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ABSTRACT
A 4-D implementation of an observation space variational data assimilation system is under development at the Marine

Meteorology Division of the Naval Research Laboratory (NRL). The system is an extension of the current US Navy
3-D operational data assimilation system, the NRL Atmospheric Variational Data Assimilation System (NAVDAS). The
new system, NAVDAS-AR, where AR stands for accelerated representer, is similar in many respects to the European
Centre for Medium-Range Weather Forecasts (ECMWF) 4DVAR system. However, NAVDAS-AR is based on a weak
constraint observation space, while the ECMWF system is based on a strong constraint model space. In this paper
the formulation of NAVDAS-AR is described in detail and preliminary results with a perfect model assumption and

comparisons with the operational NAVDAS are presented.

1. Introduction

The NRL Atmospheric Variational Data Assimilation System
(NAVDAS), (Daley and Barker, 2000, 2001), is the US Navy’s
current operational 3-D variational (3DVAR) data assimilation
system. NAVDAS-AR is a natural 4-D variational (4DVAR) ex-
tension of NAVDAS, where the AR stands for “accelerated rep-
resenter”. It is designed to be used for both regional and global
atmospheric data assimilation applications.

The representer algorithm was introduced into oceanography
by Bennett and Mclntosh (1982) and Bennett and Thorburn
(1992). The original representer algorithm (also known as the
direct representer algorithm) requires a backward adjoint and a
forward model integration to assimilate each observation. The
computational cost of data assimilation using the direct repre-
senter is proportional to the number of observations. For a small
number of observations this algorithm is an effective way to solve
a generalized inverse problem—that is, to variationally minimize
a 4-D cost function which measures the fit of the analysis to the
observations, the forecast model, spatial boundaries and any ex-
isting initial state estimate. But it is very expensive to apply the
original representer algorithm to assimilate the huge number of
observations that are routinely available from various observa-
tion platforms in the atmosphere. However, one can accelerate
the solution process by using an observation-space descent al-
gorithm that requires computation equivalent to calculation of
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one representer per iteration and converges in far fewer iterations
than the number of observations. This algorithm is described by
Egbert et al. (1994), Amodei (1995), Courtier (1998) and Chua
and Bennett (2001), and is sometimes referred to as the 4D-PSAS
or the indirect representer algorithm.

As originally conceived by Bennett and McIntosh (1982), the
algorithm was designed to perform a single minimization over a
long time period, achieving an optimum ocean analysis using all
of the observations (a rather small number) available for the pe-
riod. The data assimilation problem in meteorology is somewhat
different because of the need to make new forecasts every few
hours. In typical meteorological operational practice, an analysis
and forecast is run for a short cycle (say 6 h), with the forecast
model being run to produce an initial state estimate and then
the observations being assimilated in the analysis step to pro-
duce an improved state estimate. This process is carried on ad
infinitum. Xu and Daley (2000) designed a cycling version of the
representer algorithm and tested it on a 1-D constituent transport
problem. The cycling representer algorithm performs a sequence
of 4-D minimizations over short time periods. However, this re-
quires that the error covariances (as well as the state estimates)
be updated at the beginning of every cycle. In other words, the
analysis and associated analysis error covariance at the analysis
time in the current cycle become the initial background condi-
tion and the associated initial background error covariance in the
next cycle, respectively. The representer mechanics were used
in Xu and Daley (2000) to update the covariances.

Covariance updating in any data assimilation algorithm is very
computationally expensive. Consequently an accelerated form of
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the cycling representer algorithm has been developed and is de-
scribed by Xu and Daley (2002). In the accelerated representer
algorithm the error covariances at the beginning of each cycle
are specified (as they are in any 3DVAR algorithm and in the
standard 4DVAR algorithm) rather than being updated. This is
much more computationally tractable. We refer to the acceler-
ated cycling representer as the accelerated representer in the rest
of the paper. The accelerated representer algorithm is the dual
of the standard 4DVAR algorithm when both the observation
operator and the dynamic model are linear. That is, while the
standard 4DVAR algorithm (as implemented at ECMWF) is a
model grid-space algorithm, the accelerated representer algo-
rithm is an observation-space algorithm (as is NAVDAS itself).
Xu and Daley (2002) have examined the properties of the ac-
celerated representer algorithm based on the numerics of the
US Navy’s Coupled Ocean/Atmosphere Mesoscale Prediction
System (COAMPS™; Xu, 1995; Hodur, 1997) in the context
of a barotropically unstable shallow water system. It was found
that the much cheaper accelerated representer algorithm (i.e.
the initial background error covariance being specified) gave
satisfactory results as compared with the cycling representer
algorithm.

With the successful completion of the shallow water study by
Xu and Daley (2002), we began construction of the global appli-
cation of NAVDAS-AR in the summer of 2001. The numerical
weather prediction model used in NAVDAS is the Navy Op-
erational Global Atmospheric Prediction System (NOGAPS),
(Hogan and Rosmond, 1991). Briefly, the NOGAPS forecast
model is a spherical harmonic spectral model similar in design
to those run at several large operational numerical weather pre-
diction (NWP) centres around the world. For simplicity we refer
to the global application of NAVDAS-AR as NAVDAS-AR in
the rest of the paper. NAVDAS-AR was designed to be a scal-
able system from the beginning and to be completely compatible
with all of the quality control and other observation handling
software developed for NAVDAS itself. The multivariate initial
background error covariance in NAVDAS-AR is also specified
exactly as in NAVDAS (Daley and Barker, 2000, 2001). To our
knowledge no other atmospheric implementation of the acceler-
ated representer data assimilation algorithm exists.

