively at the point T = (¥, X, X) and

(v) for =- foo (1.6)

0? 02
ot L) c{Lergan).
T T

2. Some Particular Members Belonging to the Proposed Estimator

Some particular members belonging to this proposed generalized double
sampling estimator d ; are:

wherek , k;, k, andk; are the characterizing scalars to be chosen suitably

A~ 1
and §== 2,
n;y.
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3. Bias and Mean Square Error of Proposed Estimator

The proposed generalized double sampling estimator as in equation (1.1) is

18 e,
dy==2y" -V f(7.%X)
Nz
=6-y f(y,X,X') , where g_lzn:yz
Nz
Let y =Y +e,, X = X+e,, X'= X+e and
1 2 1 N 2
= =—>»Y +e
nI:1y| N; i 2
or 181 wherezi= y? & 7. =Y?
- = Z L] 1 1 i i
nu:lzl ; |+ez
or Z=Z+e,

or 0=0+e, , where 0=7 and6=7.

For simplicity, we assume that the population size N is large enough as
compared to the sample size n so that the finite population correction terms
may be ignored.

Sowe have, E(e)) =E(e)) =E(e"1) =E(e;) =0 (3.1
1 y7, 1 y7,
E(eOZ)ZHSYZ :%, E(912)=HS>2< =%
2
' Hoz 1 Hiy
E(e, )=—=, E(e,e,)=—p S,S, =22
(e ) n’ (&08,) np YO x n
’ /»l ’ #
E(eoe, )2_1'1, E(ee, )2_0,2
n n
(3.2),
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1 _ _
E(ezz) = H(IUAO +4Y py, + 4Y 2,uzo - ,uzoz)

1 _
E(eoez) = H(ﬂso + 2Y,uzo) (3.3)

1 _
E(ee,) = H(ﬂu +2Y 1y,)

' l N/
E(ee,) = F(ﬂzl +2Y ;)

Now similar to Singh (1982) and Senapati and Sahoo (2006), expanding (say)
t=f(y,X,X’) in the third order Taylor’s series about the point

T =(Y,X,X)and noting that f(Y,X,X)=Y , we have
t= f(?,)?,)?)+(y—?)fo+(x—>?)fl+(x'—>?)fz+%{(y—?)2 foo

+(X=X) fy+ (X =X £y, + 2§ =V X = X) oy + 2(y =V (X' = X )y,
Ve o 1[N0 (0 D (or O ek o
+2(x—X)(x—X)f12} 3|{(y Y)%+(X—X)§+(X—X)§} f(y*x*,Xx™)
On employing the conditions from (1.2) to (1.6), we have
t= ¥+ (y-Y)+(x-X)f, +(x' =X —{(x X) f,+(x-X)f,

+ 2y =Y )X = X)fo +2(y =Y [x' = X )y, + 2(x = X X' = X)fy, }

;{(y V)l X) e )ai} (755 5%) (3:4)

where fy, foo f1, f, and fy, are already defined from (1.3) to (1.6), second
order partial derivatives f;;, fy; and fy, are given by

2 ., (e L, (@ N
fn:[axzf(yxx,x)l' fzz—[ﬁf(%xvx)l’ flz_[@i@i' (V. %, )T

y*=Y +h(y+Y), x*= X +h(x-X), X*= X +h(x'=X) ,for0<h<1.
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Now using (3.4) in (1.1) and taking approximation, we have
dy =23yt =37 + (77 )+ (2= X)f, + (=Xt + 2 {x- X 1,
(X=X £, 42 =Y X=X )foy +2( =Y X' = X )y +2(X = X)X = X)f,, |

va va 2 1 '
=0 +e,)—(Y +e0)[(Y +e,)+ef, +e/f, +5{e12 f,o+e’f,,

+2e,8, To, +2058; fo, +26,€] 1, |]

—(0+e,)-Y? —Ye, — Ve f, —Velf, _YE {ef £ rel f,, + 28,8, fo + 2608, foy

’ _ 2 4
+2ee, f, }—Ye0 —e,” —ee f,—epe f,

N J— J— J— —
=(;Z - 2J+e2 —2Ye, -Ye, f, —VYe!f, —Y—el2 f, —Y?el’2 f,,
i=1

_ _ _ !
_YeOel f01 _Yeoei foz - Yelel f12 - eo2 — €6 f1 - eOel' fz

d, -0, = (e2 —2Ye, —Ye, f, —Ye, fz)— (e02 +e.e f, +e.elf, +Yeue, fo,

— o ? ? ,
+Yese fo,+Yee f, Jr?el2 f11+7e12 fzzj - (3.5)

