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ABSTRACT

Global vorticity budgets in C-grid shallow water (SW) and quasi-geostrophic (QG) models of wind-
driven ocean circulation with free-slip boundary conditions are considered. For both models, it is pointed
out that the discretized vorticity equation is defined only over a subdomain that excludes boundary
grid nodes. At finite resolution, this implies an advective flux of vorticity across the perimeter of the
discretized vorticity domain. For rectangular basins where grid axes are aligned with the basin walls,
this flux tends to zero as resolution is increased. We also consider the case in which the grid is rotated
with respect to the basin, so that a step-like coastline results. Increased resolution then leads to more
steps and, because the advective flux of vorticity out of the domain is particularly large at steps, it
is no longer obvious that increased resolution should reduce the advective flux. Results are found to
be sensitive to numerical details. In particular, we consider different formulations for the non-linear
terms (for both the SW and QG models) and two formulations of the viscous stress tensor for the
SW model [the conventional five-point Laplacian and the δ–ζ stress tensor suggested by Madec et al.
(J. Phys. Oceanogr. 21, 1349–1371)]. For the SW model, the overall circulation and the behavior of the
flux term are dependent on both the formulation of the viscous stress tensor and the non-linear terms.
The best combination is found to be the δ–ζ tensor with an enstrophy-preserving advection scheme.
With this combination, the circulation of the non-rotated basin is recovered in rotated basins and the
advective flux tends to converge towards zero with increasing resolution. The poorest combination is
the δ–ζ tensor with the conventional advective scheme. In this case, the advective flux term diverges
with increasing resolution for some rotation angles and the model crashes for some others. For the QG
model, the convergence order of the advective flux term of absolute vorticity is near unity (roughly
the same as with the SW model). Most of the error (especially at high resolution) is related to errors
in the β term (which is hidden in the advective contribution in the SW model). However, the overall
circulation is less sensitive to the rotation of the grid with respect to the basin, especially when the
Jacobian proposed by Arakawa (J. Comput. Phys. 1, 119–143) is used.

1. Introduction

Much of the theory of large-scale ocean circula-
tion is based on analytic and numerical calculations
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carried out in basins having simple, most often rect-
angular, geometric forms. The motivation for this ap-
proach has mainly to do with the added simplicity it
offers. Thus, while the introduction of complex forms
of actual basins will necessarily lead to large defor-
mations of the circulation, it is hoped that a thor-
ough understanding of the simple geometry problems
will translate to at least a qualitative understanding
of the actual ocean. Simple basin shapes also offer
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obvious numerical advantages. For example, in finite
difference models, horizontal grid axes are generally
chosen to correspond with the orientation of (rect-
angular) basin walls. It was pointed out by Adcroft
and Marshall (1998, hereafter referred as AM) that
when this orientation is not chosen, numerical prob-
lems associated with the artificial steps introduced in
the discretized geometery can have an O(1) impact
on circulation strength and patterns. This is especially
evident under the free-slip dynamic boundary con-
dition. Furthermore, when more realistic geometries
are considered, these artificial steps are unavoidable,
at least in finite difference formulations, which are
often employed in general circulation models. More-
over, modelers typically refine the coastline geometry
as resolution increases. Thus, although the steps be-
come smaller, their number increases with increasing
resolution. It is then not obvious that numerical prob-
lems associated with the steps disappear as resolution
is increased. That is, presumably smaller steps pose
less of a problem individually; however, that there are
more of them poses more of a problem.

Ocean circulation theory also relies heavily on ideas
relating to potential vorticity (Gill, 1982; Pedlosky,
1987; 1996) and one is often interested in basin inte-
grated vorticity, or potential vorticity budgets. In fact,
“difficulties” in closing the vorticity budget seem to be
related to the problem of inertial runaway (Pedlosky,
1996). That is, it is observed in numerical integrations
of, for example, the single gyre Munk problem, that
velocities become unrealistically large as viscosity is
reduced from grossly unrealistic (large) values towards
more palatable, smaller ones (Ierley and Sheremet,
1995). The problem is more severe under free slip
boundary conditions because the free slip boundary
layer is less effective at achieving a vorticity flux across
the basin perimeter. One of the points made in the
present manuscript is that it is often difficult to define
numerically meaningful vorticity budgets, except in a
subportion of the model domain that excludes a thin
strip adjacent to the wall. Put another way, at least in
certain circumstances, there is an artificial source/sink
term of vorticity immediately adjacent to the bound-
ary. This numerical artifact is particularly problematic
in model geometries having step-like structures in the
basin walls. Given that these structures are generic (as-
suming finite difference methods and complex coast-
line forms), this may lead to problems in accurately
calculating vorticity budgets, which may otherwise
be useful in analyzing output from general circulation
models (e.g., Wells and de Cuevas, 1995).

This problem is made even more dramatic by the
fact that all the terms in the vorticity budget can be re-
cast into boundary integrals. This suggests that values
of these integrals may be sensitive to coastline rep-
resentation in the model. Because we discard a thin
strip along the model boundary for computing vortic-
ity budgets, we allow for an advective flux of vorticity
through the lateral boudaries (to be explained later).
This term is usually small and decreases with increas-
ing resolution in rectangular geometries. However, the
advective flux of vorticity is particularly large at steps,
and it is no longer obvious that increased resolution
should reduce this term. We are therefore concerned
about the numerical formulation of the advective terms
in numerical models of the ocean and how it affects
the vorticity budget calculation (and by extension the
overall circulation). As did AM, we also expect to find
sensitivity to the formulation of the viscous dissipation
terms. They considered only one advection scheme,
and found a marked improvement when the viscous
terms were represented as in Madec et al. (1991). Here,
we hope to find an optimal combination of the two that
will minimize the influence of artificial steps.

The details of the discretization may vary depending
on the staggering of the different variables on the grid.
Typically, in the more general context of the primitive
equations, the equations are solved on a structured grid
using one of several standard staggering techniques:
the A-grid (Dietrich et al., 1993), B-grid (Bryan,
1969; Cox, 1984) or C-grid (Bleck and Boudra, 1981;
Blumberg and Mellor, 1983). Structured grids facili-
tate employment of second or higher order accuracy
for the discretized equations, but make awkward ac-
curate representation of boundaries. More precisely,
where the orientation of the boundary does not corre-
spond to that of the grid, discretization of the boundary
introduces a series of artificial ‘steps’ along the coast
(Fig. 1). For example, three-dimensional z-coordinate
models have meridional circulations which are known
to be sensitive to the details of how the bottom bound-
ary is represented. More precisely, the issue is that
they do not accurately advect denser waters along
slopes and overestimate diapycnal mixing (Gerdes,
1993; Roberts et al., 1996; Roberts and Wood, 1997).
One approach has been to adopt the sigma-terrain fol-
lowing vertical coordinate (Phillips, 1957; Blumberg
and Mellor, 1983; Gerdes, 1993). Howerver, this verti-
cal coordinate introduces other known problems, such
as pressure gradient errors and artificial diapycnal mix-
ing. Winton et al. (1998) demonstrated that the prob-
lem of accurately representing downslope flows was
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Fig. 1. Rotation of a square domain.