We have three objectives in this paper. The first objective is
to describe the formulation of NAVDAS-AR with an empha-
sis on the solution to the linear problem (i.e. the so-called inner
loop). The treatment of non-linearity in NAVDAS-AR will be re-
ported in a subsequent companion paper. The second objective
is to document the implementation of NAVDAS-AR on scalable
computer architectures. The third objective is to demonstrate
the potential of NAVDAS-AR for future operational 4-D data
assimilation applications. The paper is organized as follows. In
Section 2, we first present a generalized inverse problem in terms
of minimizing a generalized quadratic cost function. After we
obtain a set of non-linear governing equations for estimating the
state where the cost function is minimum, we focus on a solution
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to the linear problem associated with the so-called inner loop. In
Section 3, we deal with some of the practical issues related to
the implementation of NAVDAS-AR, such as the forward and
adjoint models of NOGAPS, the specification of background
and observation error covariances, the observation operator and
its Jacobian and adjoint, as well as the descent algorithms. In
Section 4, we present our initial strong constraint 4-D varia-
tional data assimilation results with operational observations us-
ing NAVDAS-AR. We compare the analysis increments from
NAVDAS-AR and NAVDAS using the same background fore-
cast and the same observations. The summary and conclusions
are given in Section 5.

2. Formulation of NAVDAS-AR

In this section, we define a generalized inverse problem formu-
lated in terms of minimizing a generalized non-linear weighted
least-square cost function. The fundamental assumption is that
all errors are normally distributed. The generalized inverse prob-
lemis equivalent to solving a coupled non-linear Euler-Lagrange
system, which is in general very difficult to solve directly. How-
ever, it is possible to recast the non-linear problem as a se-
quence of coupled linear problems using one of the iterative
algorithms. In fact, we have successfully developed and tested
such an iterative algorithm to treat the non-linearity in NAVDAS-
AR. We will report the non-linear aspects of NAVDAS-AR in a
subsequent companion paper. With various additional appropri-
ate assumptions, the coupled non-linear Euler-Lagrange sys-
tem can be reduced to a much simpler coupled linear prob-
lem from which NAVDAS-AR is constructed. All derivations
are presented in discretized form following meteorological
convention.

2.1. The generalized non-linear cost function

The generalized inverse problem can be posed as the minimiza-
tion of the following generalized cost function:

J=I+ I+ (1a)
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the observation and model error, respectively, and J§ is the scalar
cost function for the background forecast (or prior) error at the
beginning of the period (r = ¢(). Superscripts r, q, b and a refer to
the observations, model, background and analysis, respectively.
Superscript T refers to a matrix transpose. Subscripts, 0, n and
n — lrefertothetimeatt =¢¢,t =1, and t =¢,_;, respectively.
The n’ is a time subscript indicating time correlated model or
background errors. If the errors are not correlated, n = n’. M is
the non-linear forecast model and has / grid points (or more pre-
cisely the number of grid points times the number of prediction
variables). In the present development M is the NOGAPS fore-
cast model mentioned above. xg and x,, are column vectors of
length 7 which describe the atmospheric estimates at time ¢ = 1,,.
X! is the prior background forecast and x,, the truth on the analy-
sis grid. Q,,v is an I x I block model error covariance matrix at
t=t,andt=t,. Pg isan / x I symmetric, positive-definite back-
ground error covariance matrix at the initial time ¢ = (. There
are K observations during the time period, with k, observations
for the time ¢, and Z:’:O k, = K.y, isavector of observations of
length k, at time #,. H is an operator going from analysis space to
observation space that produces k,, pseudo-observations from a
given state vector x,, attime #,,. R,y is a k,, X k,, observation error
covariance matrix between observations between t = ¢, and t =
t. It includes errors in the measurements and the observation

operators.
Taking the first variation of eq. (1a) yields:
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where the matrix M,,_; = dM(x)/0x evaluated at x,,_; is an

I x I Jacobian matrix (also commonly known as the forward
model in atmospheric sciences) corresponding to the (possibly)
non-linear model M. When M is linear we have M(x,_;) =
M,,_x,_;. The matrix H,, = 0H(x)/0x is evaluated at x,, and
is an k, x I Jacobian matrix corresponding to the (possibly)
non-linear forward observation operator H. When H is linear
we have H(x,) = H,x,. We next introduce an adjoint field,
AT = AT, AT AL, as a long state vector of length N -
I, where A, (of length 7) is defined as follows:
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Let us also introduce an observation-space vector hT =
(hy ...hT.. . h}) of length K, where h,, (of length k,,) is defined
as:
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Rearranging some of the terms in (5) using integration by
parts, we have:
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At the minimum cost function J = J ;,, we have §J =0, or
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Using eqs (3)—(4) and (8a)—(8c), we have:

N
X = MIAL, = HI YR [y — 1 ()]

n'=0

forl <n <N -1,

N
subject to Ay = HY SRy [y — H (x4)]. ®

n
n'=0

and
N

X = M) =) Qul.

n'=1

for1 <n < N, subject to [xg — xg] =

N
P§IMOAS + HY ) Ry [y — H (x))] - (10)

n'=1

Tellus 57A (2005), 4



DEVELOPMENT OF NAVDAS-AR 549

Equations (9)—(10) form a coupled non-linear Euler-Lagrange
system, which is very difficult to solve. When the forecast model
M and the observation operator H are linear, however, vari-
ous representer methods can be used to decouple and solve the
linear Euler—Lagrange system (see Bennett (2002), Chua and
Bennett (2001) and Xu and Daley (2000, 2002)). A detailed
derivation and discussion regarding the treatment of non-
linearity in NAVDAS-AR will be given in a follow-on paper.
In this paper, we only deal with the linear part of NAVDAS-AR,
which is also commonly known as the inner loop.

