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Modélisation et Calcul. Université Joseph Fourier, BP 53 38041 Grenoble, France

(Manuscript received 3 March 2003; in final form 11 December 2003)

ABSTRACT
We propose a methodology for the treatment of the systematic model error in variational data assimilation. The principle
of the method is to add a systematic error correction term in the model equations and to include it in the variational
assimilation control vector.

This method is applied to a simplified ocean circulation model in an identical twin experiment framework. It shows
a noticeable improvement compared to the result of a classical variational assimilation scheme in which the systematic
error is not corrected. The estimated systematic error correction term is sufficiently consistent with that needed by the
model that it allows improvements not just to the analysis, but also during the forecast phase.

1. Introduction

Data assimilation is a wide class of numerical methods for es-
timating the state of a system by combining information from
observational data with information provided by a numerical
model. One of the most important applications of these meth-
ods is the best estimation of the state of the atmosphere (or the
ocean) at a given time in order to improve the accuracy of the
numerical forecast. In recent years, developments of both obser-
vational methods (i.e. remote sensing, buoys, tomography) and
computing resources have permitted a wide improvement in data
assimilation methods and their efficiency.

The current operational method in many meteorological cen-
tres is variational data assimilation (VDA; see Sasaki, 1958; Le
Dimet and Talagrand, 1986). It consists of assimilating all the
observational and model information from the previous time se-
quence. The problem is formulated as an optimal control problem
which criterion measures the misfit between the model predic-
tions and the observations of the system state. One of the main
assumptions of the VDA scheme used in operational centres is
that the model describes exactly the system behaviour. However,
in practice the model equations do not represent the exact evo-
lution of the system and model errors arise due to the lack of
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resolution, inaccurate representation of small-scale physics or
errors in boundary conditions, topography or forcing terms.

A likely VDA improvement in an operational application will
be to consider that the model is not exact, i.e. for example, to
introduce a model error correction term in the control vector (see
Jazwinski, 1970; Derber, 1989; Cohn, 1997). The principle of the
complete method is to add to the control vector a residual error
correction term, which is added to the model equation at every
time step. Because of the size of this new problem (the dimension
of the state variable, typically 106–107, times the number of time-
steps), this approach is unaffordable for current computational
resources. There have been recent attempts to reduce the size of
the model error part of the control vector in the above formula-
tion, by controlling the correction term only in certain privileged
directions (see, for instance, Durbiano, 2001; Vidard et al. 2001)
or by using information provided by the analysis residual vector
(Zou et al. 1992; Vidard et al. 2003) or by controlling only the
systematic and time correlated part of the error (Bell et al. 2001;
D’Andrea and Vautard, 2001; Griffith and Nichols, 2001). Ad-
ditionally, Dee and Da Silva (1998) pointed out the importance
of considering the random and the systematic part of the model
error separately, otherwise the reduction of one could lead to an
increase in the other. Vidard et al. (2003) presented a low-cost
method for dealing with the random model error in VDA. In the
present paper, we present a VDA with control of the system-
atic error scheme and we show a first application in the context
of the assimilation of sea surface height (SSH) observations in a
(two-dimensional non-linear) shallow-water model. Twin exper-
iments are performed, in one case using a ‘true’ reference model
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and in the other a ‘false’ model using perturbed dissipation and
forcing terms.

The paper is organized as follows. The classical formulation
of VDA is presented in Section 2. In Section 3 we present the
modified assimilation scheme used in this paper. The model and
the assimilation statistics used in the experiments are discussed in
the first part of Section 4, and in the second part of this section we
present the results of the experiment. Finally, we give a summary
and concluding discussion in Section 5.

2. Variational data assimilation,
classical formulation

The behaviour of the system is modelled by a set of equations (a
spatial discretization is assumed)


x(t0) = xb

dx
dt

= M(x(t))
(1)

where xb is the first guess initial condition, x(t) ∈ X ⊂ R
n is the

model state at time t, and M: R
n → R

n is a non-linear model
describing the time evolution of the state.

