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Abstract 

Population growth is one of the major problems in the world. The population forecast is 

predicted by each and every country from an early age. Further, the population growth 

and the size of the country are major factors which affect its economy and policies. 

Hence, it has emphasized the importance of predicting the future population of Sri 

Lanka. Therefore, this study mainly focuses on proposing population growth models to 

predict the population growth of Sri Lanka. The Verhulst logistic growth model and the 

Gompertz growth model are used  to predict the population of Sri Lanka using 

population data from the census population and the mid-year population, the birth rate 

and the death rate obtained from the Department of Registrar General of Sri Lanka 

from 1990 to 2018. The explicit solutions for each model are derived by using 

mathematical techniques of differentiation and integration. The carrying capacity; i.e., 

the maximum number of the population an environment can support, indefinitely was 

calculated using the two models. The percentages of Root Means Square Error (RMSE), 

Mean Absolute Percentage Deviation (MAPD) and Symmetric Mean Absolute 

Percentage Error (SMAPE) were calculated to measure the prediction accuracy 

between the actual data and the predicted data of the proposed models.  Then the Sri 

Lankan population from 2019 to 2048 was predicted using the proposed models. Results 

show the prediction accuracy of Gompertz model to be higher compared to the one of 

Verhulst logistic growth model.  This study provides a deep insight into the population 

prediction in Sri Lanka, a country with limited resources, and in an area teeming with 

conflicts. 
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Introduction 

The growth of the population and the size of the population of a country are major 

factors for its economy and its policy. Most of the developed countries usually change 

their policies according to their population predictions.  Many countries consider the 

consequences of the human population growth for its social and economic development 

(Abayasekara 1985; Abeykoon 2011; Department of Census & Statistics, 2010). 

Population forecasting is essential for all long-term planning and for the provision of 

services of a country. Therefore, developing a model for forecasting population growth 

will help a country to estimate the future size and the structure of the population. It is 

also important to interpret and set parameters for Sri Lanka‘s future population 

development in line with the framework for global shared socio-economic pathways. 

Mathematical models play a major role to predict the population growth of the world 

(Eberhardt and Breiwick 2012; Terano 2017). Moreover, mathematical models take 

many forms to predict the population growth, such as dynamical systems, statistical 

models, models with differential equations etc. There are many factors associated with 

the population growth such as the food supplies, available land, technology, birth rate, 

death rate and emigration, prevailing conditions in the country like war, etc. (Fernando 

1991). The population will fluctuate due to the above-mentioned factors but will grow 

exponentially. 

Several researchers in numerous fields have recently become inquisitive about finding 

out quantitative models of population growth (Shair, Purcal and Parr 2017). Once it is 

modelled, it can be utilized for planning population programs, either for controlling 

growth or dispersing population for a balanced distribution. However, population 

predictions are an inevitable tool for decision-makers and planners. The government 

officials, particularly health, education, transport, environment, social welfare and 

housing, constantly seek predictions of future demographic parameters for planning 

purposes and resource allocation (Smith 1977). The most common model used to 

estimate growth in populations with overlapping generations is the Verhulst–Pearl 

logistic equation in which the population growth stops at the carrying capacity. In this 

study, some phenomenological growth models based only on the population information 

are deduced in an intuitive way. These models, for instance, Verhulst and Gompertz 

models are introduced in such a way that all the parameters involved have a physical 

interpretation (Ausloos 2013; Ribeiro 2016).The objectives of this study are to propose 

population growth models to predict the population growth of Sri Lanka, to predict the 

population by Verhulst and Gompertz models and to estimate the carrying capacity of 

Sri Lanka.  

This article is organized as follows. In section 2, the theoretical aspects of the 

considered population models are described. In section 3, the analysis carried out by the 

real data set is presented. To sum up, in section 4, the obtained results are discussed. 
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The conclusion states the main findings with direct comparison against the one previous 

study conducted in Sri Lanka and against literature, published worldwide. It further 

discusses the limitations of the findings for readers‘ reference. 