2.2. Solution to the coupled linearized
Euler—Lagrange system

When the forecast model and the observation operator are linear,
we have M(x,) = M, x,, and H(x,,) = H, x,,. We further assume
that model errors and observation errors are not correlated in
time, so we have Q,y =0 and R,y = 0 forn # n’ and Q, =
Qv and R, = R,y for n = n'. Q, is a symmetric positive-
definite block diagonal model error covariance matrix at each
t =t,. If we also assume that observation errors are uncorrelated
in space, then R, is a diagonal matrix of observation error vari-
ance at each ¢ = 1,. For cycling operational numerical weather
prediction applications, the observations at the beginning of a
given data assimilation period, ¢ = ¢, are usually already used
in the previous data assimilation cycle, i.e. at t = ty of the pre-
vious cycle. Since observations should not be assimilated twice,
we must exclude observations in the ¢ = 7 bin. which requires
hy = 0. As aresult, we can now simplify eqs (3) and (9)—(10) as
the following:

AN=Q [xi-M,_x ],

n—1

forl<n <N, (11)

A = MIXL = HIR [y, — H (x))]

forl <n<N-—1,
subject to Ay, = HYRy' [yn — H (x3)]. (12)
and,

— a
X _1\/11171Xa = QnAn:

o o1 forl <n <N,

subject to [x§ — x§] = PEMgA]. (13)

The representer method is used to decouple the linear Euler—
Lagrange system (12)—(13), yielding

x' =x"+P'H'[HP'H" + R]™'[y — Hx"] (14)
where,
P’ = M [M,P{M; + Q] M" (15)

and the prior state background estimate x° is from a non-linear
model forecast,

X0 = M(xP

n—1

) forl<n <N,

subject to the initial condition x. (16)
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The details of the derivation can be found in Xu and Rosmond
(2004).

P is an (N - I) x (N - I) background error covariance in
model grid space and is also known as the reproducing kernel
(Bennett, 2002). yT = [y] ...yl ...yL]is a vector of all obser-
vations of length K. R is the K x K block diagonal matrix with
N blocks each of size k, x k,. H' = [H} ... H! ... H}]isa (N
- I) x K matrix, with H! being an / x k, matrix. H essen-
tially brings all the observations to the model variables on the
model grid points. [x°]T = [[x§]"... [x?]T... [x%]"]and [x*]T =
[x3]7...[x2]T. .. [x3]"] are vectors of length [((N + 1) - I] of
background and analysis state estimates, respectively. HP® H"
is a K x K background error covariance in observation space
and is the same as the representer matrix R, as described in eq.
(2.15) of Xu and Daley (2000). P°PHT is a (N - I) x K back-
ground error covariance between model and observation-spaces.
Equation (14) is formally like the observation-space solution
of the 3DVAR NAVDAS problem in Daley and Barker (2000),
where they first solve the problem z = [HP°H" + R]'[y —
Hx], the solver, and then multiply the solution z by P°H", the
post-multiplier. However, the formal similarity with NAVDAS
is tempered by the presence of the M and M" operators, which
explicitly introduce the time coordinate into P*, making it a gi-
gantic covariance matrix in both space and time that is usually
unknown except for the I x I block P} that has been prescribed
exactly as in NAVDAS (Daley and Barker, 2000, 2001).

From eq. (15), we see that the representer method provides a
way to explicitly calculate the state/flow-dependent background
error covariance, P°. An example of explicitly constructed PP
using both the adjoint and the forward observation operators can
be found in Xu and Daley (2000) for a simple one-dimensional
problem, where each column of P is obtained by passing a unit
impulse through one backward adjoint integration and a corre-
sponding forward integration. Due to the high dimensionality of
most atmospheric applications, however, the computational cost
and storage requirements make it impractical to explicitly calcu-
late P°. Fortunately, we do not have to have P® explicitly if the
purpose is only to obtain the solution of (14) using one of many
decent algorithms, such as the conjugate gradient method, where
results of multiplying P® with a state vector (i.e. a matrix/vector
multiplication) are needed. In the following, we describe the ac-
celerated representer procedure used in NAVDAS-AR to solve
(14). Interested readers can find a detailed derivation and descrip-
tion of a matrix/vector multiplication using adjoint and forward
models in eqgs (1)—(6) of Xu and Daley (2002). The procedure
consists of two components, namely, the solver and the post-
multiplier.

2.2.1. The post-multiplication. PPH" Although it may seem
more natural to begin with the solver, because it is per-
formed first, it is more instructive to begin with the post-
multiplication:

P°H"z (17)
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T

v

First define 2" = [z] ...z} ...z}], where z is a vector of
length k,, corresponding to time 7,. Introduce two vectors of
length 7, f, and g,, which are defined for each value 7,. Then
calculate

£, =M'f,., +H'z,, forl<n<N-1,

subject to fy = HYzy, (18)

using the adjoint forecast model, M! in (18). This is referred
to as the backward sweep and produces a vector fy. We follow
this with the forward sweep using the forward model, M,, in the
following equation, starting at time #,

g = Mnflgnfl + anru for 1 =n= N»

subject to gy = P5fy. (19)
Combining (17)—(19) with (14), we finally have
xj;:xg—i—gn, forO <n < N. (20)

If the forecast model is assumed to be perfect (strong con-
straint approximation), then Q, = 0 and eq. (19) becomes,

g = Mnflgnfla for 1 =n= N,

subject to gy = PSf. 21
Given that the solver, [HP’HT + R]~![y — Hx"], has already
been performed, eqs. (19)—(20) require one single backward and
one single forward sweep to produce the new state estimate x*
for any time during the period. However, unlike the cycling rep-
resenter algorithm, no estimate of the analysis error covariance
is produced.
2.2.2. The solver. [HP’H" + R]~![y — Hx"] Here, we wish
to obtain z, the solution of the problem,

[HP°H' + R]z = y — Hx®, (22)

where [y — Hx"] is the innovation vector. Equations such as
(22) are usually solved iteratively using descent methods such as
the conjugate gradient algorithm (see Daley and Barker, 2000,
section 3). In all of these descent methods it is necessary to
perform the matrix vector multiplication

q = [HP°H" + R]p, (23)

at each iteration of the descent. Here, p is a known vector of
length K and q is a vector of length K, which is the result of the
matrix/vector multiplication.