essentially a resolution problem. When the resolution
in the vertical and the horizontal directions was high
enough to represent the slope and the bottom bound-
ary layer, an accurate simulation of the downsloping
process was possible. Unfortunately, the resolution re-
quired is too high for conventional applications. On
the other hand, specific parameterizations can remedy
for the lack of resolution. For example, coarse resolu-
tion z-coordinate models may include an explicit bot-
tom boundary model (Beckmann and Döscher, 1997;
Lohmann, 1998; Killworth and Edwards, 1999). Ad-
ditionally, Hirst and McDougall (1996) suggested that
the turbulence scheme of Gent and McWilliams (1990)
remarkably enhances the conservation of water proper-
ties as the water is advected down the slope. Although
the physical processes involved may be different, there
may be similar problems relating to the discretization
of horizontal coastlines. That is, the presence of steps
adjacent to energetic boundary currents may seriously
compromise the dynamics of the model. The problem
is exacerbated under free-slip, for which boundary cur-
rents tend to be stronger immediately adjacent to the
coast. A question also arises regarding the influence of
resolution versus the influence of steps. The smaller
the grid cell, the larger the number of steps along a
coastline. It is then not clear whether the solution be-
comes more accurate (due to higher precision in the
interior) or less accurate (due to an increased number
of singularities or steps along the boundary).

To date, there have been few studies focusing on
this issue. Pedersen (1986) studied the influence of
steps on gravity waves and found a retardation effect
at coarse resolution. Schwab and Beletsky (1998) ob-
served the same problem for Kelvin waves in different
ocean models. AM addressed the problem in the con-
text of the single gyre nonlinear Munk problem using
a C-grid shallow water (SW) model. They showed (as
did Cox, 1979) that the horizontal circulation under

the no-slip boundary condition is not very sensitive to
the presence of steps along the coastline. This can be
explained by the fact that the core of the boundary cur-
rent under no-slip is located a few grid points inside
the interior of the basin.

For free-slip, however, they compared results from
non-rotated and rotated square basin experiments and
showed the circulation to be highly sensitive to the
presence of steps along the walls. In rotated basin ex-
periments, the basin was rotated relative to the grid
axes (Fig. 1), but the wind forcing and north–south
axis were kept constant relative to the basin, so that
the only differences between the experiments are due
to the discretization. The presence of steps along the
boundary tends to reduce the strength of the circula-
tion to the extent that results obtained using free-slip
boundary conditions with step-like boundaries more
closely resembles those with no-slip boundary condi-
tions than free-slip solutions without steps. Moreover,
they showed that, at least for small rotation angles,
sensitivity to steps under free-slip conditions could be
greatly reduced by using a vorticity–divergence for-
mulation of the viscous stress tensor (Madec et al.,
1991), hereafter referred as the δ–ζ formulation.

Our main objective is to refine results from AM by
testing different numerical formulations of both the
advective and diffusive terms, as we hypothesize that
these terms are important from a vorticity budget point
of view. Related changes to the overall circulation will
be pointed as well. By using vorticity budgets, we
also expect to quantify some of the results in AM.
Finally, we point out that a similar problem of defin-
ing a vorticity budget exists in QG models (though
with less dramatic consequences). This is may be a
counter-intuitive result, since most of the QG models
solve for the vorticity equation at second-order accu-
racy (that is, one order higher than a vorticity equation
derived from the discretized at second-order primitive
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equations would be). Results from QG models also
help to shade some light on the shallow water experi-
ments.

We conclude this introduction with three remarks.
The first concerns the representation of the coastline in
FD models. Some methods exist to treat exactly a coast
not oriented along the discretization axes (Pember
et al., (1995); Matthews et al., 1996; Forrer and Jeltsch,
1998). These methods have their own limitations, such
as the treatment of viscous stresses at the boundary or
time-step limitation problems. However, the empha-
sis of our study is not on developing or investigating
these new FD models. Our focus is on testing the sen-
sibility of step-like representations used in the ocean
modelling community.

The second issue relates to the kind of idealized ex-
periments we have performed. We have deliberately
introduced artificial steps in the model boundary in
these experiments. It is hoped that our results will give
insight to the more relevant case where artificial steps
result from real irregularities in coastine geometries.
We should also comment that we expect the coastline
problem described in this manuscript to have analo-
gies with problems relating to steps appearing in the
discretization of the shelf break in three-dimensional
models.

Lastly, we decide to focus on the free-slip bound-
ary condition because of the dramatic sensivity of the
model solution to the presence of steps (as shown by
AM) under this boundary condition. Even though the
no-slip condition is more popular, it remains unclear
why this choice should be the most appropriate, par-
ticularly at coarse resolution, but arguably also at the
state-of-the-art resolution used in basin scale general
circulation models.

The article is organized as follows. In Section 2, we
compare the analytic vorticity budget with the equiv-
alent discretized model vorticity budget for the SW
model. We also show model vorticity budgets for vari-
ous simulations and discuss the implications. Section 3
repeats the same approach for the QG model. Finally,
a discussion and conclusions are given in Section 4.

2. Vorticity budgets in a C-grid SW model

In this section, we compare the analytic vorticity
budget with the equivalent discretized vorticity bud-
get for a C-grid shallow water (SW) model and explain
why the two budgets do not match. We then give re-
sults for the discretized vorticity budget and discuss

the implications in terms of modelling of wind-driven
gyres in the presence of step-like coastlines.

The parameters we chose to use (see Appendix)
lead to the following length scales (following scalings
of Pedlosky, 1996, and others): The thickness of the
Munk boundary layer (LM) is 35 km and the thickness
of the inertial boundary layer (L I) is 43 km. This leads
to a boundary layer Reynolds number (Re) of 1.85 and
a viscous sublayer of width 25 km. Due to the use of a
reduced gravity coefficient, the Rossby radius of defor-
mation is 31 km which is on the order of the resolution
of our coarser grids. Therefore the steps may affect the
mesoscale transients in our experiments. However, our
solutions converge towards stationary equilibria, as is
typical for the one-layer (with or without reduced grav-
ity) single problem problem under free-slip conditions.
That is, mesoscale transients tend to be negligible in
our runs.