An important part of the information in any data assimilation
scheme comes from the data used. Let us define the observed
values at time ti, i = 1, . . . , I as gathered in a time-dependent
observation vector yo

ti
∈ Yti ⊂ R

mti . In order to be able to com-
pare them with the state vector, let us introduce the so-called
observation operator Hti : X → Yti . The starting point of any
assimilation procedure is the measure of the discrepancies d
between observation and the state vector dti = yti − Hti (x(ti )),
where dti is called the ‘innovation’ or ‘analysis residual vector’
whether it is computed before or after the analysis. In VDA, the
innovation vector is used to control both the initial condition x0 =
xb + ε and model error correction term η(t) ∈ N ⊂ R

n which
act in the model integration as follows:


x(t0) = x0

dx
dt

= M(x(t)) + η(t).
(2)

This control is done through the minimization of the cost
function defined by

J (x0, η) =

Jo︷ ︸︸ ︷
1

2

I∑
i=1

〈
R−1[H (x(ti )) − yti ], H (x(ti )) − yti

〉

+

Jη︷ ︸︸ ︷
1

2

∫ T

t0

〈Q−1(t)η(t), η(t)〉dt

+

Jb︷ ︸︸ ︷
1

2

〈
B−1(x0 − xb), x0 − xb

〉 (3)

where R, Q and B are the observation, model error and initial
condition (background) error covariance matrices, respectively.

These three types of error are assumed to be uncorrelated. This
assumption is debatable because the background state usually
comes from previous assimilation using the same model and
the same type of data, but is commonly used. The goal of the
assimilation is to reduce the discrepancy between the model state
and the observation (J o) but it should not be done at any cost. The
presence of both J b and J η terms prevents the control variables
from being too large and introduce some more information about
the structural correlation of the respective control variable. This
addition of information is done through the inverses of the error
covariance matrices. The balance between the three terms is also
done due to the R−1, Q−1 and B−1 matrices.

In meteorological and oceanographic applications, the number
of degrees of freedom is too large to allow the use of the method
as described above. Additional assumptions are needed, mainly
for the model error correction term. Assuming the problem is
discretized in time, the size of the control vector is the size of the
state vector times the number of time-steps (typically 108–109).
In all the existing operational variational assimilation suites, the
model is assumed to be perfect (free of error), so avoiding the
control of the η terms, the J η term is set to 0 and the size of
control becomes the size of the state vector.

The scheme described above takes account of the time di-
mension and is commonly called 4D-Var (spatial plus temporal
dimensions). There is a sequential version, 3D-Var, for which
the model M is replaced by the identity operator and the assim-
ilation window is shortened. Model errors are less of an issue in
3D-Var because the assimilation is performed more frequently
but they should be addressed through background error statistics.
The method proposed in the following is more applicable to 4D-
var because model errors are damaging for this scheme. Because
the model used as an example is only two dimensional, we made
the choice not to use 3D-Var and 4D-Var names in this paper.

3. Control of systematic errors:
mathematical formulation

As mentioned previously, the number of degrees of freedom in re-
alistic oceanographic or meteorological applications is too large
to allow the application of the method introduced in the previous
section. A drastic reduction of the size of the control vector is
needed. Moreover, according to Dee and Da Silva (1998), sys-
tematic and random parts of the error should be accounted for
separately.

Following Griffith and Nichols (2001), we assume that the
time evolution of the model error can be modelled as a function
of the state vector and the initial bias as follows


η(t0) = η0

dη

dt
= �(η(t), x(t)) + ε(t),

(4)

with ε(t) being stochastic, unbiased, serially uncorrelated, nor-
mally distributed random vectors. In order to reduce the size of
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control in the following we assume that this stochastic process
can be neglected. If the random part of the model error is not neg-
ligible, ensemble prediction methods (see, for instance, Molteni
et al. 1996) should be able to cope with it. In the following,
we are only interested in the deterministic part of the model er-
ror. This deterministic evolution is given by � : R

l × R
n → R

l .
Equation (2) can then be rewritten as




x(t0) = x0

dx
dt

= M(x(t)) + T(η(t))
(5)

where x(t) ∈ X ⊂ R
n , and η(t) ∈ N ⊂ R

l , T : R
l → R

n is an
operator that projects the model error term on to the model space.
Usually l = n and T is the identity function but, in some cases,
the error may be expressed in a smaller space than the model
state (for example, it could be negligible on some component of
the state vector or in some location of the domain).