Experience has shown that to reduce the condition number
of the solver matrix and improve the convergence properties
of conjugate gradient descent algorithms, it is useful to non-
dimensionalize (23) with the observation errors. If we assume
that R is a pre-specified diagonal matrix of observation error
variance and multiply both sides of (23) by VR, then

vR-'q =vR-'HP’H"p + vRp, (24)
or,
d=q+q", (25)

where § =vR-1q, ¢* = vR-THP’Hp and q* = v/Rp.

Equation (25) consists of two separate operations, namely
q* and ¢*. The second operation p* =+/Rp is trivial. The
first operation q* = VR-THP’H'p is much more complex, but
can be easily understood by analogy with the post-multiplier
eqs (18)-(19). Define, p* = [p]...p!...p%] and [q*]" =
(afl™...[q;]" ... [qy]7], where p] and [q}]"
length k,, with pI assumed to be known for 1 <n < N. We
also assume that we have working vectors f and g available as in
Section 2.2.1 Following eq. (18), we then have

are vectors of

fn :M-,Efn+1 +H};Pn7 for 1 <n<N-1,

subject to fy = Hypy. (26)

This is the backward sweep. Now, follow this with the forward
sweep using the forward model starting at time #,

g = Mn—]gn—] + anna forl<n <N,

subject to gy = P3f;. (27)
Finally, we can write the first operation in (25) as
qQ =vRH,g, forl<n<N. (28)

Equations (26)—(27) are essentially the same as eqs (18)—(19).
In the event that the model is perfect, eq. (27) is again reduced
to

g =M, 1g.1, forl <n <N,

subject to gy = Pbf. (29)

The operation (26)—(28) is performed once per iteration of the
solver (23).

3. Implementation of NAVDAS-AR

The accelerated representer algorithm (Xu and Daley, 2002)
as highlighted in Section 2 is designed for both global and
mesoscale atmospheric data assimilation applications due to the
fact it is an observation-space algorithm. It appears that one can
simply change the forward and adjoint models in the “solver”
and the “post-multiplier” described in Section 2. However, there
are at least two main difficulties in the mesoscale implemen-
tation of NAVDAS-AR. First, forward and adjoint models of
either mesoscale or global NWP applications require major de-
velopment efforts in their own right, and the problem of lateral
boundary conditions presents special problems in the mesoscale
case. Second, the pre-specified initial background and model
error covariance, P} and Q, are quite different for the corre-
sponding global and mesoscale applications. For example, we
speculate that the errors in the lateral boundary conditions in the
mesoscale model may pose a significant difficulty in the com-
monly used perfect model assumption. In this paper, we focus
on the global (NOGAPS) application of NAVDAS-AR. In the
following subsections, we give a brief description of the major
components of the inner loop of NAVDAS-AR for NOGAPS.
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3.1. The innovation vector: (y — Hx’)

One of the key elements in any given data assimilation system
is trying to optimally combine the sampled atmosphere through
various measurements, the observations, with the modelled at-
mospheric, the background. The innovation vector [y — Hx"] is
essentially the differences between the sampled and the modelled
atmospheric states at the observation locations. The observation
operator H is used to transform the forecasted variables (back-
ground) in model space to the observed variables in observation
space. Any observation operator, such as temperature to radi-
ance, wind components to wind speed, specific humidity to total
precipitable water, etc. must be included here. There are two ma-
jor steps involved in obtaining the innovation vector, namely the
background x® and the modelled observations Hx".

3.1.1. The background trajectories x". The background x® is
obtained using eq. (16) in the linear coupled Euler—Lagrange
system case. Two 6 h background trajectories of x® are gener-
ated from the integration of NOGAPS: a high-resolution (e.g.
T239L30) time-series of model state variables that are used for
computing observation innovations, and a low-resolution (e.g.
T79L30) time-series of these variables that are used as the lin-
earization trajectories in M and MT. The high-resolution case
is the so-called outer loop resolution, which will become more
relevant when we introduce non-linearity into NAVDAS-AR in
a subsequent paper. The low-resolution case is the inner loop
resolution, at which both the solver and post-multiplication com-
putations are performed.

3.1.2. The observation operator H. As we discussed above,
the observation operator H is essentially a one-way bridge from
model grid space to observation space; we use the following
procedures to make the operation Hx" very efficient.

Time interpolation: All observations are sorted into 30 min time
bins. The forward observation operator is applied to the subset
of observations that fall within each time bin, neglecting the time
variation over the 30 min period. For a 6 h cycle, there would be
13 such time bins, i.e. in eqs (1¢) and (1d), N = 12.

Horizontal and vertical interpolation: All observations (sin-
gle level, profiles or soundings) have a horizontal location that is
defined by its latitude and longitude. In the observation operator
H, we interpolate horizontally from the locations of the model
grid points to the observation locations. Knowing the latitude and
longitude of each model grid point, we use a four-point bilinear
interpolation from the four nearest grid points to the observa-
tion locations. The weights for a Lagrange-type interpolation
are based on the great circle distance between the observation
location and each of the four surrounding grid-point locations.
Also in the observation operator H we vertically interpolate
to observation locations linearly in log pressure. The pressure
coordinates are defined from the model’s background terrain
pressure and vertical coordinate (hybrid sigma). The vertical
interpolation therefore requires only the two model levels above
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and below the observation pressure, so a total of eight model
points are required for each 3-D interpolation to an observation
location. This is a particularly cheap interpolation procedure. All
observation types except geopotential and SSM/I precipitable
water observations are interpolated this way. These two data
types are a special case and are described below.

SSMV/I total precipitable water: The vertical operators relating
normalized total precipitable water to specific humidity profiles
are described in Section 5.6 of Daley and Barker (2000). The
SSM/I H operator, in addition to doing horizontal interpolation
as described above, must also project vertically integrated water
mass innovations onto profiles of relative humidity innovations.
This requires a Jacobian operator that is a function of the fore-
cast model vertical pressure levels and the saturation specific hu-
midity as a function of background temperature at each SSM/I
observation location. The background temperature obviously
varies a great deal as a function of geographical location. How-
ever, because SSM/I observations are all taken over the ocean,
we can safely ignore the horizontal variation of model coordi-
nate pressures, a significant simplification. For more details see
Section 5.6 of Daley and Barker (2000).