Models for Forecasting Population 

Under this section, two growth models which are used to predict the population of Sri 

Lanka would be discussed. The final model equations are obtained by solving the 

differential equations in order to predict the population of Sri Lanka utilizing predated 

population data from the census population and the calculated mid-year populations, the 

birth rate and the death rate obtained by the Department of Registrar Generalof Sri 

Lanka from 1990 to 2018. In order to check the accuracy and select the best model, 

three measures of the forecasted errors namely Root Mean Square Error (RMSE), Mean 

Absolute Percentage Deviation (MAPD) and Symmetric Mean Absolute Percentage 

Error (SAPE) are discussed. 

The Verhulst Logistic Growth Model 

The population growth model for the population 𝑃is 
  

  
 (   )𝑃 ,where b = birth 

rate, d = death rate,(b-d) = per capita growth rate (r). The solution of the Malthus 

differential equation model by the separation of variable becomes( )  𝑃  
  ,where 

P(t) = the population at time t, P0 = the initial population,  (   ) Assuming that 

the environment has an intrinsic carrying capacity, 𝐾, Verhulst (1838) proposed  

 𝑃

  
 (   )𝑃  (𝑃)  

where 𝑃is the population growth function which should satisfy that f(0) = 1, that is the 

population grows exponentially with the growth rate (  −  ) when 𝑃is 

small(Bhowmick, Chattopadhyay and Bhattacharya, 2014). This is called the Malthus 

exponential growth model. The function should also satisfy that f(𝐾) = 0, that is the 

population growth becomes zero when the population reached its maximum, which is 

called the carrying capacity 𝐾 of the environment. Further, f(𝑃)< 0 for 𝑃>K, that is the 

population should decrease when its size exceeds the carrying capacity of the 

environment. To satisfy all these conditions, the simplest population growth function 

(𝑃) can be defined as ( )  (  
 

 
). 

Then the Verhulst‘ population growth model can be written as
  

  
  𝑃 (  

 

 
)where  

  =  − . To solve this model, the separation of variables method was used and 

∫
  

 (  
 

 
)
 ∫    was observed. Resolving into partial fractions ∫

  

 
 ∫

  

   
 ∫     

was observed. Solving this differential equation and substituting the initial condition,   
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= 0, 𝑃 = 𝑃0, finally Verhulst‘s population growth model was obtained to predict the 

population (P) at time as 

𝑃( )   
𝐾𝑃  

  

𝐾  𝑃 (      )
 

As   → ∞, it is observed that P( ) = 𝐾, the maximum population is called the carrying 

capacity of the environment (Kucharavy and Guio 2008).The carrying capacity was 

calculated which has directly derived from the model. 

𝐾  
𝑃( )  𝑃 ( 

    )

𝑃     𝑃( )
 

The Gompertz Growth Model 

The Gompertz function is a type of mathematical model for a time series and it is a 

sigmoid function which describes growth as being slowest at the start and end of a given 

time period. This is a special case of the generalized logistic function given by  

  

  
     (

 

 
)                (2.1) 

where N=N(t) is the population at time t, r is the constant intrinsic growth of population, 

with r>0, K is the carrying capacity of the population (Bhowmick, Chattopadhyay and 

Bhattacharya 2014).  

By solving the above first order differential equation (2.1), an equation for the 

population which varies by time can be obtained. In order to do this, a replacement of 

variables were performed, considering that, 

    (
 

 
)                      (2.2) 

Then the exponential function on both sides of the equation (2.2) were applied and, 

obtained,    
 

 
 . Then, multiplying the equation (2.2) for K the following equation 

was obtained. 

 ( )  𝐾                     (2.3) 

Using the chain rule, it is concluded that  

  

  
 𝐾     

  
                  (2.4) 

Taking the equation (2.3) in equation (2.4)  

  

  
  

  

  
                        (2.5) 
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Of course, equation (2.2) can be written as 

     
 

 
                     (2.6) 

Also, replace the equation (2.1) to (2.6) and obtain a new relation. 

  

  
                      (2.7) 

Then match the equations (2.5) and (2.7) to find 

  

  
                       (2.8) 

Now the equation (2.8) is solved by the method of integrating factor, noting that it is 

given by 𝑃( )     .Multiplying the equation (2.8) by the integrating factor,   ( ), 

  

  
                

 
⇒

 

  
(     )   

 
⇒ (     )    

where c is an arbitrary constant. Thus, the general solution of the equation (2.5) was 

obtained. 