Now, we assume Φ and T known, and the control vector con-
sists of both initial condition x0 and initial model error η0

J (x0, η0) = 1

2

I∑
i=1

〈
R−1

ti

[
Hti (x(ti )) − yti

]
, Hti (x(ti )) − yti

〉
+ 1

2

〈
Q−1

0 (η0 − ηb), η0 − ηb
〉

+ 1

2

〈
B−1(x0 − xb), x0 − xb

〉 (6)

where (xb, ηb) is the first guess of the optimization problem.
This constrained minimization problem is first reduced to an

unconstrained problem using a method of Lagrange. The La-
grange function is defined by

L(x, η, x∗, η∗) = J (x0, η0)

+
∫ T

t0

〈
x∗,

dx
dt

− M(x(t)) − T(η(t))

〉
dt

+
∫ T

t0

〈
η∗,

dη

dt
− �(η(t), x(t))

〉
dt (7)

where x∗ and η∗ are the Lagrange multiplier vectors. The
Lagrange multipliers are not specified but computed in deter-
mining the best fit. We can easily compute the partial derivative
of the Lagrange function with respect to x, η, x∗ and η∗ (see
Appendix A). At the minimum point, the gradient must be zero.

∂L
∂x

= 0
∂L
∂η

= 0
∂L
∂x∗ = 0

∂L
∂η∗ = 0. (8)

The vector (x0, η0, x∗, η∗) that satisfies eq. (8) is called a
stationary point ofL. An important relation between the gradient
of the cost function with respect to the control vectors x0 and η0

and the partial derivative of the Lagrange function is

∇x0 J (x0, η0) = ∂L
∂x

∣∣∣∣
station.pt

∇η0 J (x0, η0) = ∂L
∂η

∣∣∣∣
station.pt

.

(9)

That is, the gradient of the cost function can be obtained by inte-
grating forward the direct models (2) and (4), and then integrating
backward in time the adjoint models (10) and (11):


x∗(T ) = 0

−dx∗

dt
=

[
∂M
∂x

]T

x∗ +
[

∂Φ
∂x

]T

η∗ − δ(t − ti )
I∑

i=1

× HT
ti

R−1
ti

[
Hti (x(ti )) − yti

] (10)




η∗(T ) = 0

−dη∗

dt
=

[
∂Φ
∂η

]T

η∗ + TT x∗ (11)

and

∇x0 J = B−1
(
x0 − xb

) + x∗(t0)

∇η0 J = Q−1
0

(
η0 − ηb

) + η∗(t0).
(12)

The size of the control vector is only doubled compared to
the classical ‘exact model’ assumption scheme. The extra cost
induced by the control of the model errors depends directly on the
complexity of the error modelΦ (Derber, 1989). Bell et al. (2001)
propose a more physical approach whereby Φ and T are defined
to maintain some physical balances. In the following experiment,
�(x, η) = η and T is assumed to be the identity operator.

4. Experiment with a two-dimensional
non-linear model

4.1. Experiment framework

4.1.1. Model. For this test experiment, we use a non-linear
one-layer two-dimensional shallow-water model on a square
basin with flat bottom (such a model is often used; see, for ex-
ample, Adcroft and Marshall, 1998). Even if this model is not a
very realistic one, the non-linearities included in the equation and
the size of the state vector (more than 104) make its complexity
sufficient to be a relevant test case.

The framework of this experiment is a twin experiment one.
That is to say, observations do not come from reality but from
a version of the model which is slightly different to the model
used in assimilation. The first one, used to represent the reality,
provides a simulated ‘true’ state evolution and then, using the
observation operator (and possibly a white noise), synthetic ob-
servations can be obtained. The second one represents the model
(called the forecast model in the following, as opposed to the true
model or the truth evolution). In this way, the presence of model
errors is simulated and the evolution of the (pseudo-)reality is
known.
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Both evolutions of

xtrue/forecast =


u

v
h




are described by


∂t u − ( f + ζ )v + ∂x B = τ

ρ0h
− ru + ν�u

∂t v − ( f + ζ )u + ∂y B = τ

ρ0h
− rv + ν�v

∂t h + ∂x (hu) + ∂y(hv) = 0

(13)

where (u, v) represents the current velocity, h is the height of
the layer, ζ = ∂ x v − ∂ yu is the relative vorticity, B = g∗h +
1
2 (u2 + v2) is the Bernoulli potential, g∗ is the reduced gravity, r
is the linear friction coefficient and ν is the viscosity coefficient.

