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ABSTRACT

The cycling representer algorithm of Xu and Daley (2000) is a weak constraint four-dimensional
variational data assimilation algorithm. It was successfully applied to a one-dimensional trans-
port problem and was able to successfully extract the signal from noisy and sparse observations.
The algorithm, however, has not previously been applied to a multivariate, multidimensional
system with dynamic instability. The algorithm is also very computationally demanding and
awaits considerable enhancement in computer power before being practical for operational
forecast models. We have two objectives in this paper. The first is to apply the cycling representer
algorithm to a two-dimensional, multivariate barotropically unstable linear shallow water
system. The second objective is to formulate and test an accelerated representer algorithm that
is much more computationally tractable than the cycling representer algorithm itself. A linear
shallow water system with a barotropically unstable basic state was used as a test bed to
conduct data assimilation experiments. The evolution of a ‘neutral’ eastward-propagating singu-
lar vector was selected as the ‘truth’, against which all data assimilation experiments were to
be evaluated. The results indicated that the cycling representer algorithm was capable of provid-
ing satisfying state estimates for a multivariate, multidimensional system. The results from the
accelerated representer algorithm were very encouraging because it is sufficiently computa-
tionally tractable to be used on present day multi-processor machines for operational
applications.

1. Introduction is possible to properly account for serial error

correlations in the observations. Thirdly, and
Operational meteorological centers around the perhaps most significantly, the all-important back-
world are either implementing or developing ground error covariance can become, at least
advanced four-dimensional data assimilation partially, flow-dependent.
systems. With respect to the present operational The advanced four-dimensional algorithms fall
three-dimensional variational (3DVAR) data into two classes. The first class contains sequential
assimilation algorithms, the advanced four-dimen- algorithms based on the Kalman filter and con-
sional systems have several advantages. Firstly, tains many variants such as the ensemble Kalman
the observations are assimilated at the correct filter, extended Kalman filter, Kalman smoother
observation times, rather than being time-binned etc. (e.g. Menard, 1994; Evensen, 1997; Evensen
in the intermittent 3DVAR systems. Secondly, it and van Leeuwen, 2000). The second class con-

tains the variational algorithms (e.g. Courtier et al.,

1994; Zupanski, 1997; Bennett, 1997; Courtier,* Corresponding author.
1998; Xu and Daley, 2000), which are all involvede-mail: xu@nrlmry.navy.mil

† Deceased August 2001. in some kinds of approximations (sub-optimal
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algorithms) of the generalized inverse problem. In of the model error covariance, on the other hand,
the variational algorithms, one seeks to minimize may play a very important role due to the long
a four-dimensional cost function, which measures model integration for the oceanographic problems.
the fit to the initial conditions, the observations, Conversely, data assimilation in the atmosphere
the model and spatial boundary conditions. In a is concerned with providing initial state estimates
strong-constraint minimization, the prediction for numerical weather prediction models to estim-
model is assumed to be perfect, thus eliminating ate future atmospheric states. The operational
one huge term from the cost function and reducing numerical weather prediction model requires very
the control variables to only the initial state in short atmospheric data assimilation update cycles
analysis grid-space. In more sophisticated weak (3–12 h). The success of the atmospheric data
constraint algorithms, one does not make the assimilation for a relatively short period of time
perfect model assumption. depends critically on the accurate specification of
As for the 3DVAR algorithms, the four-dimen- the initial background error covariances and may
sional variational algorithms can be posed in one not depend so critically on the accurate specifica-
of two different spaces — analysis grid-space and tion of the model error covariance.
observation-space. Traditionally, analysis grid- Consequently, Xu and Daley (2000) extended
space has been the preferred choice for atmo- the representer theory to produce the cycling
spheric four-dimensional variational algorithms, representer algorithm. The cycling representer
but there exists a complete theory for four-dimen- data assimilation algorithm of Xu and Daley
sional variational assimilation in an observation- (2000) is a weak constraint four-dimensional vari-
space. This theory is known as representer theory ational data assimilation algorithm, which pro-
and has been extensively developed and applied vides an internally consistent estimate of the initial
to oceanographic data assimilation problems by background error covariance at the beginning of
Bennett and McIntosh (1982) and Bennett and

each cycle, based on the results of the previous
Thorburn (1992).