2.1. The general form of the discretized
vorticity budget

We consider the shallow-water equations

∂t u + u · ∇u + f k × u + g′∇h = τ

h
+ ν∇2u (1)

∂t h + ∇ · (uh) = 0 (2)

where the variables are given in Table 1 and parameters
in Appendix. It is sometimes convenient to recast the
non-linear terms in eq. (1) in the following form:

∂t u + qk × (uh) + ∇B = τ

h
+ ν∇2u, (3)

where q and B are also given in Table 1. The kine-
matic boundary condition is no normal flow and the
dynamic boundary condition is taken to be free-slip.
The vorticity equation is found by taking the curl of
eq. (3),

∂tζ + ∇ · (qhu) = k · ∇ ×
(

ν∇2u + τ

h

)
. (4)

Upon integration of this equation over a closed basin,
the divergence of the potential vorticity mass flux can-
cels out and we get

∂t

(∫
	

ζdx dy

)
= ν

∮
δ	

∂ζ

∂n
dl +

∮
δ	

τ · dl
h

. (5)

Equations (1) and (2) or (2) and (3) can be dis-
cretized in different ways. To simplify the discussion,
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Table 1. List of variables in eqs. (1)–(3)

u = (u, v) Horizontal velocity vertically
averaged

q = (ζ + f )/h Potential vorticity
ζ = k · ( ∇ × u) Relative vorticity
k = (0, 0, 1) Unit vector normal to the

horizontal plane pointing
upward

h Layer thickness (mean
value = 1000 m)

f Coriolis parameter
B = g′h + 1

2 u · u Bernoulli function
ν Dynamic eddy viscosity
g′ Reduced gravity acceleration
τ Wind stress in m2 s−2 (i.e.,

normalized by density)
	 Basin domain
δ	 Boundary of the basin domain
n Normal vector oriented

out of the domain
C = u · ∇ u + f k × u Advection–Coriolis terms

we leave the time derivative being continuous, and re-
strict ourselves to the C-grid. A useful general form of
the SW equation is the following:

∂t u + Cu + δx� = τu

h
x + Fu (6)

∂tv + Cv + δy� = τv

h
y + Fv (7)

∂t h + δxU + δy V = 0 (8)

where C = (Cu, Cv) represents the advection–Coriolis
terms, � represents a potential function, F = (Fu, Fv)

Fig. 2. Locations of variables near a step for the SW C-grid model (left panel) and for the quasi-geostrophic (QG) model
(right panel). For the SW model, dashed squares are the boundary normal velocity nodes, white disks are the vorticity nodes
where the relative vorticity is specified to be zero and black disks are the vorticity nodes for which a discretized vorticity
equation can be written. In grey is the region delimiting the vorticity budget domain. This region does not extend to the model
boundary. Instead, there is an half-cell band around the boundary (left in white) where we cannot derive any budget. A similar
problem exists for the QG approximation.

are the viscous terms and other notation is described in
the Appendix. The exact forms of C, � and F depend
on choices made with respect to the discretization. For
example, � might represent the Bernoulli function or
simply the pressure, depending on whether a formu-
lation based on eq. (1) or on eq. (3) is employed. We
first make a general point about numerical vorticity
budgets and later discuss the peculiarities specific to
choices for C, � and F. From eqs. (6) and (7) we write
the discretized vorticity equation

∂tζ = −δx Cv + δyCu + δx Fv − δy Fu

+ δx

(
τv

h
y

)
− δy

(
τu

h
x

)
. (9)

This equation is defined at interior ζ -nodes only (i.e.,
excluding the boundary nodes), because it requires
defining momentum equations at all neighboring ve-
locity nodes (white squares in Fig. 2). We now want
to sum over all interior ζ -indices in order to get the
model vorticity budget. For simplicity, we write vec-
tors in place of horizontal components, even though
the components are not discretized at the same loca-
tion (see Appendix):

∂t

∑
i j∈	ζ

ζ�x�y =
∑

i j∈δ	ζ

(
−C + F + τ

h

)
·∆l, (10)

where δ	ζ is the ensemble of indices representing the
velocity nodes of the envelope of the interior vorticity
node domain, 	ζ (black nodes in Fig. 2). We rewrite
eq. (10) in a more convenient form by defining

Fadv = −
∑

i j∈δ	ζ

C ·∆l, (11)
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Fvis =
∑

i j∈δ	ζ

F ·∆l, (12)

Fi =
∑

i j∈δ	ζ

(
τ

h

)
·∆l. (13)

Thus eq. (10) becomes

∂t

∑
i j∈	ζ

ζ�x�y =Fi +Fo =Fi +Fadv +Fvis. (14)

Fi (flux in) is the wind input of vorticity and Fo (flux
out) is the sum of the viscous diffusion flux, Fvis, and
of the advective flux, Fadv. The important point here
is to note that Fadv ideally should be zero, since it
represents an advective flux through the basin lateral
boundary. It is not zero in the numerical model because
the domain boundary for the model vorticity budget is
located half a grid point inside the domain (Fig. 2).
However, as the resolution increases, the region de-
limiting the vorticity budget domain approaches the
model boundary, and Fadv should converge to zero.
How quickly this occurs will depend on the numerical
formulation.

It is always possible to approximate the vorticity
budget at the model boundary by using off-centered
derivatives and extrapolating or interpolating some of
the variables to the boundary. However, we want to
make sure that our vorticity budgets are relevant to
the specific numerical formulation under investiga-
tion, especially since we hypothesize that the numer-
ical formulation of the advective and diffusive terms
(and the associated treatment of the steps) has an in-
fluence of the vorticity budget. Therefore, in order to
investigate such an effect, we have to derive a bud-
get from the discretized equations and to allow for
a non-zero Fadv through the model vorticity budget
boundaries.

One could argue that, physically, it is the vortic-
ity budget integrated over the entire domain that is of
interest, and that the advective contribution for this
domain must vanish by virtue of the no normal flow
condition. Also, because of the use of the free-slip
boundary condition, the time tendency of the vortic-
ity integral is not modified if the domain is chosen to
be the model vorticity domain or the full model do-
main (for a straight wall free slip implies ζ = 0 on the
boundary; see next section for more details on vortic-
ity boundary conditions). Moveover, for the form of
the wind forcing chosen, its contribution to the vor-
ticity budget is not significantly modified. Thus, the
“full domain” vorticity budget should amount to a bal-

ance between Fi and a viscous flux of vorticity across
the basin perimeter. It is not clear to us how to cal-
culate this viscous flux in a way that is numerically
relevant; however, we can always make an estimate
using off-centered differencing. We tried a few rea-
sonable schemes for estimating the viscous flux, and
chose as “best” that for which |Fi + Fvis| was small-
est, i.e., for which the analytic vorticity budget was
best satisfied. However, due to the use of second-order
(only) numerics, it proved difficult to find an estimate
of Fvis over the full domain which differs significantly
from the value obtained over the model vorticity do-
main. As a consequence of this, there is an error in
in our best estimate that is comparable in magnitude
and sign to Fadv. Presumably, the interpretation is that
Fadv into the boundary strip leads to local conver-
gence/divergence of vort in the strip, i.e., since Fadv

must be zero on the wall. On physical grounds, this
must be fluxed across the basin perimeter (in a steady
state) by viscosity; however, we were not able to cal-
culate this viscous flux independently. In other words,
a large portion of Fvis remains unexplained (by our
attempts to use off-center differencings to calculate it
directly). Because we do not have a numerically rel-
evant estimate of Fvis over the full domain, we pre-
fer to concentrate on the cleaner, model vorticity do-
main budget which allows for a non-zero advection of
vorticity, Fadv.