The forcing terms of the models are

(i) wind : τforecast = τ0
sin(2π (y− L

4 ))
L

�i , and τ true = τ forecast ×
[1 + 0.8 × sin(2π t/�t × 480)] where L is the basin length
and the boundary conditions are

(ii) v = 0 on north/south boundaries and u = 0 on east-west
boundaries;

(iii) no-slip boundary conditions.

In this experiment the numerical values are L = 2000 km,
f 0 = 0.7 × 10−4 s−1, β = 2 × 10−11 m−1 s−1, ν = 15 m2

s−1 (forecast), ν = 0.9 × 15 m2 s−1 (true), r = 10−7 s−1 (fore-
cast), r = 0.9 × 10−7 s−1 (true), ρ 0 = 103 kg m−3, g∗ = 0.02 m
s−2, τ 0 = 0.015 N m−2, and the Coriolis factor f = f 0 + β y.

For the spatial discretization, a second-order centred scheme
is used on an Arakawa C-grid with �x = �y = 25 km, and
for the time discretization a leap-frog scheme with a time-step
�t = 30 mn and an Asselin time filter (coefficient 0.02) is added
in the equations.

The initial condition of our data assimilation window is pro-
vided using a 6-yr spin-up of the forecast model whereas true
initial state and observations are computed with a true model
spin-up. In this section the results of data assimilation using
the scheme introduced below are compared to the ‘exact model
assumption scheme’ that is the most common operational vari-
ational algorithm. These schemes are called respectively vari-
ational data assimilation initial condition and systematic error
(VDA-ICSE) and variational data assimilation initial condition
(VDA-IC ).

Because of the use of two (slightly) different models (the ‘true’
model and the forecast model) we can simulate the presence of
error in the forecast model. An estimation of this error can be
computed integrating the forecast model starting from the true
initial condition and relaxing toward the true trajectory at each
time-step (see Fig. 1). The result of this computation is shown
in Fig. 2.

4.1.2. Assimilation. The assimilation is carried out for 30 d.
This time window represents a relevant time-scale of the ocean

1
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0
t tt t

Fig 1. Computation of the error by integration of the forecast model
(dashed line) starting from the ‘true’ trajectory (plain line).
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Fig 2. Systematic part of the model error on the SSH component on
the whole domain.

model. Because of the large number of degrees of freedom, the
optimization is not likely to converge in a number of iterations
that makes the assimilation feasible. The number of iterations
is therefore limited to 100 for the first experiment (high obser-
vation coverage) and 30 for the second (low coverage). In both
cases, this choice represents the optimal number of iterations
for the VDA-IC to achieve best results. In the fist experiment,
100 iterations are enough for VDA-IC to reach convergence be-
cause of the simplicity of the model. The results of VDA-ICSE
can be slightly improved by increasing the number of iterations,
but we chose to keep the same number of iterations, as we wanted
to show the improvement at constant cost. If the observation cov-
erage is sparse in space and time (second experiment), reaching
the convergence is not suitable. Indeed, usually a VDA scheme
resolves first the large scales and then goes down to small scales
as the minimization proceeds (see Vidard, 2001). Therefore, af-
ter a certain number of iterations (about 30 in this case), both
VDA-IC and VDA-ICSE start to act on scales that are not rep-
resented by the observations. The minimization method used in
the following experiment is M1QN3 quasi-Newton with limited
memory developed at INRIA by Gilbert and Lemaréchal (1989)
and based on Nocedal (1980).

Because of the great discrepancy between the dimension of
different components of the state vector (u and v are about 1 m
s−1 and h is about 500 m) the minimization problem is very ill-
conditioned. To avoid this, a preconditioning is performed using
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the square root of the inverse of the background and model error
covariance matrices (in the B=B1/2 BT/2 sense). The new control
vector is

v =
[

B−(1/2) 0
0 Q−(1/2)

] [
x0 − xb

η0 − ηb

]
. (14)

v is a non-dimensional vector, and minimizing eq. (6) becomes
the equivalent problem to minimizing