Height observations: NAVDAS-AR does not use height obser-
vations except to analyse the surface (terrain) pressure. Inno-
vations are computed by subtracting the height at the observa-
tion pressure from background heights at that pressure. These
height innovations are converted to terrain pressure innovations
by hydrostatic integration between the background terrain pres-
sure and the observation pressure using the background tem-
perature at the surface. However, this procedure is subject to
considerable error if the pressure difference is too great. If the
observation pressure is less than the background terrain pres-
sure, i.e. in the free atmosphere, the maximum pressure differ-
ence allowed is 50 hPa, and if the observation pressure is greater
than the terrain pressure, i.e. subterranean, the difference is only
12 hPa. If either threshold is exceeded, the observation is re-
jected. This is essentially a variation on the well-known reduc-
tion to sea level problem necessary for sea level pressure analy-
sis, and we have made a design decision to avoid the problem in
NAVDAS-AR. The operational NAVDAS uses a similar design
strategy, incorporating a separate 2DVAR univariate analysis for
sea level pressure over land areas where the observations are
often subterranean. We plan in implement a similar strategy for
NAVDAS-AR.

3.2. Adjoint and forward models of NOGAPS

Two key elements in the backward and forward sweeps of
NAVDAS-AR are the forward and adjoint models, M and MT,
of NOGAPS. They were developed at NRL by Rosmond (1997)
and have been extensively used in targeted observation studies
and predictability research. Currently they contain linearizations
of the NOGAPS dynamical core, a simplified surface drag and
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vertical mixing parametrization, and no moist physics. Detailed
technical descriptions of the NOGAPS forward and adjoint mod-
elling system can be found in Rosmond (1997).

3.3. Convolution of the initial background
error covariance

One of the important components of NAVDAS-AR is the con-
volution of adjoint fields at the initial time with the initial back-
ground error covariance, gy = P3fy, which occurs in both the
“solver” and the “post-multiplier”. It is essentially a multipli-
cation of an / x [ matrix by a vector of length / in analy-
sis/model grid space. The convolution can be also seen as a dif-
fusion or smoothing process where observation-space forcing is
properly distributed to the analysis/model grid space according
to the initial background error covariance matrix PY. It produces
an initial condition, g, in the model grid space, to be used to
initialize the forward sweep. We are currently using a similar
algorithm as used in NAVDAS to calculate the convolution in
NAVDAS-AR.

In NAVDAS we must compute a = P°Hb, which is a ma-
trix/vector multiplication with an incoming observation-space
vector b of length K and an outgoing analysis/model grid-space
vector a of length 1. The H" operation is an integral part of
the covariance calculations, requiring that correlations are com-
puted between actual observation locations. In NAVDAS-AR,
however, the observation-space to model-space calculations are
integrated into the backward sweep as described in Sections 2.2.1
and 2.2.2, so that at t = #, the input to P§ is already in model
space. This has profound implications for the potential compu-
tational cost of NAVDAS-AR vis-a-vis NAVDAS that we will
discuss in Section 5. In our current NAVDAS-AR implementa-
tion of the background error convolution we have adapted an
efficient, scalable matrix/vector multiplication algorithm used
in NAVDAS by mimicking observation locations at the grid-
point locations of the analysis/model grid. This yields much
more straightforward operations than the highly irregular and
constantly changing observation-space operations performed in
NAVDAS.

The variables of NOGAPS are temperature, wind components,
specific humidity and surface (terrain) pressure. They are de-
fined on a Gaussian grid with a hybrid vertical coordinate. In
the following, we consider first the covariances between tem-
peratures, wind components and moisture, which are similar to
the NAVDAS covariances. We then consider surface pressure
covariances, which do not occur in NAVDAS.

3.3.1. Covariances between temperatures, wind components
and moisture. Since we can define the pressure at any point in
the model domain, and from the background temperature the
potential temperature at any model point, we have three choices
for the vertical coordinate for defining the level surfaces of the
error covariance. As noted in Section 4.5 of Daley and Barker
(2000), it is only necessary to find the location of two given

points in some vertical metric in order to define a covariance.
This can be done in pressure, sigma or isentropic coordinates.

We have decided (for the present) to define the level surfaces
for the horizontal correlations as pressure surfaces, even though
the model surfaces are hybrid sigma surfaces. The relatively large
correlation length scales we use produce correlation structures
that are more appropriate for nearly level pressure surfaces than
for the highly irregular model coordinate surfaces.

The procedure we have devised to compute go = Pfy is de-
signed to use as much existing NAVDAS code as possible. It is
as follows:

(1) Calculate the model coordinate vertical pressure profiles
as a function of model terrain pressure at horizontal grid points.

(2) Normalize the elements of fy by the appropriate back-
ground error variance on the model pressure surfaces (see Daley
and Barker, 2000, Section 4.1).

(3) \Vertically decompose each vertical column of the nor-
malized f using the vertical eigenvector decomposition of Daley
and Barker (2000), Section 4.4.

(4) Perform the horizontal correlations (see Daley and
Barker, 2000, Section 4.6) on the eigenvectors from step (3).
These are matrix/vector multiples that spread observation influ-
ence to adjacent horizontal grid points.

(5) At each horizontal grid point vertically recompose the
horizontally correlated eigenvectors back to model coordinate
pressure profiles (see Daley and Barker, 2000, Section 4.4). This
yields normalized g.

(6) Denormalize the results of step (5) using the appropriate
background error variance to yield g, (see Daley and Barker,
2000, Section 4.1).

3.3.2. Surface pressure covariances. The surface (terrain)
pressure calculation is unique to NAVDAS-AR. Since the surface
pressure field is a 2-D it is only necessary to use 2-D (horizontal)
covariances.