Figure 3 compares the rotated and non-rotated basin
cases. The corresponding circulation of the rotated
basin case is plotted in Fig. 5A-20 km. The integrand
of eq. (11) (i.e., the local Fadv) is plotted as a function
of distance around the basin perimeter and the posi-
tion of the steps is evident from the abrupt jumps in
the integrand value. When summed along the perime-
ter, Fadv is non-zero and is larger for the rotated basin
experiment compared to the non-rotated basin experi-
ment. Starting from this observation, we are interested
in quantifying the importance of the steps over the
global vorticity budget. First, as increased resolution
leads to more steps, and due to the singular behav-
ior of C ·∆l close to steps, it is no longer obvious
that Fadv converges to zero with increasing resolution.
Because of this, it seems reasonable to ask whether
Fadv might be sensitive (perhaps even very sensitive)
to the formulation of the advective terms in eq. (10),
and by extension in equations (1) and (3). Second, we
want to investigate whether the overall circulation is
sensitive to the presence of an extra term in the global
vorticity budget, asFadv can be a source or a sink term,
depending on its sign.
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Fig. 3. Local advective flux along the boundary (C ·∆l/
||∆l||) at 20 km resolution in a square basin for the en-
strophy conserving formulation of the advection using the
B combination of Table 2. The heavy-lined curve is for no
rotation of the basin, the light-lined curve is for a small angle
rotation of the basin (3.4◦) with respect to the grid. Due to
the rotation angle, four steps occur along each side of the
square and cause abrupt changes in the local advective flux.
The circulation corresponding to the rotated case is plotted in
Fig. 5A-20 km.

2.2. Numerical formulations

We are interested in applying different formulations
for the advection–Coriolis terms since we noted that
Fadv was generally non-zero for the single gyre Munk
problem, with the integrand of eq. (11) being par-
ticularly large at steps. The two advective numerical
schemes that we consider are the conventional formu-
lation [based on eq. (1)] and the potential enstrophy
conserving formulation [based on eq. (3)].

In addition to testing for sensitivity to the choice of
advective schemes, we also consider different formu-
lations of the stress tensor. That the overall circulation
is particularly sensitive to the formulation of the stress
tensor is the main result of AM, who found that the δ–ζ

formulation gave better results than the conventional
formulation. We refer to Gent (1993) and Shchepetkin
and O’Brien (1996) for a more complete discussion
on appropriate viscous stress tensor formulations for
the shallow water equations, and limit ourselves to the
two stress tensor formulations used by AM. Below, we
review these two formulations. Thus, we are interested
in testing four combinations of two advective and two
diffusive formulations. Table 2 summarizes these four
different combinations.

With respect to the advection–Coriolis terms, we
compare the conventional formulation to the potential
enstrophy conserving formulation of Sadourny (1975).

For the conventional formulation, C and � are given
by


Cu = u�x u + vx y
�yu − f vx y

Cv = ux y
�xv + v�yv + f ux y

� = g′h,

(15)

and for the potential enstrophy conserving formula-
tion, C and � are given by


Cu = −q y V
x y

Cv = qxU
x y

� = g′h + 1

2

(
u2

x + v2
y
)

.

(16)

Both formulations ensure a second-order accuracy to
the discretized SW equations. For the conventional for-
mulation, changes are made to incorporate the bound-
ary conditions1 at second order of accuracy, by using
off-centered differencings close to the boundary. The
enstrophy conserving scheme explicitly uses the vor-
ticity at boundary points. We choose to set the relative
vorticity to zero along the model boundary, which is
consistent with the free-slip boundary condition along
straight walls2. Also, contrary to the conventional for-
mulation, no off-centered differencing is needed at the
boundary for the computation of C.

The two numerical formulations that we consider
for the viscous terms are the divergence–vorticity
tensor formulation of Madec et al. (1991) and the

1The free-slip boundary condition is defined here as being
the normal derivative of the tangential velocity set to zero.
Other definitions are possible. For instance, Pedlosky (1987
p. 183) defines it as corresponding to being no viscous flux of
tangential momentum across the boundary (i.e., ν[∂v/∂x +
∂u/∂ y] = 0 at the wall). One might also consider zero vor-
ticity at the coast as yet another definition of free slip. For
the case of a straight coastline (with neither curvature nor
artificial steps), these three definitions are equivalent.

2This choice was a matter of simplicity especially since
the steps are artificial in this problem. It is pointed out that,
depending on which of the three definitions of free slip is
employed (see Footnote 1), the vorticity along the wall can
be non-zero if curvature in the coastline is taken into account.
In situations where steps arise as the result of complex basin
forms, it may thus be necessary to rethink exactly how vor-
ticity is specified at boundary nodes. A second point is that
it is possible to specify non-zero vorticity at the tip of each
step if the vorticity is computed in the usual fashion. This
choice, however, tends to weaken the overall circulation, i.e.,
to make it less similar to the non-rotated basin solutions.

Tellus 55A (2003), 3



262 F. DUPONT ET AL.

Table 2. The four combinations of advection formulations and stress tensor
formulations

A B C D

Enstrophy-preserving Enstrophy-preserving Conventional Conventional
advection advection advection advection

Conventional stress δ–ζ stress tensor Conventional stress δ–ζ stress tensor
tensor formulation formulation tensor formulation formulation

conventional five-point Laplacian. For the latter,


∇2ui j = ui−1, j − 2ui j + ui+1, j

�x2

+ ui, j−1 − 2ui j + ui, j+1

�y2

∇2vi j = vi−1, j − 2vi j + vi+1, j

�x2

+ vi, j−1 − 2vi j + vi, j+1

�y2
.

(17)

As with the conventional advection formulation,
changes are made in eq. (17) to incorporate the bound-
ary conditions at second-order accuracy, by using off-
centered differencings.