J (v) = 1

2

n∑
i=0

(
Hti (x(ti )) − yo

i

)T
R−1

i

(
Hti (x(ti )) − yo

i

)
︸ ︷︷ ︸

Jo

+
Jb+Jη︷︸︸︷
vT v

(15)

with the gradient

∇v J = v +
[

BT /2 0
0 QT /2

] [
∇x0 J
∇η0 J

]
. (16)

In addition to non-dimensionalizing the control vector, because
of this change of variable the eigenvalue of the Hessian matrix
is at least 1 and the ratio between the highest and the lowest
eigenvalue is reduced (Courtier, 1997). Moreover, as it is actu-
ally the inverse of eq. (14) that is performed at the beginning
of each minimization iteration, it is the square roots of the co-
variance matrices and their adjoint that are used and not their
inverses. Because of the lack of knowledge on the errors and the
size of the problem, the determination on B and Q is not obvious.
In this paper, both B and Q are multivariate operators that are
constructed as described in Appendix B. The observation error
covariance matrix R is assumed to be diagonal (error uncorre-
lated in space) and constant in time. In a twin experiment where
the observation take place exactly at model grid points (no rep-
resentativeness error) and the measurement error is simulated by
white noise, this hypothesis is appropriate. In a realistic case, rep-
resentativeness errors have to be taken into account; moreover,
the measurement errors are likely to be correlated in space and
time.

4.2. Results

4.2.1. Assimilation of sea surface height maps. First, every
three days, the whole field of SSH derived from the ‘true’ model
is taken to serve as observations for the assimilation experi-
ment. In this case, as the number of observations is larger than
the number of degrees of freedom, the minimization problem is
highly overestimated. Because of this assimilation we obtain an
optimal (or analysed) trajectory on the whole one month time
window. The analysed state at the end of the assimilation period
is subsequently used as an initial condition for a one month fore-
cast (during this period the forcing is assumed known). Figure 3
shows the time evolution of the root-mean-square (rms) error of
each component of the analysed state vector (h, u and v) on the

whole domain, for the assimilation period (thick lines from D-30
day to D) and for the forecast period (from D day onward).

We can recognize the typical u-shaped (or j-shaped) error
curve of the control of initial conditions only (thick dashed line)
on the observed component in the presence of the model error.
Indeed, in this case the VDA-IC method has to introduce er-
rors in the initial field in order to obtain a trajectory closer to
the observations on the whole assimilation time window. This
phenomenon is illustrated by Fig. 4a which represents the er-
ror on the initial conditions increment. This is the difference
between the ideal correction to the background initial condi-
tions in order to reconstruct the ‘true’ initial conditions (δxtrue)
and the analysed increment provided by the VDA-IC (δxopt

IC ):
δxtrue − δxopt

IC . Therefore, this field represents the error intro-
duced by the VDA-IC on the initial conditions. Similarities with
the systematic model error shown in Fig. 2 are obvious, as we
can recognize the ‘two-phase’ shape: negative in one part of the
domain, positive in the other. Because the initial condition is the
only controlled field in VDA-IC, in order to correct the effect
of the model error on the whole trajectory, this scheme has to
introduce the same type of error in the initial field. Once the
assimilation period is over, the forecast model drifts gently from
the simulated reality (true model), because of the error in the
forecast model.

The introduction of the control of the systematic model er-
ror (thick plain line) reduces the global level of error during the
assimilation window, and moreover prevents the analysed error
from being u-shaped. The fact that the evolution curve of the
analysed error is almost horizontal means that a large part of the
model error has been corrected. Moreover, in the VDA-ICSE, the
initial conditions can be estimated independently of the correc-
tion of model errors. In Fig. 4 the same xtrue − δxopt

ICSE increment
error as for VDA-IC is plotted. Except at some locations on the
boundary, the error in the initial state is highly reduced compare
to VDA-IC and the ‘two-phased’ structured error disappears and
is replaced by a low amplitude noise. This is similar to what is
obtained by VDA-IC in a ‘perfect model’ case (not shown).