The most obvious thing to do is to define univariate (hori-
zontal) covariances between the incoming surface pressures and
the outgoing surface pressures. However, this ignores one im-
portant feature of NAVDAS and most MVOI schemes, that is,
the geostrophic covariance (in the extratropics) between the sur-
face pressure (or height) and the surface wind fields. This can be
quite important in extracting the maximum amount of informa-
tion from the observations. Consequently, we have decided to
include cross-correlations between the surface pressure and the
lowest model level winds.

At the Earth’s surface the geostrophic relation can be written
as

fkxv,=—-Vd, — RT,p'Vp, (30)

wheref is the Coriolis parameter, vy is the horizontal vector wind,
k is the vertically pointing unit vector, ®, is the specified terrain
geopotential, T is the temperature, R is the gas constant, pg
is the surface (terrain) pressure and V is the horizontal gradient
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following the lowest model surface. Consider a perturbation Av;.
Then, from (30), we can write,

fkx Av,~ —RT?(p?) "'V ap,, 31

where p® and TP are background values of the surface pressure
and temperature respectively and A p is a surface pressure per-
turbation. We use eq. (31) to define covariances and correlations
between the surface pressure and the lowest model level wind
components (in the extratropics). Thus, incoming surface pres-
sure innovations can influence outgoing surface wind increments
and incoming surface wind innovations can influence outgoing
surface pressure increments.

In practice, we create pseudo-heights from the surface pres-
sure innovations in order to make use of the scaling already used
in the NAVDAS software.

3.4. The descent algorithm

The conjugate gradient algorithm (Golub and Van Loan, 1996) is
used to find an iterative solution of the “solver” eq. (25) instead
of eq. (23). One can view (25) as a non-dimensionalized ver-
sion of (23). Based on our experience, the condition number of
eq. (25) is apparently smaller than that of (23). Consequently,
fewer iterations are needed to find a solution with the same ac-
curacy using (25) than using (23). A similar pre-conditioning
practice has been used in other analysis/model grid-space al-
gorithms, such as the incremental 4DVAR of Courtier et al.
(1994).

4. Initial data assimilation tests of NAVDAS-AR

Various data assimilation experiments were conducted to exam-
ine the ability of NAVDAS-AR to assimilate observations. In
an idealized experiment, we generated seven surface pressure
observations by adding 4 hPa to the background surface pres-
sure at collocated model grid points and arbitrary times in the
6 h time window. We assumed the observations were perfect, i.e.
zero error, and NAVDAS-AR produced the expected result of
drawing exactly to the data. We also tested NAVDAS-AR with
single observations as well as a single radiosonde sounding. Re-
sults from these experiments produced the expected results that
closely matched those from similar idealized experiments con-
ducted by Rabier et al. (1997) and are not presented here. We
will present instead NAVDAS-AR data assimilation results us-
ing the same observations typically used in a 6 h window of the
operational NAVDAS.

4.1. Experiment design

For the experiment, NAVDAS and NAVDAS-AR each use an
identical background forecast and observation data set. The
background forecast is from the NOGAPS spectral model
with T239L30 resolution. The total observation count is about
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420000, which included a comprehensive mix of conventional
observations and data from polar orbiting and geostationary
satellites. Some of the satellite observations are “superobs”.
However, although the two systems use the same background
forecast, there is a significant difference in how the (observation —
background) differences, i.e. the innovations, are computed. For
NAVDAS the background fields of temperature, heights, winds
and moisture are produced on 30 constant pressure surfaces and a
0.5° latitude—longitude grid, interpolated from a native Gaussian
grid/sigma coordinate 6 h forecast history of NOGAPS. Then
another interpolation of background values to the observation
locations is done, and the innovations are computed. The time
dimension is crudely treated by computing innovations using
background fields that are valid within 1 h of the actual observa-
tion time. However, as in any 3DVAR system such as NAVDAS
the resulting innovations are assumed to be valid at the specified
analysis time.

NAVDAS-AR improves on the NAVDAS procedures in two
ways. First, the time dimension is treated explicitly, with inno-
vations computed and assimilated into the backward sweep of
eq. (18) with 30 min resolution. Second, NAVDAS-AR bypasses
the first spatial interpolation, interpolating directly from the na-
tive NOGAPS grid to the observation locations for innovation
calculation. We feel there is a clear benefit from the NAVDAS-
AR method, although care must be taken with surface data over
land, where the NOGAPS terrain height can depart significantly
from the actual Earth’s surface terrain. In practice, surface data
from areas where there is a large mismatch between the real
and model terrain is rejected from NAVDAS-AR to avoid non-
representativeness errors.

The innovations computed for each system are subject to iden-
tical quality control checks. Any innovation larger in absolute
value than three times the expected observation error is rejected.
This is based on our experience (and at other NWP centres as
well) that innovations that exceed this threshold (or something
similar) are often erroneous, and that accepting bad observations
in an analysis often does more damage than rejecting potentially
good observations. Typically 5-6% of the observations fail the
innovation check in each system. In both systems there is also a
provision for a “buddy check” quality control test after a speci-
fied number of iterations of the “solver” descent algorithm. The
buddy check uses the same rejection criteria as the innovation
check, so if an observation fails the buddy check, it means the
solver is having trouble “fitting” the data, presumably because of
inconsistency of that observation with others in close proximity.
This often slows the rate of convergence of the descent algo-
rithm, so the observation is rejected and the descent algorithm
is restarted with the revised observation set. In mathematical
terms rejecting these observations reduces the condition number
of P° and improves the convergence properties of the solver. In
NAVDAS the buddy check is used routinely and typically rejects
an additional ~0.5% of the observations. In NAVDAS-AR we
choose not to invoke the buddy check because we find that it



554 L. XU ET AL.

has little impact on the rate of descent algorithm convergence,
and therefore see no need to arbitrarily discard data which have
already passed the innovation quality control check. We also see
negligible differences in NAVDAS-AR results with or without
the buddy check.

