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ABSTRACT

A quasi-Newton method developed for adopting a non-diagonal first-guess covariance matrix in nonlin-
ear variational analyses (i.e. variational analyses adopting a non-quadratic cost function) is presented.
As an example, we also show the effect of the nonlinear relationship between temperature and sea-
surface height in three-dimensional variational ocean analyses.

1. Introduction

Variational methods are widely applied in objective
data analysis of the atmosphere and the ocean. It is
necessary for a cost function J to include the constraint
of the first-guess (or background) with the inverse of
a first-guess error covariance matrix B in variational
analyses (see Courtier, 1997). In that case,

J = 1

2
xT B−1x + Jnl , (1)

where the column vector x is the increment of the
state vector, that is, the state vector minus their first-
guess. The second term J nl is a function of x including
constraints imposed by observations or physical con-
ditions. It is needed to perform the tough calculation
of the inversion B−1 or to find a way avoiding the in-
version in order to implement the minimization.

The variable transform of Lorenc (1988), in which
the transformed variables are designed to be uncorre-
lated, is often adopted in meteorology. This method is,
however, difficult to adopt in oceanography because
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of lateral boundaries, the non-homogeneous charac-
ter of statistics, etc. In oceanography, therefore, the
constraint of the first-guess has often been omitted
(e.g. Wenzel et al., 2001) or simplified down to a di-
agonal matrix (e.g. Morrow and DeMey, 1995). In
addition, the method of Derber and Rosati (1989)
(hereafter DR89) is widely adopted for avoiding the
tough inversion in oceanic three-dimensional varia-
tional (3DVAR) analyses. The method can, however,
not be adopted directly when nonlinear constraints are
included in the cost function (i.e. when the cost func-
tion is non-quadratic).

We introduce a new nonlinear preconditioned quasi-
Newton method based on the method of DR89 in
section 2. The method allows us to adopt a non-
diagonal first-guess covariance matrix with nonlin-
ear constraints. One example of an application of the
method in an oceanic 3DVAR analysis is also shown
in section 3. The results are summarized in section 4.

2. Theoretical background

We developed a method for finding the optimal con-
trol variables x that minimize the cost function J in
eq. (1). It is noted that our most interesting case in this
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paper is the one where J nl is not a quadratic function,
that is, g(x) = ∇x J is not linear.

First, we introduce a positive definite symmetric
matrix U satisfying U−2 = B. We then define x̃ = Ux
and consider J as a function of x̃. It is noted that pre-
conditioning is performed here in the same manner
as Lorenc (1988) by adopting B as a preconditioner
(Golub and Van Loan, 1996). The cost function is
rewritten as

J = 1

2
x̃T x̃ + Jnl . (2)

We adopt a quasi-Newton method using the BFGS
formula with limited memory (Liu and Nocedal, 1989)
as follows:

x̃k = x̃k−1 + αk d̃k−1, (3)

g̃k = g̃(x̃k), (4)

H̃k,−m = γkI, (5)

H̃k,l = ṼT
k+lH̃k,l−1Ṽk+l + ρk+l p̃k+l p̃T

k+l

(l = −m + 1, −m + 2, . . . , 0), (6)

d̃k = −H̃k,0g̃k, (7)

where k is an iteration counter, initially set equal
to 0, g̃k = g̃(x̃k), where g̃(x̃) = ∇x̃ J , and d̃k is
known as a search direction. The coefficient αk is
determined to minimize J (x̃k−1 + αd̃k−1) approxi-
mately. The matrix H̃k,l is an approximated inverse
matrix of the Hessian calculated from the BFGS
formula, γk = ỹT

k p̃k/ỹT
k ỹk, ρk = 1/ỹT

k p̃k, Ṽk = I −
ρk ỹk p̃T

k , p̃k = αk d̃k−1, ỹk = g̃k − g̃k−1, l is the counter
for the BFGS formula, and m is the number of old
gradient and search direction vectors adopted for the
calculation of H̃k,0. The initial values are x̃0 = 0 and
d̃0 = −g̃0.