                            (2.9) 

Then, that equals the equations (2.2) and (2.9),  

  (
 

𝐾
*       

 
⇒

 

𝐾
        

 

which means that  the function N(t), which represents the population is given by 

 ( )  𝐾       
          (2.10) 

Once solved the Gompertz equation, considering an initial condition that points out 

which one was the population at the beginning of the analysis in a way that an Initial 

Value Problem, i.e., one differential equation associated to an initial condition. Let then, 

the initial condition N(0) = n0. Applying this condition to the Equation (2.10),  

   𝐾         
⇒   

  

 

 
⇒    (

  

 
)       (2.11) 

Therefore, the initial value problem which associated differential equation is the 

Gompertz equation, that has been attained as the solution to the time function,  ( )  

𝐾        (
  
 

)
. 

In possession of the Gompertz equation and its analytical solution, considering a given 

population, this study can be performed based on the population of a country. 

Considering that, when the time grows, the population, N(t), tends to increase. It is clear 

that it tends to approximate to the carrying capacity, K, of the population (Sergio 

2012;Tjorve 2017).The stochastic version of the Gompertz model presented here 

assumes that the stochasticity arises solely from environmental (process) noise. i.e., 
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ln [Nt+1/Nt] =  r + F, where F ~ Normal(0, σ
2
)  or equivalently ln[Nt+1/Nt] 

~ Normal(r, σ
2
). 

Under the assumption, there is a constant linear decrease in the growth rate (r) as 

population size increases. It is easy to adapt this for density dependence. 

ln[Nt+1/Nt] ~ Normal(rmax + bNt, σ
2
) 

This is the Stochastic Gompertz (Logistic) Model where rmax and b are estimated 

parameters and b measures the magnitude of intraspecific competition.  This allows us 

to predict next year's population size, but it is always dependent on the previous year's 

abundance. 

ln[Nt+1] =  ln[Nt] + rmax + bNt + F. 

This equation is the same for a linear model of which the parameters can be estimated 

using linear regression. 

The response variable of the model is ln[Nt+1/Nt], whereas the predictor variable is Nt. 

This can be performed using any mathematical/statistical software by plotting the 

natural logarithm of our observed instantaneous growth rates, ln[nt+1/nt], against 

observed population sizes nt.  Then, a linear trend was fitted to this plot and the equation 

was displayed. The Y-intercept is the estimate of rmaxand the slope is the estimate 

of b. If the estimate of b is negative, there is a 'negative density dependence' meaning 

that the growth rate decreases with the increasing abundance. For the Gompertz 

model, rmax is the growth rate when the population size equals 1. Interestingly, under the 

Gompertz model, the growth rate goes to infinity as the population size goes to 0. 

Estimates of rmax and b by regressing ln[Nt+1/Nt] against ln[Nt] was obtained.  Under the 

Gompertz model, our estimate of carrying capacity K is         
    

 
  . 

Model Validation 

A method of describing the uncertainty in population forecast is based on the 

calculation of forecast error measures. The three measures namely, Root Means Square 

Error (RMSE), Mean Absolute Percentage Deviation (MAPD), and the Symmetric 

Mean Absolute Percent Error (SMAPE) were used for the validation of the fitted 

models (Chai and Draxler 2014; Gary 2017; Willmott and Matsuura 2005). 

Root Means Square Error (RMSE) 

                (√∑ (       
          

 )
  

   

 
)  (

     

∑         
  

   

) 
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Mean Absolute Percentage Deviation (MAPD) 

  
 

 
∑ 

     

  
 

 

   

 

where At, Ft ,n are  the values of actual population, predicted population and the number 

of the considered observations respectively. 

Symmetric Mean Absolute Percentage Error (SMAPE) 

   𝑃  
 

 
∑

       

         

 

   

 

where At , Ft, n represent the value of actual population, the value of the predicted 

population and number of the considered data.  

Empirical Analysis and Forecasts 

The analysis is carried out with the census of Sri Lankan population data from 1990 to 

2018. The parameter carrying capacity of the Verhulst Logistic growth model and the 

Gompertz growth model have been estimated considering the data from 1990 to 2010 

using the two separate equations derived above.  

Table 1 shows the estimated parameters for both Verhulst Logistic growth and 

Gompertz growth models. The carrying capacity of the Verhulst Logistic growth model 

is higher than that of Gompertz growth model (Bhowmick, Chattopadhyay and 

Bhattacharya 2014).  

