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ABSTRACT

Current gravity wave drag schemes alter the flow field of a numerical model by changing the velocity.
It is argued that this is essentially the situation considered in the theory of geostrophic adjustment.
The reduction of velocity at one moment does not necessarily lead to a reduction of the global mean
velocity after adjustment in that case. It is best to discuss these processes in terms of angular momentum
conservation, so that the initial loss of velocity can be seen as a reduction of the wind term which may
be converted into a reduction of the mass term. Observations are used to see if this process can be
detected in the angular momentum budget of the atmosphere. The data indeed reveal a rapid positive

response of the mass term to the gravity wave drag.

1. Introduction

By now, parameterizations of gravity wave drag are
standard ingredients of numerical forecast and gen-
eral circulation models. This technique is supposed
to capture the removal of momentum from the atmo-
sphere due to the breaking of gravity waves induced
by orography. These waves are not resolved numeri-
cally in these models and therefore their impact must
be parameterized. The structure of most gravity wave
parameterization schemes can be described as follows
(see Kim and Arakawa, 1995 for a review). One as-
sumes first a formulation for the stress 7 exerted by
the gravity waves at the ground. In general

7, = v,C

(1.1)

where v is the horizontal velocity at the surface and C
is a complicated function of the terrain, of stability and
many other factors (e.g. Gregory et al., 1998; Scinocca
and MacFarlane, 2000; Lott and Miller, 1997). In par-
ticular, a vertical stress profile T must be specified with
t(h) = t, (where h is the resolved topography). In
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many cases a saturation hypothesis is invoked follow-
ing Lindzen (1981) which determines the level of wave
breaking. The final step is to incorporate the stress in
the equations of motion so that

v _, 0t
at B 0z (12)
(p is density; v, horizontal velocity).

Such parameterizations have been tested exten-
sively using high-resolution models where gravity
breaking is calculated explicitly and the resulting grav-
ity wave stress can be compared to that obtained by
a parameterization scheme (e.g. Kim and Arakawa,
1995). By and large the results of this intercompari-
son are encouraging but, as pointed out by Welch et al.
(2001), one has to keep in mind that the orography pre-
scribed in these simulations is much simpler than in
reality. Durran (1995) demonstrated that wave break-
ing need not lead to local flow deceleration as assumed
in eq. (1.2).

The gravity wave parameterization schemes had
some success in reducing model errors (Palmer et al.,
1986; Miller et al., 1989). For example, Scinocca
and MacFarlane (2000) found a reduction of global
root mean square (r.m.s.) mean sea-level pressure
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and wind errors in boreal winter. On the other hand,
Klinker and Sardeshmukh (1992) pointed out that
the model error remaining after the implementation
of a scheme had the same pattern as that of the
parameterized contribution itself. This indicates that
the schemes may cause new errors (Welch et al.,
2000).

Gravity wave drag need not be linked to oro-
graphic excitation. Cumulus convection generates
gravity waves which may in turn transport momen-
tum vertically. This process has been incorporated in
numerical models as well (e.g. Warner and Mclntyre,
2001). In any case, it is clear that the gravity wave
drag induces reactions of global scale. For example,
Egger and Hoinka (2002) found a response of the
global atmospheric angular momentum to the grav-
ity wave torque. However, while elaborate theories
of gravity wave breaking have been formulated in
a local, non-rotating framework, the corresponding
large-scale response of the atmosphere received little
attention. It is the angular momentum of the air which
is affected by gravity wave drag if eq. (1.2) is used
in global models. As will be explained in more de-
tail below, not only the velocity but also the mass
distribution responds to the drag. A similar situa-
tion has been studied extensively in the theory of
geostrophic adjustment, with emphasis on the atmo-
spheric reaction to the removal of momentum (e.g.
Blumen, 1972) in a rotating system. Although the the-
ory of geostrophic adjustment per se is not concerned
with the effects of gravity wave drag, it will be ar-
gued that this theory provides theoretical guidance
when applied to this problem. Correspondingly, the
atmospheric response to gravity wave drag will first
be discussed in terms of geostrophic adjustment (in
section 2), with particular emphasis on angular mo-
mentum aspects. Then, observations of global angu-
lar momentum will be used to test this proposition
(section 3).