The forecast originating from VDA-IC (dashed thin line)
evenly drifts; so does the forecast originating from VDA-ICSE
if the forecast model is the same (thin dotted line). However, if
the model error correction term η0 computed by the assimila-
tion is still present in the forecast equation, i.e. if the forecast
integration is continuously corrected by the estimated system-
atic error (plain thin line), the drift is highly reduced. This may
indicate that the estimated model error correction term is repre-
sentative of the systematic part of the error present in the model.
Comparing the ‘true’ and the estimated SSH component of the
systematic model error (see Fig. 5) we can notice the similarities
between these two fields. Although they are not identical, the
‘two-phase’ shapes are quite well reconstructed in the estimated
field. In operational applications, applying the systematic error
correction during the forecast phase may not provide such a sig-
nificant improvement. Indeed, the forcing fields usually come
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Fig 3. Time evolution of the sea surface elevation, zonal and meridional current rms error for the assimilation and forecast windows.
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Fig 4. Error on the initial condition increment for VDA-IC (left) VDA-ICSE (right) schemes.
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Fig 5. Known model error (left) and estimated error by the VDA-ICSE observing the whole SSH field every three days (right).

from the ‘best’ available atmospheric source, such as reanalysis,
whereas the forecast phase is a coupled ocean–atmosphere in-
tegration. In this case the systematic error may not be the same
during the forecast and the assimilation period. However, the
correction term can still be kept in the framework of a hindcast
experiment and of coupled data assimilation

Figures 3(b) and (c) represent the rms error of the analysed
trajectory for the non-observed component of the state vector u
and v. Results of VDA-ICSE on these components preserve a
good quality: the level of error during the assimilation period
is lower than in the VDA-IC case and the good estimation of
the model error correction term on these components leads to a
reduction in the forecast drift as well. The quality of this result
is due mainly to the fact that the operator of multiplication by Q
is multivariate (see Appendix B).

Starting from the VDA-IC scheme, which is the operational
data assimilation algorithm in several weather centres, the in-
troduction of the control of the systematic part of model errors
does not require drastic algorithm modifications. It is sufficient
to add the correction term into the direct model equation and
to sum the adjoint state vector at each time-step to compute
the corresponding gradient term. Because the adjoint model
is already integrated for the VDA-IC, one iteration of VDA-
ICSE is about the same cost. However, as the size of control
is twice that of VDA-IC we can expect the number of itera-
tions needed for convergence to be higher. Figure 6 shows that,
for the same number of iterations, the discrepancy between the
observation and model state in VDA-ICSE is at least as good
as VDA-IC and gradually improves as the number of iterations
increases. At the end of the fixed number of iterations, VDA-
IC no longer seems to be able to improve the results, whereas
the VDA-ICSE analysed model state is still getting closer to
observations.
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Fig 6. Comparison of the logarithm of J o terms.

4.2.2. Assimilation along ‘satellite’ tracks. In the previous
section, the observations were the whole SSH field every three
days. This may be related in real life to the assimilation of satel-
lite maps interpolated from tracks. One of the advantages of
variational methods is to allow the use of observations directly
when and where they are produced. Therefore, the observation
data set is now reduced to a style of ‘along satellite tracks’ (see
Fig. 7).

The number of observations is now only 25% of the number of
degrees of freedom of our minimization problem. This remains
an overestimated problem, but now the majority of the infor-
mation comes from the background terms of the cost function
J b and J η. Because the background covariance matrices are not
usually well known, the lack of observations may degrade the
results. Indeed, in an unobserved area, the methods may intro-
duce spurious corrections in areas without observations in order
to improve the fit in an area where there are observations. These

Tellus 56A (2004), 3



184 P. A. VIDARD ET AL.

10

20

30

40

50

60

70

80

10 20 30 40 50 60 70 80

y

x

Fig 7. Location of the observations (ground track of satellites).

spurious corrections damage the overall balance of the model
fields and can lead, for instance, to the creation of unexpected
and unwanted currents.

Figure 8 shows the corresponding rms error evolution plots
as Fig. 3. It can be seen that the VDA-ICSE still improves the
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Fig 8. Time evolution of the sea surface elevation, zonal and meridional current rms error for the assimilation and forecast window.

results compared to VDA-IC during the assimilation period on
every component of the state vector. However the SSH error
curve remains u-shaped, which may indicate that model errors
are still present. Moreover, the improvement of the drift of the
model is not as clear as in the previous experiment.

The u shape is even more pronounced in the ICSE experi-
ment, which is better thanks to more degrees of freedom, but the
systematic error is no longer well estimated (see Fig. 9).