Another technical remark concerns the treatment
of velocity points close to tips of land, for these affect
the computation of the Laplacian and the conventional
advection terms. For those points (the u and v points
of Fig. 4), the tip of the land is half a grid cell away.
Let us focus on the u-point. The problem is to evaluate
∂u/∂ y in the center of the northern side of the cell

ζ

u
v

Fig. 4. Northward flow past a forward step. The shaded area
is the model domain. We consider only the two momentum
nodes for which the δ–ζ formulation differs from the con-
ventional formulation. The ζ -point at the tip of the continent
has (i , j + 1) indices. Arrows indicate direction of the flow.

surrounding the u-point. The usual treatment would
have

∂u

∂y

∣∣∣∣
north

= ui, j+1 − ui j

�y
(18)

which simplifies to

∂u

∂y

∣∣∣∣
north

= − ui j

�y
, (19)

because of the impermeability condition which sets
ui, j+1 to zero. Alternatively, one might take imperme-
ability to imply that the tip is a stagnation point, in
which case an off-centered differencing leads to

∂u

∂y

∣∣∣∣
north

= −2ui j

�y
. (20)

A third logical possibility would be to apply the free
slip condition at the tip to conclude that

∂u

∂y

∣∣∣∣
north

= 0. (21)

All three boundary condition may prove to be only
first-order accurate close to the steps due to the dis-
continuous nature of the steps. As the grid spacing
goes below LI and L M and the model geometry con-
verges to the true geometry, we found that the choice
of the exact treatment of the free-slip boundary condi-
tion does not substantially affect results. We nonethe-
less choose the third condition (21), in order to let
the “fluid” slip as much as possible along the walls,
since a desirable goal is to reduce the sensitivity of
the circulation to the presence of artificial steps. [The
first two conditions eqs. (19) and (20), tend to slow
down the boundary currents at coarse resolution.] A
more accurate (one that may prove to be second or-
der) formulation of the boundary condition close to
the steps can be derived using a finite volume formu-
lation. This treats the northern viscous flux as a mean
between eqs. (19) and (21). However, this formulation
slows down the boundary current at coarse resolution
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due to the use of eq. (19). In addition, more accurate
treatment of the steps have limited value, as the steps
are artificial in this problem.

The divergence–vorticity (δ–ζ ) form of the stress
tensor leads to the following form for the Laplacians{∇2uij = δx D − δyζ

∇2vij = δy D + δxζ
(22)

where D = δx u + δyv is the divergence expressed at
the h-location (center of the cell). This formulation is
more general in the sense that there is no adjustment
of the formulation at the boundary. Another remark
concerns the case of straight walls. There, there is no
difference between the δ–ζ stress tensor formulation
and the traditional formulation. The difference is in
the treatment of steps.

To illustrate this, we consider a comparison be-
tween the two stress tensor formulations for a forward
step along a north-flowing western boundary current.
Choose (i , j) so that, in Fig. 4, the ζ -point right at the
tip of the land corner would have (i , j + 1) indices
(Fig. 15 for arrangement of indices). Thus, the viscous
terms under the δ–ζ formulation are


∇2ui j = conventional part + vi, j+1

�x�y

∇2vi, j+1 = conventional part + ui j

�x�y
,

(23)

where the additional terms are positive. These addi-
tional terms represent a forward acceleration. As AM
noted, a serious inconvenience of the conventional for-
mulation is that, in the presence of steps, there is “ex-
tra diffusion” of momentum due to additional velocity
points set to zero at the boundary (the impermeability
condition), as compared to the straight wall case. This
extra diffusion is responsible for slowing down the
boundary currents. Therefore, the accelerating terms
of the δ–ζ formulation partly compensate the deceler-
ating terms of the conventional formulation.

A final remark is that the divergence part of the
viscous forces cancels out in the vorticity equation.
Therefore, in the discretized vorticity equation, the δ–
ζ formulation leads to a viscous term that takes the
form of the five-point Laplacian of the vorticity. This
is not true of the conventional formulation.

2.3. Results

By studying Fadv, we want to address several issues
related to the accuracy of the different combinations of

the advection and diffusion formulations and their in-
fluence on the strength of the overall circulation. First,
a major requirement is that, whatever the geometry of
the basin, Fadv should converge to zero as the reso-
lution goes to infinity. This test allows us to rank the
performances of the model for the different combina-
tions of advective and diffusive schemes. Of particular
interest will be the importance of the advective formu-
lation. A second concern is to assess whether the size
of the artificial source or sink of vorticity due to Fadv

influences the overall strength of the gyres. A third
concern relates to the general accuracy of model vor-
ticity budgets.

To address these issues, we make use of the con-
ceptual experiment proposed by AM, in which a sin-
gle gyre Munk circulation is computed in rotated and
non-rotated square basins. In both cases, all parameters
and forcing are unchanged except for the discretized
coastline. The four combinations (A, B, C, D) of nu-
merical formulations we propose to test are detailed
in Table 2. One remark concerns the non-rotated basin
results. There, since the conventional and δ–ζ stress
tensor formulations are identical, the results for the
B combination are identical to the results for A. The
same applies for the C and D cases.

We reproduce qualitatively (different physical pa-
rameters were used) the results of AM in Fig. 5. All
runs are 6 yr long, by which time the vorticity budget
has reached an approximate equilibrium. The budget
computations were carried out using the instantaneous
fields at the end of the run. Using later fields do not
lead to any significant differences. This figure shows
the elevation fields for the A and B cases, and for no
rotation and a small rotation angle of 3.4◦. Clearly,
the A case shows circulation patterns collapsing as the
number of steps along the walls increases whereas, for
the B case, the circulation is quite similar to the orig-
inal non-rotated circulation. The results for C are not
shown but are very similar to the results for A. The
results for D show a small increase in the strength of
the gyre compared to A, but the original overall cir-
culation of A and B with no rotation is not recovered
(not shown).

Figure 6a shows the total kinetic energy3 as a func-
tion of resolution for the various combinations and for

3The kinetic energy in the SW equations can be defined as
1/2 u2 h which has units of m3 s−2. The total kinetic energy
being the basin-integrated kinetic energy then has the units of
m5 s−2. This explains the somewhat unconventional choice
of units for the energy here.
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with no rotation, but not the A case.

a rotation angle of 3.4◦. Only the B combination con-
verges to non-rotated solutions. The A and C results
are almost identical, but appear to converge to a kinetic
energy that is reduced by over a factor of 2 compared to
the non-rotated cases. For the D combination, kinetic
energy decreases and then tends to increase slightly
with increasing resolution and is generally much lower
than for A and B with no rotation or B with rotation.
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Fig. 6. (a) Kinetic energy after spin-up and (b) ratio of Fadv to Fi for the four combinations combinations. Results are shown
for a 3.4◦ rotation angle of the basin. The A,B (no rotation) curve is also plotted for comparison.

As mentioned, the first consistency test related to
the vorticity budget is to verify that Fadv converges to
zero with increasing resolution. For all rotation angles
considered and for the B combination, this appears to
be the case, i.e., Fadv does decrease to zero with in-
creasing resolution. For the other combinations (A, C
and D), such is not the case, at least for certain angles.
For instance, Fadv tends to increase or stay constant
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for the A, C and D combinations at 3.4◦ (Fig. 6b). For
the D case,Fadv increases dramatically with increasing
resolution, so much that Fadv becomes larger than the
wind input. Associated with this is a reverse (negative)
viscous flux. This behavior may have consequences on
the stability of the model. Although no obvious numer-
ical instabilities occurred for a rotation angle of 3.4◦,
numerical instabilities cause the model to crash for
other angles, for example at −30◦. It seems plausible
that this behaviour is associated with the large (and
opposing) advective and diffusive fluxes of vorticity
near the model perimeter. In any event, it seems rea-
sonable to conclude that the D combination is inappro-
priate. This implies that the δ–ζ viscous formulation
performs well only when used in conjunction with the
enstrophy-conserving advection. This finding comple-
ments that of AM. For the A and C combinations
(Fig. 6b), Fadv does not converge toward zero with
increasing resolution. Hence, these two combinations
seem inappropriate, even if the resulting solutions are
always stable.