2. Geostrophic adjustment
and angular momentum

Long ago, Rossby (1937; 1938) formulated and
solved the prototype problem of geostrophic ad-
justment. Rossby investigated the atmospheric and
oceanic response to rapid removal of momentum. This
problem is of immediate concern here [see Blumen
(1972) for a concise review]. Rossby considered a
shallow water fluid of mean depth H and of infinite

J. EGGER

14 L

Fig. 1. Asymptotic zonal velocity profile of the shallow wa-
ter after a unit amount of zonal velocity has been removed
instantaneously in the stripe |y| < b. Dashed: initial profile;
b/x = 0.2. Also given is the asymptotic height profile of
the free surface. Dashed: unperturbed mean height; units
uo for/g'; linear solution.

lateral extent. He stipulated that a certain amount of
momentum is impulsively removed from or added to
a fluid strip of width 2b (see Fig. 1). This is the basic
situation of a gravity wave drag acting for a short time.
Rossby analyzed the asymptotic steady-state response
of the fluid. Cahn (1945) solved the corresponding
linear initial value problem. The height of the shal-
low water adjusts near the strip |y| < b such that
the sloping surface of the fluid balances geostrophi-
cally the resulting zonal flows, while inertia—gravity
waves propagate meridionally. Zonal propagation is
excluded in this case because the initial perturba-
tion depends on y only. The main point of interest
here is the angular momentum budget of this solu-
tion. The first thing to note is that the meridionally
averaged mean zonal wind perturbation vanishes af-
ter the inertia—gravity waves have left the domain.
To see this we have to calculate the vorticity dis-
tribution after removal of velocity u, in the strip
|y| < b. Obviously, the initial distribution of vorticity
is

&i = 8l(y + b)/b] — 8[(y — b)/bluo/b 2.1)
[i denotes initial; §(y) is the delta function]. The re-
sulting streamfunction is, after linear adjustment (see
Blumen, 1972),

A‘ (o]
vy = —5/ gi(e)exp(—ly —el/A)de  (2.2)
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where ). = (g'H)"/ f;' is the Rossby radius of defor-
mation (g’ is reduced gravity). Thus, the steady-state
zonal wind profile becomes, with u = — dyr/dy,

1
=u, {exp[(y +b) /A] —exp[(y — D) /A]}
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Egger, 2001). Initially m = —u,, for |y| < b, so that we
have m = —u(2b. Thus, if # = 0 later on according to
eq. (2.4), it follows that 7j = 2 £, 'u,2b from eq. (2.7).

2 fory <b
1
=] Juoi=expl=(y+b) /M —explly =b)/A]} for —b<y<b (2.3)

1
o (—exp[=(y +b) /Al +exp[—(y — b) /A1}

where u, > 0. The flow is easterly within the strip
and comes closer to —u, the smaller b/A becomes.
Westerlies are found outside the strip because there ¥
decreases with increasing y (Fig. 1), so that

ﬁz-/‘vudyz—l/f(s)—l—l/f(—s)NO

for s > b, s > A. This means that the removal of mo-
mentum due to a gravity wave drag parameterization
does not lead to a final reduction of zonal flow velocity
when averaged over a wider strip of width 22, say. This
is rather surprising. After all, momentum has been re-
moved initially but eq. (2.4) tells us that there is no
total loss of mean velocity. This suggests in turn that
removal of momentum by a gravity wave drag scheme
need not lead to a reduction of the mean flow velocity.
This puzzle can be resolved, of course, by looking at
the first equation of motion, which is
ou

at fov=0

in the context of linear theory. In eq. (2.5), v is the
meridional velocity and f, = 2Q2sing, is the Coriolis
parameter (2 = 2 /d; @, is latitude, a constant). With

2.4)