4.2. Background and trajectories

We employ the full-resolution (T239L.30) operational NOGAPS
torun a 9 h forecast from 18Z11MAR2004 to 03Z12MAR2004,
using the last 6 h to produce the background fields products used
by NAVDAS and the background trajectories used by NAVDAS-
AR. As described above, the NAVDAS background fields are not
on the native NOGAPS grid, necessitating an extra interpolation
step to compute innovations. The NAVDAS-AR background tra-
jectories are saved every 30 min on the native grid, and, because
NOGAPS is a spectral model, are stored as a file of spherical
harmonic coefficients, greatly reducing storage requirements in
exchange for the modest computational cost of spectral trans-
forming back to the native grid. The full resolution 3-D native
grid is a 720 x 360 Gaussian grid and 30 hybrid sigma levels
from the surface to 1 hPa.

A further advantage of defining the NAVDAS-AR background
trajectories in spectral form is that it facilitates implementing a
lower resolution for the inner loop than that of the background
forecast. The inner loop requires basic state trajectories for the
forward M and adjoint MT models. These are easily produced
by truncating the full-resolution spectral trajectories to the in-
ner loop spectral resolution. In the current experiment the inner
loop resolution is T79L30. During the background forecasts two
spectral coefficient files are produced, a T239L30 trajectory and a
T79L30 trajectory. The native grid corresponding to the T79L30
inner loop is a 240 x 120 Gaussian grid with the same vertical
levels as the T239L.30 trajectory.

4.3. Specification of error covariances

For the experiment we needed to specify various prior error co-
variances. We assume that all observation errors are uncorrelated
spatially, leading to a diagonal observation error covariance ma-
trix, i.e. error variances. These observation error variances are
the same as those specified for the operational NAVDAS. The
same error correlation functions and background error variances
are used to produce the background error covariance matrix at
00Z12MAR2004 for NAVDAS and the initial background error
covariance at 21Z11MAR2004 for NAVDAS-AR. Since no dy-
namic model term is explicitly present in NAVDAS, there is no
model error to be specified in the case of NAVDAS. Although
NAVDAS-AR is capable of dealing with model error, we use
the perfect model assumption in this study, i.e. the model error
covariance is zero.

5. Results

In this section, the temperature analysis increments from NAV-
DAS and NAVDAS-AR are compared at a common analysis
time, 00Z12MAR?2004. The purpose is not to examine the impact
of each data assimilation system on the entire forecast system,
but rather to examine the ability of NAVDAS-AR to generate
comparable analysis increments.

5.1. Comparison of analysis increments

The horizontal structure of the temperature analysis incre-
ments at 500 hPa produced by NAVDAS-AR and NAVDAS at
00Z12MAR?2004 are shown in Figs 1a and b, respectively. Over-
all there is considerable similarity between the two increment
fields, which is the desired outcome for an experiment where
we tried to make NAVDAS-AR mimic NAVDAS as closely as
possible, except for the buddy check quality control test. There
are some noticeable local differences, however. In NAVDAS-
AR a 1-2° increment occurs over northern Mexico which is
absent in NAVDAS. On close examination of this difference
we determined it is due to several observations being rejected
by the NAVDAS buddy check. The differences over the North
Atlantic are also due to buddy check observation rejection by
NAVDAS. Only future forecast error sensitivity experiments will
tell us which solution is better, but because NAVDAS-AR was
able to converge to a seemingly acceptable solution, we are not
convinced of the need for a buddy check quality control test
yet.

Vertical cross sections of temperature analysis incre-
ments from NAVDAS-AR and NAVDAS along 45°N at
00Z12MAR2004 are shown in Figs 2a and b, respectively. We
again see similar overall temperature analysis increment patterns
from the two systems. The NAVDAS-AR results are somewhat
noisier, suggesting a somewhat less dissipative system. Whether
or not this extra detail is desirable will also have to wait for future
forecast sensitivity experiments. However, we can easily intro-
duce time and space filters into NAVDAS-AR during the time
integrations of M and M7, making it relatively easy to control
undesirable noise in the increment fields.

Noticeable differences between the two systems are present
around the two major mountain ranges masked out in the cross
sections. This is not surprising considering the different way
near-surface observations are treated in the two systems, partic-
ularly around mountains. In particular a much stronger tempera-
ture signal appears in the NAVDAS-AR increments at low levels
just east of the Rocky Mountains.

Figures 3a, b and ¢ show the NAVDAS-AR 500hPa tem-
perature increment fields at 2121 1MAR2004, 00Z12MAR2004
and 03Z12MAR?2004, respectively. Close examination clearly
shows that evolution of the increments during the 6 h time win-
dow, demonstrating a powerful feature of any 4DVAR data
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Fig. 1. (a) NAVDAS-AR 500 hPa temperature increments, 00Z12MAR2004. (b) NAVDAS 500 hPa temperature increments, 00Z12MAR2004.

assimilation system; the ability to propagate flow-dependent in-
formation. In principle, each of these realizations can be legiti-
mately called an “analysis”, blurring the definition of an analysis
time, as has been pointed out by Courtier et al. (1994). Further-
more, we can add any of the realizations to its time corresponding
background to produce initial conditions for a forecast model,
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a feature that will be explored in our future testing of possible
operational configurations of NAVDAS-AR.

5.2. Computational details

Four-dimensional data assimilation is a computationally expen-
sive undertaking no matter what simplifying assumptions and
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Fig. 2. (a) NAVDAS-AR longitude/pressure 45N X-sec, temperature increments, 00Z12MAR2004. (b) NAVDAS longitude/pressure 45N X-sec,

temperature increments, 00Z12MAR2004.

approximations are used. The results show here were produced
with an outer loop (i.e. background forecast) resolution of
T239L30 and a conjugate gradient inner loop (i.e. analysis incre-
ment) resolution of T79L30. These were chosen because we felt

they were representative of what was operationally feasible on
the computational resources likely to be available for Navy oper-
ational NWP applications in the near future. The computational
processes can be broken down as follows:
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Fig. 3. (a) NAVDAS-AR 500 hPa temperature increments,
21Z11MAR2004. (b) NAVDAS-AR 500 hPa temperature increments,
00Z12MAR2004. (c) NAVDAS-AR 500 hPa temperature increments,
03Z12MAR2004.