Next, we define dk = U−1d̃k , gk = g(xk), hk = Bgk ,
K k = xT

k B−1xk/2, ck = B−1xk , ek = B−1dk , pk =
αdk−1, yk = gk − gk−1, zk = hk− hk−1, Vk = I −
ρkykpT

k , and Hk,l = U−1H̃k,lU−1. Then, the iterative
calculation is rewritten as follows:

xk = xk−1 + αkdk−1, (8)

Kk = Kk−1 + αkdT
k−1

(
ck−1 + αk

2
ek−1

)
, (9)

ck = ck−1 + αkek−1, (10)

gk = ck + gnl (xk), (11)

hk = Bgk, (12)

Hk,−m = γkB, (13)

Hk,l = VT
k+lHk,l−1Vk+l + ρk+lpk+lpT

k+l

(l = −m + 1, −m + 2, . . . , 0), (14)

dk = −Hk,0gk, (15)

ek = B−1dk . (16)

where gnl(x) = ∇x J nl. The coefficients γ k and ρk are
now calculated as γ k = yT

k pk/yT
k zk and ρk =1/yT

k pk ,
respectively. The initial values are x0 = 0, K 0 = 0, c0

= 0, d0 = −h0, and e0 = −g0. In order to search αk

minimizing J (xk−1+ αdk−1), we can adopt the equa-
tions

J (xk−1 + αdk−1) = Kk−1 + αdT
k−1

×
(

ck−1 + α

2
ek−1

)
+ Jnl (xk−1 + αdk−1), (17)

g(xk−1 + αdk−1) = ck−1 + αek−1

+ gnl (xk−1 + αdk−1) (18)

as the cost function and its gradient.
It should be noted that xT

k B−1xk/2 (=K k) and B−1
xk

(= ck), which are the first term of J and its gradient
in eq. (1), respectively, are calculated by the recursive
equations (9) and (10) without the inversion of B in the
iterative calculation. The calculation of B−1 is required
only when updating ek . We can, however, avoid the
calculation of B−1 by implementing the calculation of
eqs. (13)–(16) as follows:

s0 = −hk, t0 = −gk, (19)

sl−1 = sl − ρk+l tT
l pk+lzk+l

(l = 0, −1, . . . , −m + 1), (20)

tl−1 = tl − ρk+l tT
l pk+lyk+l

(l = 0, −1, . . . , −m + 1), (21)

s′
m = γksm, t′m = γktm, (22)

s′
l = s′

l−1 + ρk+l

(
tT
l pk+l − s′T

l−1yk+l

)
pk+l

(l = −m + 1, −m + 2, . . . , 0), (23)

t′l = t′l−1 + ρk+l

(
tT
l pk+l − s′T

l−1yk+l

)
qk+l

(l = −m + 1, −m + 2, . . . , 0), (24)
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dk = s′
0, ek = t′0, (25)

where qk = ek − ek−1. The calculation of B−1 is com-
pletely avoided in this way. It is also noted that the
linearity of the gradient g is not assumed in this deriva-
tion. This method can be adopted for nonlinear varia-
tional analyses.

3. Example

We examined the effects of the nonlinear rela-
tionship between temperature and sea surface height
(SSH) in an oceanic 3DVAR analysis. The method of
DR89 is adopted for avoiding the inverse calculation in
oceanography. The nonlinear relation has often been
linearized in those analyses, because the method is
available only for a quadratic function. The nonlinear-
ity, however, has an effect that needs to be accounted
for, and can be handled with the new quasi-Newton
method.

The analyses were performed in the ocean east of
Japan, 30–45◦N and 140–150◦E. A vertical section
along 144◦E of the analyses at 15 July 1999 is shown
with a field observed by the Kofu-maru, the observa-
tion vessel of Japan Meteorological Agency (JMA),
in the period 16–23 July 1999. SSH observed by
TOPEX/POSEIDON (T/P) altimetry (Kuragano and
Shibata, 1997) and gridded data of sea-surface tem-
perature (SST) produced by JMA were employed. The
analysis method is based on the idea of Fujii and
Kamachi (2003). The vertical coupled temperature–
salinity empirical orthogonal function (EOF) modes
are adopted as control variables. The cost function is
as follows:

J = 1

2
xT B−1x + 1

2
[H (x) − xo]T R−1[H (x) − xo],

(26)

where xo is observed values, R is an observation error
covariance matrix, assumed to be diagonal, and H is
an observation function transforming the control vari-
ables to the equivalent values of observation. The first-
guess error covariance matrix B is not diagonal be-
cause of the horizontal correlation. An approximated
Gaussian function (decorrelation scale is 120 km) is
adopted for B. Because the SSH observation is em-
ployed, the calculation of sea surface dynamic height
(SDH) from the grid point values of temperature and
salinity is included in H. SDH is calculated by the

following nonlinear equation

h = − 1

ρs

∫ zm

0
ρ ′(T, S, p) dz, (27)

where h is the difference of SDH from a reference state,
ρs is the surface density, zm is the reference depth, ρ′ is
the difference of the density from the reference state,
z denotes the vertical coordinate, and T , S and p de-
note temperature, salinity and pressure, respectively.
The density was calculated according to the nonlin-
ear relation between T , S, p and density by UNESCO
(1981). We chose the state of 0 ◦C and 35 psu as the
reference state, and 1000 m as the reference depth. We
tried two analyses. One is adopting the exact nonlin-
ear expression of H. The other is adopting the tangent
linear operator of H.

The horizontal grid spacing is 0.25◦ with 19 verti-
cal levels (0, 10, 20, 30, 50, 75, 100, 125, 150, 200,
250, 300, 400, 500, 600, 700, 800, 900, 1000 m).
The monthly climatology of Kuragano and Kamachi
(1997) is adopted as the first guess. Observations from
the World Ocean Database 1998 (Conkright et al.,
1998) (WOD98) are used for calculating statistics. At
first, we made a covariance matrix Tv from the dif-
ference between observation and the climatology, and
divided it into the first-guess error covariance matrix
Bv and the observation error covariance matrix Rv as
Bv = (1 − η) Tv and Rv = η Tv , because the difference
between the observation and the first-guess is equal
to the sum of first-guess and observation errors. Mea-
surement and representativeness errors are included in
the observation error. The representativeness error is
necessary because the grid points are too sparse to rep-
resent the true state fully in analysis (Cohn, 1997). The
parameter η is the ratio of the inexpressible variability
to the total variability, and is set equal to 0.2. The EOF
modes were calculated from Bv as the vertical eigen
modes of it. The first eight modes are applied. The prior
observation error for SSH is set equal to 5 cm. That for
SST is picked up from R′

v , where R′
v is the sum of Rv

and a matrix expressing variability of higher modes
not adopted in the analyses. This value includes both
the measurement and the representativeness errors.

The results are shown in Fig. 1 to be compared with
the observation field in Fig. 2. Especially in warm wa-
ter, the estimation with the nonlinear observation op-
erator (the nonlinear estimation) is colder than the one
with the linear observation operator (the linear esti-
mation), and has smaller errors. The root mean square
error of the nonlinear estimation (2.06 ◦C) is smaller
than that of the linear estimation (2.26 ◦C). This is
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Fig. 1. The analyzed temperature (in ◦C) fields of the 144◦E
section. Solid (dashed) lines show the estimation with the
nonlinear (linear) operator.
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Fig. 2. The observed temperature (in ◦C) field of the 144◦E
section.

because the nonlinear operator expresses SDH more
precisely than the linear operator. In this region, the
first EOF mode represents whether the whole water

column is warm or cold. The higher the temperature
of a water column is, the more sensitive SDH is to
the variation of temperature, which is not expressed
by the linear operator (see also Fujii and Kamachi,
2003). The linear estimation therefore overestimates
(underestimates) a warm (cold) deviation. It is noted
that the linear estimation is more than 1 ◦C worse in
representing the maximum than the nonlinear estima-
tion. This effect is too large to be neglected.

4. Summary

We have introduced a quasi-Newton method devel-
oped for the application of a non-diagonal first-guess
covariance matrix in nonlinear variational analyses.
We showed that the nonlinear relation between the
temperature profile and the sea-surface height must be
taken into account in an oceanic 3DVAR analysis. The
method is useful, especially for oceanographers who
want to consider correlations among control variables
in variational analyses. The method is to be applied
in the new global ocean assimilation system of the
Meteorological Research Institute in JMA.
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