Table 1. Estimated parameters of both Verhulst Logistic growth model and Gompertz 

growth model 

Model Name 
Carrying 

Capacity 

Initial 

Population 
Growth rate 

Verhulst Logistic growth model 59178427.45 17015000 0.0142 

Gompertz growth model 26107639.12 17015000 0.0142 

 

The population was predicted by the Verhulst Logistic growth model and the Gompertz 

growth model from 2011 to 2018 and were compared with the actual values. Figure 1 

shows the actual and predicted population of Sri Lanka from using both models. A 

convergence can be observed in the two populations. Further, there was a drop of the 

actual population while the predicted values were gradually increased in 2012. The 
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increasing rate of predicted population in Verhulst Logistic growth model is higher than 

that of the Gompertz model. 

 

Figure 1. Actual and predicted population of Sri Lanka using both the Verhulst model 

and Gompertz growth model. 

In order to get an idea of the accuracy of the Verhulst Logistic model and the Gompertz 

growth model in the case of population forecasts, these models have been identified, 

estimated, and used for forecasting for various years. The forecasts were made and 

compared with the actual population, and subsequently, the various error measures were 

calculated. 

Percentage of errors and their accuracy for the fitted models are calculated and are 

tabulated in Table 2. These values are beneficial in model validation and to finalize 

which model is the most appropriate for our future predictions (Sargent 2011).  

Table 2. Percentage of error and their accuracies for the fitted models. 

Model 
RMSE (%) MAPD (%) SMAPE (%) 

Value Accuracy Value Accuracy Value Accuracy 

Verhulst 

Logistic  
3.902 96.098 1.817 98.183 0.899 99.101 

Gompertz 2.428 97.572 1.062 98.938 0.532 99.468 
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Under these obtained error values and the model accuracies, the Gompertz growth 

model can be more appropriate to forecast the population with a higher accuracy than 

the Verhulst Logistics growth model (Pierre, 2014). 

Using both the Verhulst Logistic growth model and the Gompertz growth model, taking 

the initial population as the population of the year 2018 and the growth rate for the year 

2018, the population from 2019 to 2048were forecasted and were plotted as in Figure 2. 

 

Figure 2. Predicted population of Sri Lanka by Verhulst and Gompertz modelsfrom 

2019 to 2048. 

The two populations predicted from both growth models are diverging yearly. When 

year 2048 is considered, the population predicted from the Verhulst growth model is 

higher than that of the Gompertz model. Further, the angle of inclination of each graph 

is higher in the Verhulst model compared to the Gompertz model which represents the 

rate of growing population. For the growth of the population of a country, not only the 

birth rate and death rate would affect but also the emigration. Therefore, a theoretical 

sense from these predictions can be obtained and hence can be used for the future 

planning of the country.  

Discussion and Conclusion 

In this study, Verhulst Logistic growth model and the Gompertz growth model were 

proposed for predicting population growth of Sri Lanka and to examine the pattern of 

the country's population growth in the long run (Zabadi, Assaf and Kanan 2017).Next, 

two growth models were compared to find the most appropriate growth model to 

forecast the population (Chai and Draxler 2014; Gary, 2017; Willmott and Matsuura, 

2005). All the predictions were made assuming that the prevailing conditions in the 

country would be affecting the population growth, such as political, economic, social 

impact, poverty, environment, and war which remained unchanged during the period. 
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Subsequently, predictions for the future population of Sri Lanka were calculated from 

2019 to 2048 using the proposed models. A huge deviation among the two plots was 

visible and the predicted values of the data set of the Verhulst model were higher than 

that of the Gompertz model. It is observed that the main reason for this was the different 

carrying capacity values. Therefore, in order to improve the accuracy of theoretical 

carrying capacity value, a dataset with many observations should be used. When the 

model accuracies are compared, the Gompertz growth model has a higher accuracy of 

all the three validation methods than the Verhulst Logistic growth model (Berger, 

1980). Therefore, the proposed Gompertz growth model is more appropriate for 

predicting the human population. The proposed model provides a good fit to the 

population data which was obtained from the Department of Census & Statistics, Sri 

Lanka. Since the carrying capacity parameter of the proposed model is well accurate 

theoretically, the proposed model can be used to predict the carrying capacity for a 

given year. 
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