We now address the issue of possible correlation be-
tween Fadv and the kinetic energy. Given that inertial
runaway4 appears to be related to “difficulties” in bal-
ancing the global vorticity budget (Pedlosky, 1996),
it seems reasonable to ask whether the sign of Fadv

is correlated with an indicator of the overall strength
of the gyre, such as total kinetic energy. For example,
when Fadv is negative, it adds to the wind input of vor-
ticity and one might expect a stronger gyre to result.
Some evidence that this may be the case is found by
comparing B and D, which share the same formula-
tion of the viscous terms. Figure 6b shows that Fadv is
positive and larger for D than is the case for combi-
nation B. Thus the total wind plus advective input of
vorticity to the basin is stronger in case B. As might
have been anticipated, B shows a more energetic cir-
culation (Fig. 6a). It is also interesting to see whether
there is any correlation between kinetic energy and
the sign/strength of Fadv for a given formulation of the
numerics. We restrict this discussion to the use of the
B combination. From Figs. 7 and 8, which show the
kinetic energy and advective/wind vorticity input ratio
for a range of resolution and rotation angles, there does
not appear to be any striking correlation. In particular,
if we focus on the region of negative values of Fadv

4Defined as the inability of simple models of the ocean to
converge to a reasonable statistical mean solution as frictional
parameters as the eddy viscosity are reduced.

Fig. 7. Kinetic energy after spin-up for the B combination in
1010 m5 s−2.

(i.e., for a case where Fadv has the same sign as the
wind input), the kinetic energy for this region is not
larger than the kinetic energy at the same resolution
but for an opposite angle (in fact, the kinetic is slightly
lower). Presumably the added advective flux in this
region is locally balanced by the viscous terms, so that
processes analogous to those thought to be responsible
for inertial runaway do not lead to an increase in the
overall strength of the gyre.

To conclude this section, we investigate the general
accuracy of model vorticity budgets with respect to
Fadv using the B combination only, since this combi-
nation is the only one showing a robust convergence
to zero with increasing resolution. As Fadv should

Fig. 8. Ratio of Fadv to Fi for the B combination.
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Fig. 9. Convergence of Fadv with resolution for 0, 20 and
45◦ rotation angle for the B combination.

ideally not be present in the vorticity budget, the
viscous flux, Fvis, can be either underestimated or
overestimated (which modifies the local balance at the
wall and therefore the strength of the gyre), and Fadv

can be viewed as an error. From Fig. 9 and for the range
of resolution we used, Fadv varies between 5% and
50% of the wind input. The order of the convergence
for Fadv with increasing resolution is fairly close to
unity or slightly lower for all positive angles. For neg-
ative angles, we did not compute the convergence or-
der becauseFadv goes through a minimum (Fig. 8) and
had not asymptoted to an uniform convergence order
at the highest resolutions we considered. A noteworthy
point is that the effect of increasing the rotation angle
(introducing more steps) seems to decrease the con-
vergence order (to 1/2 for a 20◦ rotation angle). Para-
doxically, however, the convergence order increases
again to reach unity for 45◦, the rotation angle at which
the number of steps is maximum. In fact, at this an-
gle Fadv even shows lower values compared to the 0◦

angle.
Except for effects related to step-like boundaries,

that the convergence order is unity follows directly
from the order of discretization of the vorticity. Since
the vorticity is one order higher a variable than is veloc-
ity, and since the velocity is computed at second-order
accuracy, it follows that the vorticity is at best accu-
rate to first order. Therefore, Fadv can be considered
an explicit first order (at best) error in the vorticity
budget. For the B combination, we observe that the
convergence order for Fadv varies between 1/2 and

unity, depending on the rotation angle. In the 1/2-
order case, errors (or discrepancies) vary between 25%
(high resolution) and 50% (coarse resolution) and, in
the first-order case, they vary between 6% and 22%.
The errors are much larger for the other combinations
and can reach 100%. This implies that the accuracy
of computing vorticity budgets from primitive equa-
tions models is fairly low, especially in the absence of
attention to the numerics. These errors may also vary
considerably with the discretized domain geometry.

3. The quasi-geostrophic model

3.1. Discretization

We also investigated the influence of coastline dis-
cretization in quasi-geostrophic (QG) models. QG
models solve the vorticity equation directly. It there-
fore seems a reasonable assumption that these mod-
els should yield more accurate vorticity budgets than
do SW and primitive equation models. The vorticity
equation used is

∂tζ + J (ψ, ζ ) + β∂xψ = ν∇2ζ + k · ∇ × (τ/h),

(24)

where ψ is the streamfunction, and the layer thick-
ness, h, is proportional to ψ5. Other notation is stan-
dard. In all experiments, the discretization of eq. (24)
is done using second-order center differencings, and a
simple leapfrog scheme was used to time step the vor-
ticity. The viscous term is discretized by the conven-
tional five-point Laplacian, and the free-slip boundary
condition is applied by setting the vorticity boundary
nodes to zero. We focus on testing different formula-
tions of the Jacobian in eq. (24), as the formulation
of this term may have consequences for the vorticity
budget for the same reasons mentioned previously for
the C-grid model. The free-slip boundary condition
is applied by setting the vorticity boundary nodes to
zero.

As with the SW C-grid model, the vorticity bud-
get for the QG model is defined only on an interior

5We also did some experiments with more standard QG
forcing (i.e., without the variable h on the r.h.s), and saw
no significant changes. The variable h was kept here so as
to better mimic our SW experiments. In the same spirit, we
did some experiments with a reduced-gravity, free-surface
version of this code. Once again, our major conclusions did
not appear to be affected.
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sub-domain, half a grid point inside the model basin.
This follows from the fact that the vorticity equation
is only solved at interior points (Fig. 2). In this subdo-
main, discretization of the vorticity budget is straight-
forward, except that the advective contribution, Fadv,
includes one part associated with the Jacobian, and an-
other associated with the β term. This β contribution
is hidden in Fadv for the SW models. Therefore, we
define Fadv here to be Fadv = F ′

adv + Fc, where F ′
adv

represents the integration of the Jacobian term over the
ensemble of interior nodes, 	ζ . Thus, by analogy with
eq. (14), we recast the vorticity budget in the following
form∑
i j∈	ζ

∂tζ�x�y = F ′
adv + Fc + Fvis + Fi. (25)

We focus our study on the behavior of both F ′
adv and

Fc. As for the C-grid model, a minimum requirement
is thatFadv goes to zero at infinite resolution. Here, this
also applies to F ′

adv and Fc separately. Representation
of the Jacobian in eq. (25) has been extensively con-
sidered by Arakawa (1966) and Arakawa and Lamb
(1977, hereafter, AL77). From the latter, we borrow
the notation J i, where J is the discretized Jacobian
and i takes values between 1 to 7, depending on the
discretized formulation. We propose to test three dif-
ferent numerical formulations of the Jacobian, J 1, J 3

and J 7, and investigate their respective influence on the
vorticity budget. J 7 is also refered to as the Arakawa
Jacobian.