Even if the introduction of the control of systematic error
reduces the level of error during the assimilation window, the
number of observations is no longer sufficient to allow a correct
estimation of the systematic part of the error. Indeed, the es-
timated correction term may include information about other
types of error such as the non-systematic part of model er-
rors or a remaining part of the initial condition error, or even a
term reducing the difference between observation and model but
without any consistency with the reality in non-observed areas
(aliasing).

If we want to retrieve the good quality of the previous ex-
periment, we need to introduce more information. This may be
done using prior knowledge of the systematic error. One of the
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Fig 9. Estimated error by the VDA-ICSE observing SSH along
satellite tracks.

possible ways to do this is to modify the systematic error back-
ground term J η of the cost function, and more precisely using
the Q operator. This means that the size of the ensemble of el-
igible states for the minimization can be reduced in order to
obtain an analysed state more consistent with the physics of the
system.

In the current case, we can introduce in the matrix Q a con-
straint on the two-main-phase structure that appears on the ‘theo-
retical’ error (Fig. 2). In other words, we force the method to esti-
mate the error only along the larger structures (these two phases)
because there is not enough information to correct smaller struc-
tures in an efficient way. This can be done by adding a new op-
erator T into the change of variable eq. (14) and the subsequent
gradient computation eq. (16) by

η0 = Q1/2Tα (17)

∇α J = TT QT /2∇η0 J . (18)

In this case T can be built using the ‘sinusoidal’ shape of the
systematic part of the model error to be estimated, in a simplistic
way:

(Tα)(i, j) = α( j) sin(−π i/I ) i = 1 . . . I j = 1 . . . J . (19)

In addition, this approach reduces dramatically the size of the
systematic error part of the control vector (from I × J to I).
Constraining the minimization to focus on larger structures per-
mits us to estimate a correction term more consistent with the
error present in the model. This leads directly to a better quality
forecast (see Fig. 10). During the assimilation time window, the
gain provided by the ‘great structure’ version is not obvious, but
the fact that the error curves are more horizontal may prove that
the correction term is better estimated.

4.2.3. Remark on incremental formulation. In order to have
a quadratic cost function, most of the operational VDA schemes
use the incremental formulation (Courtier et al. 1994) where the

direct model M is replaced by its tangent linear (linearized with
respect to a reference trajectory). The reference trajectory is up-
dated at regular intervals during the minimization to keep the
tangent linear hypothesis1 valid. The VDA-ICSE can be applied
in an incremental formulation provided the model error correc-
tion term is treated as an increment, and the model error model
T is linearized.

5. Conclusions

To control the model error is an important issue. In the pres-
ence of the model error, the control of the initial condition only
is not enough. Indeed, the presence of model errors forces the
assimilation to introduce errors in the initial conditions to cor-
rect for them. Treating separately initial condition errors and
model errors may allow a better estimation of both corrections.
Nevertheless, the control of the model error in its classical form
is too expensive for current computational means. In addition,
the systematic and random components of the error should be
treated separately. Therefore, controlling the systematic part of
the error has several advantages. First, the additional computa-
tional cost is negligible compared to the control of the initial
condition only. Indeed, the gap between analysis and observa-
tion is smaller in the VDA-ICSE case compared to the VDA-
IC case, even for a small number of minimization iterations.
Moreover, the computational cost of one iteration is comparable
in both cases. Another interest of this approach is to allow us
to keep the estimated model error correction term to constrain
the forecast, and this leads to a significant improvement on the
forecast.

However, because controlling the model error doubles the
number of degrees of freedom of the minimization, additional
care has to be taken when observations are sparse in time and/or
in space. Such a lack of information can be filled by improv-
ing the model error covariance matrix and/or by focusing on the
largest scales of the correction only. In other words, if there is
not enough information brought by the observations to obtain a
good estimation of the control vector, either one adds informa-
tion (in the error covariance matrices for instance) or one can
restrict the control domain.

Because the model error shape is seldom known in any realistic
application, the way of reducing the size of control used at the
end of the previous section cannot be used directly. One has to
gather information coming from prior knowledge of the model
errors such as weakness of the model, which approximations are
done in its equations, and/or statistical information coming from
previous analysis.