(2.5)

an
=1 2.6
v=o (2.6)
it follows that
0
—w—fon)=0 2.7
o1 (u — fon) 2.7

where 7 is the meridional deviation of the position of
a particle from its initial state. The variable

m=u— for 2.8)

can be seen as a specific angular momentum of the

f-plane flow. The specific axial angular momentum
ms = (u + Qacosg)acosgp 2.9)

of spherical shallow water flow can be shown to re-
duce to eq. (2.8) if expanded near the latitude ¢, (e.g.
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There is a mean northward shift of the particles in the
area of momentum removal. This shift simply reflects
the buildup of a ridge at y = b and of a trough at
y = —b (Fig. 1). The related pressure gradient has
to balance the zonal wind [eq. (2.3)]. In other words
the flow profile of eq. (2.3) indicates that eastward
acceleration has been acting everywhere, which calls
for a northward shift of mass. All in all, the theory
of geostrophic adjustment predicts that all the mo-
mentum removed by the gravity wave drag scheme is
converted into meridional mass shifts which conserve
angular momentum. In principle, the inertia—gravity
waves could also transport angular momentum, but as
can be seen from egs. (2.5) and (2.6) that is impossible
owing to the leading order for linear surface waves. If
m = Oinitially for |y| > b, m = 0 for all time. One may
go to second order, where the inertia—gravity waves
contain and transport angular momentum. However,
such effects may be disregarded here as being small.
The time scale of adjustmentis f!. Of course, models
of higher dimension including stratification should be
considered as well, but, as Blumen (1972) points out,
the results obtained with such models are “in essential
agreement” with the fundamental principles discussed
above.

Here, we wish to apply these ideas to the gravity
wave drag problem by analysing the response of global
atmospheric angular momentum to this drag. In par-
ticular, we want to find out if the conversion of an-
gular momentum from the winds to meridional shifts
of particles as predicted by the theory of geostrophic
adjustment can be observed.

The global angular momentum
M = / prx(v+ Qxr)dV =M, + M, (2.10)

v
(where V is the volume of the atmosphere, r position
vector, and €2 the earth’s rotation vector) is a vector.
Let us introduce a coordinate system with origin at
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the center of the earth where the z-axis coincides with
the earth’s rotation axis and the x(y)-axis is embedded
in the equatorial plane pointing towards ¢ =0, A =0
(¢ =0, > = /2) where standard spherical coordinates
are used. The two equatorial components are M, and
M,, and M. is the axial component. The first term on
the right of eq. (2.10) is the so-called wind term M,,,
while the second one is the mass term M. Obviously,
the wind term corresponds with the zonal velocity u
in eq. (2.7), while the mass term is represented by the
term —f,n.

The global angular momentum is exposed to moun-
tain torque T, to friction torque T, to torques linked
to the non-spherical shape of the earth (e.g. Bell, 1994;
Egger and Hoinka, 2002) and to a torque T'; due to the
gravity waves. In principle, T, is part of T, because
the torque exerted by orography includes that due to
topographically induced gravity waves. In practice,
there is a difference, of course, in that the orographic
torques available from global analyses include only
those torques exerted by motions resolved in the anal-
ysis scheme. They do not include gravity wave effects.
In other words, we do have observations of T, with re-
spect to larger scales but not at the level of gravity
waves. Available gravity wave torques are estimated
on the basis of the parameterization schemes men-
tioned above.

The gravity wave drag parameterization acts on the
wind term only. The wind speed tendency is altered
instantaneously [see eq. (1.2)] during a gravity wave
drag event. If our analogy to the geostrophic adjust-
ment problem is correct a conversion from the wind
term to the mass term occurs after the action of the
drag. This prediction can be tested by investigating
the response of mass and wind terms to the gravity
wave drag using observations.

One may argue that it is only the axial angular com-
ponent M, which is represented reasonably well by the
f-plane flow equations (Egger, 2001) discussed above,
so that M, and M, need not be affected by geostrophic
adjustment. However, the redistribution of mass typ-
ical of geostrophic adjustment must affect all three
components of the mass term in eq. (2.10). Although
it is certainly true that the changes in My,,, M, dur-
ing geostrophic adjustment differ from those in M,,
it is also obvious that the conversion from wind to
mass terms must also be observable for the equatorial
components.

The analysis of the role of T, in the angular mo-
mentum budget relies on the ERA data for the years
1979-1992 (European center of medium range fore-
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cast ReAnalysis project; Gibson et al., 1997). The data
are available four times a day but smoothed so that di-
urnal variations are not resolved. The wind terms con-
tain a large diurnal signal which must be removed to
see more clearly the structure of the covariance func-
tions. Wind and density are available at 31 levels with
spectral resolution T106. More details on the data set
are found in Egger and Hoinka (2002). We will mainly
look at covariance functions C(a; b|t)= E[a(t)
b(t + t)] of variables a and b, where E is the expecta-
tion and 7 the lag.