cycle (and implicitly all previous cycles). In Xu
In all four-dimensional variational data assim-

and Daley (2000), the cycling representer algo-
ilation algorithms, the user must specify the initial

rithm was applied to a one-dimensional transport
background and observation error covariances,

problem and was able to successfully extract the
the model error covariance (in the weak case) and

signal from noisy and sparse observations.
perhaps boundary error covariance (in the limited

However, the algorithm is very computationally
area model case). Currently, it is almost impossible

demanding and awaits considerable enhancement
to specify optimal error covariances for opera-

in computer power before being practical for
tional applications. From that point of view, it is

operational numerical weather prediction models.fair to state that all the existing practical four-
Furthermore, we recently found that Section 5.2dimensional data assimilation algorithms are
of Xu and Daley (2000) was in error and realizedsub-optimal. For different applications (e.g.
that the operation count there was no better thanoceanographic hindcast and atmospheric data
the one by using a Kalman filter.assimilation), the impacts on the state estimations
We have two objectives in this paper. The firstby mis-specifying the error covariances may be
objective is to apply the cycling representer algo-different. For example, the oceanographic repre-
rithm to a more realistic and computationallysenter algorithms generally perform minimizations
demanding data assimilation problem than theover a single ( long) time period (about one year)
study of Xu and Daley (2000). Specifically, theto provide state estimates and derived quantities,
problem is a two-dimensional, multivariate baro-leading to increased understanding of ocean circu-
tropically unstable shallow water system. Thelations. Because of the minimization over the long
second objective is to formulate and test an accel-time period, the initial background error covari-
erated representer algorithm that is much moreance only influences the early part of the assimila-
computationally tractable than the cycling repre-tion period and has little influence over most of
senter algorithm. The accelerated representer algo-the period. Thus, for oceanographic problems the
rithm could be implemented for operationalspecification of the initial background error

covariance is not very critical. The specification numerical weather prediction models on the
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present day massively parallel multi-processor way to solve the generalized inverse problem —
i.e. to variationally minimize a four-dimensionalcomputers.

This paper is organized as follows. In Section 2, cost function that measures the fit of the analysis
to the observations, the forecast model, the spatialwe introduce three representer algorithms— expli-

cit representer, cycling and accelerated represen- boundaries and any existing initial state estimate
(initial background field). The forecast model isters, respectively. The governing equations of the

linear shallow water system and the associated imposed as a weak constraint in this algorithm. It
was designed to perform a single minimizationnumerical prediction and adjoint models can also

be found in Section 2. In Section 3, we describe over a long time period, thus achieving a state
estimate making use of all the observations avail-the design of the data assimilation experiments.

We introduce a jet-like basic state and discuss the able from the period.
singular vectors of this system. We then choose a
‘truth’ based on the evolution of a ‘neutral’ singular
vector, and discuss the observation networks and 2.1.2. T he cycling representer algorithm. The data

assimilation problem in meteorology is somewhatthe specifications of the initial state and the initial
background error covariance. The results from a different, because of the necessity of producing

new forecasts every few hours. Thus, in meteorolo-number of experiments are described in Section 4,
and the summary and conclusions are given in gical operational practice, the forecast model is

run from the previous analysis to produce aSection 5.
background state estimate and then the observa-
tions are combined with the background state
estimate using the data assimilation algorithm to2. The data assimilation system
produce the new analysis. Long forecasts can then
be obtained from this analysis. This cycling processThe data assimilation system used in this study

consists of three components. They are the data is then carried on ad infinitum.
Xu and Daley (2000) designed a cycling versionassimilation algorithms, the prediction and the

adjoint models of a linear shallow water system. of the representer algorithm and tested it on a
one-dimensional constituent transport problem.In this section, we first briefly describe the three

data assimilation algorithms related to this study. The cycling representer algorithm carries out a
series of four-dimensional minimizations overWe then give a brief description of the numerical

prediction and adjoint models as well as the short time periods. However, this requires that the
initial background error covariance (as well as theassociated parameters.
state estimates) be updated at the beginning of
every cycle. The representer mechanism was used

2.1. T he data assimilation algorithms
in Xu and Daley (2000) to update the initial
background error covariance by calculating theTwo different representer algorithms were used

in this study. They were the cycling representer representer at every point at the end in the previ-
ous cycle. There were two main components inalgorithm (Xu and Daley, 2000), and the acceler-

ated representer algorithm to be presented in this the cycling representer algorithm of Xu and Daley
(2000). The first component was the explicit calcu-section. The two algorithms are based on the

original explicit representer algorithm by Bennett lation of the representer matrix. The computa-
tional expenses were proportional to the numberand McIntosh (1982) and Bennett and Thorburn