The simplest representation is the J 1 Jacobian,
where

J1 = �xζ�yψ − �yζ�xψ. (26)

The notation is found in the Appendix. J 1 conserves
relative vorticity in doubly periodic domains, straight
channels and rectangular domains when the free-slip
boundary condition is applied. In fact, F ′

adv is zero for
zero rotation angle because ψ and ζ are both zero at
the boundary. However, it has poor conservation prop-
erties for both energy and enstrophy. Additionally, we
noted that when J 1 is used, solutions are very dif-
ferent for positive and negative values of the rotation
angle of the basin. Positive angles are characterized
by larger kinetic energy and stronger oscillations of a
Rossby basin mode (not shown). This is particularly
true at low to moderate resolutions, with model be-
haviour improving for higher resolutions. Because of
its poor behaviour at moderate resolutions, and be-
cause its poor conservation properties, we prefer to

discard this formulation of the Jacobian for the rest of
the discussion.

AL77 proposed the J 3 form of the Jacobian which
conserves energy in doubly periodic domains

J3 = �x (ζ�yψ) − �y(ζ�xψ). (27)

The J 3 Jacobian conserves relative vorticity in doubly
periodic domains, but not in the presence of bound-
aries. The boundary terms that arise are relatively
easy to pinpoint. They correspond to the value ζ�yψ

or ζ�xψ at locations one grid point away from the
boundaries.

The last Jacobian formulation we propose to test
is the J 7. This more intricate formulation (Arakawa,
1966) is known to conserve both the energy and the en-
strophy in doubly periodic domains. The J 7 Jacobian
also conserves relative vorticity in doubly periodic do-
main, but not in closed domains where complicated
boundary terms in F ′

adv arise. This formulation is very
popular and is adopted in most QG models.

Finally, we note that the viscous term in the SW
vorticity equation derived using the δ–ζ stress tensor
formulation is similar to the viscous term in the QG
equation. Specifically, both take the form of a five-
point Laplacian of vorticity. Additionally, the diver-
gence form of J 3 makes it analogous to the divergence
form of the potential vorticity advection formulation of
Sadourny (1975) for use in the SW vorticity equation.
Hence, we expect that the results of the J 3-QG model
should be similar to those of the SW model using the
B combination. (Unfortunately, there is no straight-
forward analog between the conventional advection
formulation for the C-grid and any of the Jacobian
operators suggested by AL77.)

3.2. Results

Solutions using J 3 and J 7 appear stable and con-
verge reasonably well with increasing resolution to
the same value of kinetic energy, for both rotated and
non-rotated basins (Fig. 10). Thus, at least for the J 3

and J 7 formulations, the QG model appears to be less
sensitive to grid rotations. With respect to the vorticity
budget, we are interested in the behavior of the ad-
vective contribution, Fadv, with increasing resolution.
As mentioned, Fadv is made of two independent con-
tributions, F ′

adv and Fc. F ′
adv depends directly on the

Jacobian formulation but Fc does not. Figure 11
shows the convergence of F ′

adv in rotated and non-
rotated basins for the two Jacobians considered. F ′

adv
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(b) J 7 at 0◦, (c) J 3 at 30◦, (d) J 7 at 30◦, (e) J 3 at −30◦,
(f) J 7 at −30◦.

is close to second order in non-rotated basins for both
Jacobians. At 30◦ rotation, however, the convergence
order is closer to unity for J 3 but second order
for J 7.

Figure 12 shows the convergence for Fc in rotated
and non-rotated basins under J 3 and J 7. The results
appear independent of the Jacobian formulation, as
expected. The convergence order is, however, unity,
in contrast with results for F ′

adv (Fig. 13). This result
comes readily from the traditional treatment of the
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β term. The proof is given in a square domain:

β
∑

i j∈	ζ

�xψ�x�y =β
∑

j

i=nx −1∑
i=2

ψi+1 − ψi−1

2�x
�x�y

=β
∑

j

ψnx −1 − ψ2

2
�y, (28)

since ψ1 = ψnx = 0, by definition of non-
permeability. The west–east asymmetry due to the
beta effect imposes that ψnx −1 = aψ2 with 0 < a < 1
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Fig. 13. Ratio of Fadv = F ′
adv + Fc to the wind input. (a–d)

as described in Fig. 10.
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and all other parameters kept constant. The factor,
a, represents the ratio of the velocity along the west
and east coastline. Because ψnx −1 and ψ2 converge
linearly to zero with increasing resolution, the beta
contribution cannot have a better convergence rate
than one. In absolute value, Fc is also larger than
F ′

adv. Therefore, Fadv suffers primarily from the low
convergence rate of the beta contribution, Fc. One
can ask whether we can get a better convergence
order by including the planetary vorticity, β y in the
Jacobian instead of treating it separately [J (ψ , ζ +
β y) instead of J (ψ , ζ ) + β∂ xψ]. We conducted this
experiment with the best advective formulation, J 7.
However, the convergence order of Fadv is again unity
and errors are very similar to the previous case (not
shown).

One last point we would like to make is related to
similarities mentioned above, between the J 3-QG and
the B combination of the SW model. Figure 14 shows
F ′

adv, Fc and Fadv with increasing resolution for J 3

and under −30◦ rotation angle. F ′
adv is negative, goes

through an minimum and then increases toward zero,
whereas Fc is positive and decreasing to zero. Hence,
Fadv appears to go through a pool of negative values,
just as the B results showed. This contrasts with results
using J 7, for which F ′

adv takes positive values for both
negative and positive rotation angle (not shown).

To conclude, except for the J 1 Jacobian, the QG
model is less sensitive to the basin rotation than is the
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Fig. 14. Semi-advective flux, F ′
adv, and beta contribution,

Fc, to the vorticity budget for the J 3 Jacobian at −30◦ ro-
tation angle. Fadv = F ′

adv + Fc is negative at this rotation
angle, similar to results obtained for the B combination.

SW model. Convergence orders for the advective flux
of vorticity, Fadv, on the other hand, are order 1 or
less, comparable to what was found for the SW simu-
lations. In the QG case, this low order of convergence
is related to the beta contribution, Fc. Using J 7, |Fadv|
varies between 5% (high resolution) and 20% (coarse
resolution) of the wind input, depending on the ro-
tation angle. These results are somewhat better than
those obtained in the SW simulations.