This problem of the number of observations versus the num-
ber of degrees of freedom of the minimization problem is not
restricted to the control of the model error only. In a more gen-
eral way, we can ask the question: ‘Is the resolution of our model

1 M(t0,tN )(xb + δx0) = M(t0,tN )(xb) + M(t0,tN )δx0.
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Fig 10. Time evolution of the sea surface elevation, zonal and meridional current rms error for the assimilation and forecast window.

the best choice given our observation data set?’ Let us suppose
that several models are available with different grid scales, ap-
proximations and parametrizations to describe one given system
behaviour. For a given observation data set, the highest reso-
lution model may not be the best choice for assimilating this
data set. Indeed, if it models physical phenomena that are not
well represented by observations because of too small scales,
the assimilation might not be able to control them and therefore
the analysis might be degraded. On the other hand, the use of a
too coarse model does not lead to a high-quality analysis. The
choice of the resolution of the model should be related to the
observation network used for the data assimilation.

Because of the simplicity of the model and the twin-
experiment framework, the conclusion drawn in this paper serves
only as guidance to more realistic experiments. An early imple-
mentation on the Ocean General Circulation model OPA (Madec
et al. 1998) of the VDA-ICSE scheme has been carried out (Vi-
dard, 2001). It shows that despite the low coverage of the ob-
servation data set, the control of systematic model errors can
improve the results of the VDA-IC.
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7. Appendix A: derivation of
the lagrangian function

∂L
∂x∗ =

∫ T

t0

dx
dt

− M(x(t)) − T(η(t)) dt (A1)

∂L
∂η∗ =

∫ T

t0

dη

dt
− �(η(t), x(t)) dt (A2)

∂L
∂x

=
I∑

i=1

HT
ti

R−1
ti

[
Hti (x(ti )) − yti

] + B−1(x0 − xb)

+
∫ T

t0

− dx∗

dt
−

[
∂M
∂x

]T

x∗ +
[

∂Φ
∂x

]T

η∗ dt (A3)
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Fig 11. Sea surface elevation (surface shade) and current velocity field (vector field) for one single Dirac on the sea surface elevation vector(left)
and its result from the multiplication by B (right).

∂L
∂η

= Q−1
0

(
η0 − ηb

) +
∫ T

t0

− dη∗

dt
−

[
∂Φ
∂η

]T

η∗ + TT x∗ dt .

(A4)

8. Appendix B: B and Q operators

The background and model error covariance matrices (B and Q)
play an important role in determining the spatial structure of
the analysis initial condition increment and systematic model
error correction term. Unfortunately, because of the size of the
problem, it is not possible to store explicitly these matrices in
computer memory. Moreover, in a realistic application these co-
variances are seldom known and, because of the sparsity of the
external information (observations), it is difficult, if not impos-
sible, to obtain complete and accurate estimates of them.

B can be expressed as

B =


Buu Buv Buh

Bvu Bvv Bvh

Bhu Bhv Bhh


 (B1)

with

Bxx = �xxCxx�xx. (B2)

�xx are the matrices of standard deviation of the unbalanced
error on variable x (u, v, or h) and Cxx are the corresponding
correlation matrices. In this paper, Cxx are assumed to be Gaus-
sian and are modelled using a diffusion operator. This is a direct
application of Weaver and Courtier (2001). Following Derber
and Bouttier (1999), the B matrix can be written as

B = KbB̂KT
b (B3)

where

B̂ =


Buu 0 0

0 Bvv 0
0 0 Bhh




and Kb is the so-called balance operator. In the test case presented
in this paper, we can use the geostrophic balance (eqs B4 and
B5) and the hydrostatic hypothesis (B6) to define the relationship
between u, v and h:

ρ f veqh = ∂p
∂x

(B4)

ρ f ueqh = −∂p
∂ y

(B5)

p = ρgh. (B6)

The balance operator is then defined by

Kb = K′
b + I =




I 0 − g

f

∂.

∂ y

0 I
g

f

∂.

∂x
0 0 I


 . (B7)

Figure B1 shows the result (right) of the multiplication of a
one-state vector with a sea surface elevation of 1 in the middle of
the domain and 0 everywhere and with no current at all (left) by
the B operator constructed as described before. We can see the
Gaussian correlation of the sea surface elevation and the vortex
in current velocity resulting from this elevation.
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