(1992). In the following, we first give a brief of observations used in the calculations. The
second component was the calculation of thedescription of the explicit and cycling representer

algorithms. We then describe the formulation of analysis error covariance at one time level (usually
the end) of each cycle. It was clear that thethe accelerated representer algorithm.
calculations of explicit representers and the ana-
lysis error covariance were very expensive. It is2.1.1. T he representer algorithm. The representer

algorithm was introduced into oceanography by impossible for the algorithm to be used in opera-
tional four-dimensional data assimilation with theBennett and McIntosh (1982) and Bennett and

Thorburn (1992). This algorithm is an effective present day computers.
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2.1.3. T he accelerated representer algorithm. where H is the forward operator that connects the
analysis grid-space with the observation-space, ReBecause of the expense of the cycling representer

algorithm, an accelerated representer algorithm (calculated) is the K×K representer matrix and
K is the number of observations, R (specified) ishas been developed for the operational four-

dimensional data assimilation. In the accelerated the observation error covariance matrix, y is the
observation vector of length K, and y−Hxb isrepresenter algorithm, the representer matrix is

calculated implicitly and the initial background the innovation vector (sometimes referred to as
the observation increment). xb is the backgrounderror covariance at the beginning of each cycle is

specified rather than being calculated. Notice that state vector of dimension I. The most computa-
tionally intensive task in eq. (1) is to obtain thethe initial background field is still updated (cycled)

using the analysis field from the previous cycle. representer matrix Re explicitly. It is, in general,
not very practical in meteorological operations toWithout calculating the analysis error covariance

at end of each cycle, the accelerated representer calculate Re explicitly and then directly invert
Re+R due to the large values of K (200,000algorithm is much more computationally tract-

able. It should be noted that the computational or more).
Fortunately, we can solve eq. (1) using iterativeefficiency is achieved by sacrificing the accuracy

of the initial background error covariance at each descent procedures, such as standard conjugate
gradient methods or more efficient preconditionedcycle. It is clear that the accelerated representer

algorithm becomes sub-optimal as compared conjugate gradient methods (see Golub and Van
Loan, 1996 or Strang, 1986). In these methods, itwith the cycling representer algorithm when less

accurate initial background error covariance is is necessary to perform the following matrix vector
multiply for each iteration:available.

Unlike the original explicit representer algo-
q=[Re+R]p . (2)rithm, the representer matrix in the accelerated

representer algorithm is calculated implicitly using
Here p is a known vector of length K and q is a

an iterative method described by Egbert et al.
vector of length K, which is the result of the

(1994), Amodei (1995), Courtier (1998), where it
matrix/vector multiply. There are two operations

is referred to as the 4D-PSAS algorithm, and
in eq. (2),

Chau and Bennett (2001). The accelerated repre-
senter algorithm is the dual formulation of the q+=Rp and q*=Rep ,

with q=q++q*.
(3)standard four-dimensional variational (4DVAR)

algorithm that has been implemented at the
European Center for Medium Range Forecasts

Since R is specified, the operation Rp is straight-
(ECMWF). That is, while the standard 4DVAR

forward. The second operation is much more
algorithm is an analysis grid-space algorithm, the

complex, but q* can be obtained from p, using a
accelerated representer algorithm is an observa-

similar procedure to that used in the explicit
tion-space algorithm.

calculation of the representer matrix.
The specification of the initial background error

In the procedure, we first define a vector wE, of
covariance at the beginning of each cycle will be

dimension I, that satisfies the following adjoint
similar to the specification of the initial back-

equation,
ground error covariance in the current 3DVAR
algorithm, but will not be discussed in detail in wE

n
−MT

n
wE
n+1
=[HTp]

n
, (4)

this study. In the following we will give a brief
description of the minimization procedure of the where 1∏n∏N; MT

n
is the adjoint model at

timestep n; [HTp]
n
is the projection of vector paccelerated representer algorithm. The derivation

follows directly from Section 2 of Xu and Daley onto the analysis grid-space at timestep n; and the
initial condition is wE

N+1
=0. Equation (4) is very(2000). Equation (2.15) of Xu and Daley (2000),

which is used to find the coupling vector bE, is similar to eq. (2.6) of Xu and Daley (2000). We
can now integrate eq. (4) backward from n=N tore-written here as
n=1 to obtain the adjoint field wE.
We then define a vector hE, of dimension I, that[Re+R]b