(1) Background forecast, typically run at high resolution,
e.g. T239L30, which nevertheless is not a major part of the com-
putational effort because it is only run once while the lower-
resolution inner loop must be iterated many times.

(2) H and HT operations, which have costs that are a linear
function of the number of observations.
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(3) M and M" integrations; two low-resolution (T79L30) 6 h
forecasts for each inner loop iteration.

(4) Background error covariance calculations with PY, which
have costs that are a quadratic function of the inner loop
resolution.

NAVDAS-AR costs are dominated by items (3) and (4), be-
cause they are the heart of the inner loop and the conjugate gradi-
ent algorithm that must be iterated many times to reduce the cost
function gradient to acceptably small values. The H operations
(item 2) are also part of the inner loop and its cost is relatively in-
sensitive to observation numbers. This is in sharp contrast to the
cost of NAVDAS, which is dominated by a quadratic dependence
on observation count. The volume of satellite data is projected
to increase by orders of magnitude in the near future, which
will necessitate extensive superobbing and/or data thinning to
keep NAVDAS computational costs acceptable. NAVDAS-AR,
which for the data volumes used in the experiments described
here is five to six times as expensive as NAVDAS, will be al-
most unaffected by these increased data volumes. NAVDAS-AR
computational cost is determined by the choice of inner loop res-
olution. Once this choice is made, the cost is essentially fixed, a
significant benefit to operational scheduling.

NAVDAS-AR is a message-passing interface (MPI) applica-
tion. The experiments described here were run on a SGI ORIGIN
3000 with 40 processors. A particular challenge with an MPI-
based data-assimilation system is the need to transform between
observation space and analysis space efficiently. The design of
the H and HT operators and the ordering of observations in the
innovation vector is critical to this efficiency. The minimal cost
of the item (2) operations described above is a result of our
success in this effort. Likewise the M and M integrations are
very efficient on 40 processors. This is not surprising since they
are essentially spectral model dynamical cores which are ideally
suited for scalable architectures. On the other hand, the back-
ground error covariance calculations do not scale well on 40
processors, and in fact account for almost 75% of NAVDAS-AR
wall time. As mentioned in Section 3 we adapted the observation
space algorithm from NAVDAS, and it does not exploit the fact
that NAVDAS-AR is actually doing the covariance calculations
in model grid space and on constant pressure surfaces. Several
methods to potentially improve the computational efficiency of
the convolution of the initial background error covariance are
currently under investigation. Details of the methods will be
presented in a future report.

In addition to needing to improve the efficiency of the back-
ground error covariance operator, the convergence properties of
the conjugate gradient algorithm are far from optimum. Fig-
ure 4 shows the cost function gradient as a function of inner
loop iteration. The y-axis is actually the ratio of the gradi-
ent to the initial norm of the innovation vector, which is the
starting value of this gradient in the conjugate gradient algo-
rithm. For the first 220 iterations this ratio is greater than 1,
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CONVERGENCE OF NAVDAS-AR INNER LOOP
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Fig. 4. Convergence of [HPHT + R]~![y — Hx"], the NAVDAS-AR
inner loop.

meaning that the estimated analysis residual is a poorer solution
than the original innovations. Daley and Barker (2001) show
that a pre-conditioning matrix, which is an approximate inverse
to the reproducing kernel (15), is likely to correct this problem of
poor initial convergence. NAVDAS uses such a pre-conditioner
with great advantage. Unfortunately, the presence of M and M"
complicates our problem, and we are still exploring alternative
ideas for a useful pre-conditioner for NAVDAS-AR.

6. Summary and conclusions

A natural 4-D variational (4DVAR) extension of NAVDAS,
NAVDAS-AR, has been developed by the Naval Research
Laboratory in Monterey. NAVDAS-AR is essentially a weak-
constraint 4-D variational data assimilation system and is de-
signed for use in both regional mesoscale and global atmospheric
4DVAR applications. It parallels the 4DVAR algorithm imple-
mented at ECMWEF except that it is cast in observation space
and is capable of including model error during the minimiza-
tion processes. NAVDAS-AR uses the existing infrastructure
of NAVDAS and NOGAPS to solve a series of weighted lin-
ear least-square problems. The non-linearity in NAVDAS-AR is
treated through so-called outer loops, where NOGAPS and the
observation operators are linearized around the analysis in the
previous iterations, respectively. The accelerated representer al-
gorithm (Xu and Daley, 2002) is used to decouple and solve the
coupled linear Euler—Lagrange system.

In this study, we emphasize the linear global aspect of
NAVDAS-AR, i.e. the inner loop using NOGAPS. The solution
to the linear problem is formally like the one in Daley and Barker
(2001) for NAVDAS except that NAVDAS-AR incorporates the
time dimension explicitly. There are two major components to
the inner loop of NAVDAS-AR. The first is the solution (in ob-
servation space) to the “solver”. The second is the solution (in
model grid space) of the “post-multiplier”. A standard conju-
gate gradient method is used to obtain an iterative solution to
the “solver”. The input to the “solver” is the innovation vector,

[y — Hx"], while the output from the “solver” is the normalized
analysis residual, [HP’HT + R]™'[y — Hx’], in observation
space. The input to the “post-multiplier” is the analysis residual
and the output is the analysis in model grid space.

Our preliminary experimental results show that NAVDAS-AR
produces very similar analysis increment fields to NAVDAS,
given the same input data and background forecast, although
details in implementation introduce subtle differences. We are
in the processes of examining these differences to determine if
they demonstrate advantages for NAVDAS-AR over NAVDAS.

Future development efforts will be in three areas: (1) exami-
nation of the impact of non-linearity with the implementation of
outer loops, (2) investigation of alternative representations of the
background error covariance calculations to improve computa-
tional efficiency, and (3) starting cycling experiments to compare
impact of NAVDAS and NAVDAS-AR initial conditions on NO-
GAPS forecast skill.
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