Taking expectation on both sides of (3.5) and ignoring terms in (ei,ei'),
i =0,1,2 Murthy (1967), the bias in d (= E(d,) — o) up to terms of order
(;) is given by
n
E(d,)-o,* =E(e,)— 2YE(e, ) - Yf,E(e, ) - Yf, (€] ) — E(e,* ) — f,E(eqe; )
— f,E(e,8] )~ Vi, E(e,8, )~ Vi, E(ese, )—Vi,E(e,e, )

Y Y .
_? f11E(elz) _7 fzzE(elz) '

Using values of the expectations given in (3.1) to (3.3), we have
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Bias(d, ) = E(d, )_Gyz _ Mo f, My f, lul,l _Y*fm@ _Vfoz /11’1 _Vflz /10,2
n n n n
Yy f, Ho Y f. Moo (3.6)

2 n 2 *n

Now squaring (3.5) on both the sides and then taking expectation, the mean
square error to the first degree of approximation is given by

E(d, -0,°)* = E{(e2 —2Ye, —Yf,e, —Yf,e!)—(e,” +ee, f, +e.elf, +Yeye, fy,

+Vf02e0e1'+\7e1e1’ f, +% fe’ +% fzzel’z)}2
=E(e,”) +4Y °E(e,”) + Y 2 f,°E(e,”) + Y 2 1,7 (e]*) — 4YE(e,e,) — 2Yf,E(ee,)
—2Yf,E(eje,) +4Y *f,E(e,e,) +4Y 2 f,E(e,e]) +2Y f, f,E(e,e]) .
Using values of the expectations given in (3.1) to (3.3), we have
MSE (d,) =E(d, - ,°)
=%(ﬂm A gy + AT 1y — p17) + AT 2 %_4?%% N py)+Y 2,2 Hee

+Y21, % —2Y%, % (1t + 2V 11,,) — 2VF, ni (1 + 2V ) +4Y 21, %

S N A A =
n n

1 2, v2s2 Moo [ G252 Ho v Hoa vi Han v 2 Hoo

== - +Yf 2 pyef o 02 oyf 2L _Yf, —=2 4+ 2Y °f f, 22
n(:u4o /120) - 2 Ty - 2"y L2
(37

On employing the condition f, =—f, , the mean square error of d; becomes

MSE (d, )

_1 2y w22 M 722 Ho2 7r Ho1 gr Mo 722 Ho2
== - +Y2f 502 Ly f c 222 _vf AL L ovf AL oy cf c 22
n(,u4o Hyo ) 1 Ly L 1y 1y
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=

(tao — pps2) +Y 2 ff%—\?ff% —2?f1%+2\7f1%- (3.8)

The optimum value of f; minimizing the mean square error of d is given by

f * /’121
==
Y 140,

, (3.9)

which when substituted in (3.8) gives the minimum value of mean square
error of d, as
11

1 2
MSE (dg) min = — (L4 _#202)_(_ ,jluA (3.10)
n n N ty

As we know that the mean square error of usual conventional unbiased

. 1 & B . ; io 1
estimator s * :ﬁZ(yi —y)? of population variance & ? is E(ﬂAo_ﬂmz)and
i

from (3.10) the mean square error of the proposed estimator d , comes out to

1 1 1\ -
be L - ”202)_(n_n’)fl showing that the mean square error of the
02

proposed estimator d, is less than that of the usual conventional unbiased

estimator syzof population variance 2 .

4. Empirical Study

For comparing efficiency of the proposed estimator, let us consider the data
given in Cochran (1977) dealing with Paralytic Polio cases ‘Placebo’ Y group
and Paralytic Polio cases in not inoculated group X. We have calculated the
required values of ,_and a comparison is made.

For n=34 and n’ =50 (say), we have
Ly, = 9.8894, 1, =7.1865882 x 10’

140 = 421.96088, 1, = 93.464705 x 10°

Mean Square Error of usual conventional unbiased estimator is 9.534136697
and Mean Square Error of the proposed estimator is 8.390090538. The
percent relative efficiency (PRE) of the proposed estimator over the usual
conventional unbiased estimator is 113.63568 which shows that the proposed
estimator is more efficient than the usual conventional unbiased estimator.
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