It must be stressed that the parameterizations of
gravity wave drag are fraught with many incertainties.
It is by no means certain that gravity waves break in
the atmosphere at the location and at the time indicated
by a scheme. For example, Benoit et al. (2002) used a
high-resolution model to predict air flow over the Alps
during the Mesoscale Alpine Project. Gravity waves
were resolved by this model and predicted to break at
several occasions. However, research aircraft flying to
these locations were not able to find such events. Of
course, parameterizations of such processes are less
reliable than direct simulations. They may be correct
at best in a statistical sense. This invites the question
why we would expect to see any atmospheric reaction
to events which are predicted but presumably rarely
occur the way they are predicted. We have to keep
in mind, however, that the analysis cycle of the ERA
project blends observations and model results. The pa-
rameterization scheme operates in the forecast model
of ECMWF and the model atmosphere responds to
the reduction of velocity. Assume now that this hap-
pens in an area with little data coverage such as the
stratosphere or above the plateau of Tibet. The analy-
sis scheme gives a large weight to the predictions of the
model in such areas and accepts the model response
as observations even if the prediction of wave break-
ing was incorrect. If, on the other hand, data coverage
is good the analysis scheme may reject the model re-
sponse and no reaction to the drag will be found in the
data. On average, however, we feel confident that the
geostrophic adjustment process outlined above must
be reflected in the ERA data.

3. Results

The typical duration of gravity wave events is an
important parameter. It is assumed in the geostrophic
adjustment problem that the removal of momentum
occurs instantaneously. The duration of gravity wave
breaking events in the atmosphere is not known. We
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Fig. 2. Autocovariance function C(T'g;; Tg;|7) of axial
gravity wave torque T'g; and autocovariance C(Toz; Toz | T)
of axial mountain torque T, for lags T < 10 d in units of
10%8 kg2 m* ™.

can, however, evaluate the typical time scale of such
events as resulting from the parameterization scheme
by looking at the autocovariance functions of the drag.
The autocovariance function C(T'y; Ty, | T) of the ax-
ial drag T, is displayed in Fig. 2 together with the
autocovariance of the resolved mountain torque 7,.
The variance of T, is, of course, smaller than that
of T,;. Both covariances decay rather fast for small
lags. However, while the first zerocrossing of C(T,;;
T, | t) occurs for T ~ 4 d, there is a long positive
tail of the autocovariance function of T'y.. The same
is true for Ty, T,y (Fig. 3) and Ty, T, (not shown).

C(Tgy;Tgy IT % 100)

C(Toy:ToyIT)

10

T (days)

—

Fig. 3. Autocovariance function C(T'gy; T'gy | T) of equato-
rial gravity wave torque Ty and of mountain torque 7y for
lags T < 10 (d) in units of 10%° kg? m* s=%.
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Fig. 4. Crosscovariance functions C(Tg;; My;|7) and
C(Tg;; M | ) of the axial gravity wave torque Tg; and
the axial wind and mass terms for lags || < 10 d in units of
10*2 kg? m* s73.

It follows from Figs. 2 and 3 that gravity wave drag
events tend to be rather longlived. In particular, they
last longer than mountain torque events. This result is
presumably unrealistic. Note that all autocovariances
are quite small for lags 7 > 8 days, say. Because of
this, we will present crosscovariances only for lags
less than 10 days in what follows.

The crosscovariance functions of T, and the wind
and mass terms are shown in Fig. 4. The correlation of
Ty, and M, is positive, as one would expect. More-
over, M,, increases for 0 < < 3 d in response to the
torque with its long memory. The correlation of Ty,
with the mass term is negative. The reasons for this re-
sult are not clear. However, M, increases rapidly for
0 <t <3d,inagreement with the ideas of geostrophic
adjustment. The gravity wave drag affects M, directly
[see eq. (1.2)] but not M., in rough agreement with
the idea of geostrophic adjustment. There is, however,
no indication that the gain of the wind term due to T,
is completely converted to M,,,, as suggested by the
simple example in Fig. 1.