4. Discussion and conclusion

Due to their fractal nature, realistic coastlines will
inevitably have features down to the model resolu-
tion. While the ultimate goal would be to correctly
account for such features in models, a less stringent
test is that models should be able to deal with simple
geometries, in a manner that is not sensitive to artifi-
cial steps introduced by the discretization. Such was
the study of AM, based on free-slip and no-slip single
gyre Munk experiments. Noting an inconsistency in
the discretized vorticity budget for the C-grid shallow
water model, we decided to revisit the AM results in
terms of global vorticity budgets with varying resolu-
tion. Our goal was to investigate the influence of the
formulation of the advective and viscous terms on
the model vorticity budget and the overall strength of
the gyre.

AM showed that the conventional viscous stress ten-
sor formulation was inappropriate in the rotated basin
case, for steps occurring along the coast. Moreover,
they made use of an alternative stress tensor formu-
lation (herein called the δ–ζ tensor) and showed im-
proved results. We further analyzed the difference be-
tween conventional and δ–ζ tensor formulation along
with two different formulations for the advection in the
momentum equations in terms of global vorticity bud-
gets with varying resolution. One observation is that
the results with the δ–ζ stress tensor depend strongly
on the formulation of the advection, as the conven-
tional advection formulation leads to instability (the
D combination). Therefore, the formulation of the ad-
vection seems equally important in explaining the AM
results. In terms of vorticity budgets, all combinations
seem to be ill-behaved except for the enstrophy con-
serving advection and the δ–ζ tensor (the B combi-
nation). For this combination, the convergence order
for Fadv is about unity, following the truncation order
of the vorticity when derived from second-order ve-
locity. We also discussed various boundary treatments
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of the normal gradient of the tangential velocity when
using the conventional advection and viscous tensor.
Formally at least, none of these are known a priori to
be better than first order in the presence of steps, so that
zeroth-order errors in the vorticity budget may explain
the results for combinations A, C and D. A formally
second-order finite volume formulation of the steps
[an average of eqs. (19) and (21)] using both the con-
ventional advection and viscous tensor was also tried
and gave results very similar to combination A (i.e., no
improvement.) Note, however, that this second-order
treatment is for a geometry for which the steps are
considered to be “real”.

For the QG model, the overall circulation is less
sensitive to the rotation of basin for two Jacobians of
the three we tried. In order of increasing accuracy, J 1

gives the lowest level of accuracy (showing even signs
of instability at low resolution), followed by J 3 and
then J 7. The best convergence order for F ′

adv was ob-
tained by using the J 7 Jacobian and was about 2, for
all rotation angles. The beta contribution, Fc, is inde-
pendent of the formulation of the Jacobian. Its conver-
gence order is very close to unity, and its magnitude
is usually larger than that of F ′

adv. Therefore, most of
the discrepancy between the real and the model vor-
ticity budgets is concentrated in the beta contribution
at sufficiently high resolution. Hence, in order to make
accurate vorticity budgets, it follows that the beta con-
tribution should be more accurately computed. One
possibility is to increase the order of the finite differ-
encing operator for the beta term, β∂ xψ . Finally, the
hypothesis that the J 3-QG model would give similar
results compared to the enstrophy-conserving advec-
tion and the δ–ζ tensor C-grid model was verified.

From the general point of view of computing vortic-
ity budgets from finite difference models, both the QG
and C-grid models show the same relatively slow con-
vergence order (about unity) of the discrepancy with
increasing resolution between the real and the model
vorticity budgets. For the range of resolution consid-
ered, and depending on the model type (SW or QG),
numerical formulations and the rotation angle (or more
generally, basin geometry), this “truncation” error can
be estimated to vary between 5 and 50%.

We expect these results to be of relevance to basin
scale vorticity budgets computed from general circu-
lation model (GCM) output. Of particular concern are
coarse models using large viscous eddy coefficients.
There, the basin vorticity budget should be considered
with caution. Most of these models use the no-slip
boundary condition, although a convincing argument

from first principles that this is the “correct” boundary
condition appears lacking. For reasons outlined in the
introduction, we have concentrated here on the free-
slip condition. However, given the widespread use of
no slip, we also carried out a few additional experi-
ments using no slip. These show that the truncation
error converges faster in all cases (between first and
second order), and this seems to be related (in the
QG context) to the streamfunction approaching zero
parabollicly. [The latter result can be obtained using
the same argument we used for free slip, i.e. eq. (28).]
Finally, we might speculate as to how the choice of
advective and dissipative numerical formulations may
affect results in a more realistic setting. Recall that
for the square basin geometry, “improper” representa-
tion (in the presence of artificial steps) can cause free-
slip solutions to become less energetic, to the point
where they start to resemble their no-slip counterparts.
Given that artificial steps are unavoidable (for finite
difference methods) when complex geometries are
considered, it would then seem plausible, for exam-
ple, that use of the B combination (in a C-grid primi-
tive equation model) should produce circulations that
are both more energetic (particularly near boundaries)
and have better convergence properties than would be
the case for the other combinations that we consid-
ered. We should caution, however, that when geome-
tries having sharp coastlines are considered, curvature
in the boundary may lead to enhanced viscous vortic-
ity fluxes across the basin perimeter. Results from a
spectral element model (Dupont, 2001, chap. 5) sug-
gest that this leads to a slowing of the overall circu-
lation, depending on the precise definition of free slip
(see Footnote 1, Section 2.2). It is important that the
slowing in this case, however, results from resolved
features of the circulation and the coastline, rather
than from poor representation of the numerics. Sim-
ilar studies, in more complex basin geometries, are
needed to assess the degree to which the issues consid-
ered here might affect GCM results for realistic basin
geometries.

5. Appendix

Notation and parameters for the discretized
equations on a C-grid and for the QG model

Here will be found the notations and values of pa-
rameters used for the discretized equations on C-grid
and for the QG model. Figure 15 shows the physical
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Fig. 15. Indices for u, v, h and ζ on the C-grid.

locations of the different indices for the u, v, h and ζ

variables on the C-grid.

List of parameters and variables:

u and v are the horizontal velocity components (East
and North) and h is the depth of the fluid;

δx , �x , are approximated by the following central
differencing operators (and similarly for the y-
operators)

δxφ(x, y) =
φ

(
x + �x

2
, y

)
− φ

(
x − �x

2
, y

)
�x

,

(29)

�xφ(x, y) = (φx + �x, y) − (φx − �x, y)

2�x
; (30)

φ
x

is a double point average = 1
2 (φi j + φi−1, j ). A sim-

ilar definition applies to φ̄ y ;

q = ( f + ζ )/h
x y

with ζ = ∂ x−v − ∂ y−u;
U = uh

x
, V = vh

y
;

B = g′h + 1
2 (u2

x + v2
y
);

Fx and Fy are the viscous forces.
f is defined at 45◦ North at the center of the domain;
g′ = 0.01 m s−2, LRossby = 31.22 km;
Lx = Ly = 1000 km are the lengths of the basin;
τ u = −10−4 cos (π × y/Ly), τ v = 0, single gyre forc-

ing. Units are in m2 s−2.
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