The correlation of T, and M,,, is negative (Fig. 5),
while that of T, and M. is positive (Fig. 4). Itis likely
that this difference is due to the earth’s rotation. The
equations for M,, M, are linked by rotational terms
(e.g. Bell, 1994) while that for M, does not contain
such a term. Correspondingly, the response of M., M,
to torques is more complicated than that of M, (Egger
and Hoinka, 2002). The increase of the mass term M,
is almost dramatic for 0 < v < 10 d. This indicates
strongly that there is a conversion from the wind term.
The response of the mass term M., is weaker than that
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Fig. 5. Crosscovariance functions of the equatorial gravity
wave torque (a) Tgy and (b) Ty with the respective wind and
mass terms for lags || < 10 d in units of 10*? kg? m* s 3.

of My, (not shown). The reason for this difference of
responses is not known. It is, however, important to
keep in mind that the mass and wind terms are uncor-
related for all three components (Egger and Hoinka,
2002). Therefore, the parallel increases of mass and
wind terms in Figs. 4 and 5 do not reflect any ‘auto-
matic’ linkage of both terms.

Further insight into the dynamics of the gravity
wave drag can be obtained by constructing a regressive
model of first order

Xnt1 = A'xn (31)

for the data vector x, = (My;, My, Ty, Tz, Tiy)
where the coefficients of the matrix A involve infor-
mation on the covariances between the components of
x with lags 0 and Dt (see, for example, von Storch and
Zwiers, 1999, for details) and t = nDrt is time with
sampling interval D¢ = 6 h. Although eq. (3.1) con-
tains less information than the foregoing figures, we
can extract form eq. (3.1) a typical reaction of the mass
and wind terms to a unit gravity wave torque. In other
words, we specify Ty, = 1 kg m? s72, My, Mz, Ty,
T, =0atn =0 and integrate eq. (3.1) forward in time.
The result is presented in Fig. 6. Both the wind and
mass terms increase during the first two days, although
T, acts on M, only in the analysis scheme. Thus
eq. (3.1) represents the conversion from the wind term
to the mass term. The gravity wave torque itself is de-
caying exponentially. There is no link between 7'y and
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Fig. 6. Response of angular momentum terms and torques to
a unit gravity wave torque prescribed at ¢+ = 0 according to
the linear regressive model (3.1). Torques in units of kg m?
s~2, angular momenta in units of 10° kg m? s~!.

the friction torque. There is, however, a pronounced
initial decrease of the mountain torque. As one might
expect, T, and T\, are linked statistically.

All in all, Fig. 6 reinforces the conclusions drawn
above. The action of gravity wave torques immediately
affects the mass term because the adjustment process
is operating all the time.

4. Conclusion and discussion

This note proposes that the reaction of the large-
scale flow to gravity wave torques can be understood
at least partially in terms of a geostrophic adjustment
process. Activation of the gravity wave drag scheme
leads to a local change of the horizontal velocity.
The theory of geostrophic adjustment predicts that the
mass distribution will react to such a change to estab-
lish geostrophic equilibrium in the domain of velocity
changes. The wind and mass terms of the global angu-
lar momentum are gross indicators of such processes.
The gravity wave drag affects the wind term, but reac-
tions of the mass term must follow in support of our
hypothesis. This support has been found by looking
at the cross-covariance functions of angular momenta
and the gravity wave torque. Although the torque acts
on the wind terms only, the data show clearly that there
is arapid conversion to the mass terms. All this means
that the impact of gravity wave drag should not be seen
only in terms of velocity reduction.

One may argue that geostrophic adjustment is not a
meaningful concept in the equatorial belt. It should
be kept in mind, however, that the geostrophic ad-
justment process has been chosen here as a well un-
derstood example of how the atmosphere reacts to
imposed changes of the wind. The details of this
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process are not really relevant in our context. What
matters is the basic message that changes of the wind
must be seen as changes of the wind term, which
may induce a response of the mass term within the
framework of global angular momentum conservation.
These reactions occur in the Tropics as well as at mid-
latitudes. They can therefore be detected both in the
equatorial and the axial components of global angular
momentum.

425

It must be kept in mind that there is no observational
evidence that the gravity wave drag events forecast by
the model of ECMWEF occur indeed at the location
and time as predicted. Their impact on the mass field
is, however, predicted as well. The data analyzed here
reflect a blend of observations and predictions. It is
impossible to disentangle the effects of gravity wave
breaking as occurring in the atmosphere and those oc-
curring in the forecast model only.
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