E=[y−Hxb], (1)
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satisfies the following prediction equation, meteorological systems, such as the primitive
equation system.

hE
n
−M

n=1
hE
n−1
= ∑
N

n∞=1
Q
nn∞
wE
n∞
, (5) We applied the representer algorithms of

Section 2.1 to the linearized shallow water equa-
where 1∏n∏N;M

n−1
is the prediction (forward) tions in a b-plane channel with rigid walls at the

model at timestep n−1 and Q
nn∞
is the model northern and southern boundaries and periodic

error covariance between timestep n and time- boundary conditions at the eastern and western
step n∞. The initial condition of eq. (5) is boundaries, respectively. (We will address the
hE0=Bb0MT0w

E
1 with Bb0 as the initial background issues associated with non-linearity in a future

error covariance. Equation (5) is very similar to study). With this linear system we were able to
eqs. (2.7) and (2.8) of Xu and Daley (2000). examine the multivariate aspects of the cycling
Comparing eqs. (4) and (5) with eqs. (2.10)–(2.13) representer algorithm and to compare the results
of Xu and Daley (2000), it can be shown that with the ones obtained using the accelerated repre-

senter algorithm introduced in the previousRep=Hh
E , (6)

section.
which is just what is needed, at a cost of one The governing equations of the linearized shal-
backward adjoint and one forward tangent linear low water equations in Cartesian coordinates are
integrations. Once bE is obtained using an iterative as follows:
descent procedure, we can then use eqs. (2.6)–(2.8)
of Xu and Daley (2000) to obtain the final analysis ∂u

∂t
+U

∂u
∂x
+
∂w
∂x
−A f− dUdyB v=0, (9)

as follows.
We first integrate the adjoint variable lE=
(lE1 · · · l

E
n
· · · lE
N+1
)T backward in time using ∂v

∂t
+U

∂v
∂x
+
∂w
∂y
+ fu=0, (10)

lE
n
−MT

n
lE
n+1
=[HTbE]

n
, (7)

where 1∏n∏N and lE
N+1
=0. The analysis at ∂w

∂t
+W A∂u∂x+∂v∂yB+ dWdy v=0, (11)

any time during the cycle is given by

where x and y point eastward and northward,xa
n
−M(xa

n−1
)= ∑

N

n∞=1
Q
nn∞
lE
n∞
, (8)

respectively; u and v are the eastward and north-
ward perturbation wind components, respectively;where 1∏n∏N, subject to the initial condition
and w is the perturbation geopotential; U=U(y)xa0=xb0+Bb0MT0l

E
1 . is a time invariant basic state flow trajectory andIt should be noted that the accelerated repre-

is in geostrophic balance with the basic statesenter algorithm becomes sub-optimal due to the
geopotential W=W(y) and W0=W(y0 ); finally y0need to specify the initial background error covari-
is the value of y at the center of the channel. Theance at each cycle.
geostrophic balance in the basic state is given by
(dW/dy)+ fU 0, where the Coriolis parameter f=

2.2. T he prediction and adjoint models
f0+b(y−y0 ) with f0= f (y0 ) and b¬ (df/dy)y

0

.
Note that x, y, w, and b should not be confusedThe shallow water system is one of the simplest

and most frequently used test beds for applications with x, y, wE, and bE in Section 2.1, respectively. For
simplicity, we refer perturbation wind and geo-in meteorology. Besides its popularity in testing

advanced numerics used in NWP models, it is potential as wind and geopotential for the rest of
the paper.also very popular in testing advanced atmospheric

data assimilation algorithms (e.g. Courtier and The model was discretized on an Arakawa
C-grid. The numerical techniques used to con-Talagrand, 1990; Cohn and Parrish 1991; Todling

and Ghil 1994). Despite the overall simplicity of struct this shallow water model were the same
as those used in the US Navy’s Coupledthe system (only involving interactions among the

wind components and geopotential in a single Ocean/Atmosphere Mesoscale Prediction System
(COAMPS) except that we only had one verticallayer), it displays some of the complex multi-

variate, multidimensional interactions that are layer in this study. Readers who are interested in
the numerical techniques used in COAMPS cancommonly observed in more comprehensive
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find detailed descriptions in Xu (1995) or Hodur of the ‘neutral’ singular vector was then chosen to
be the ‘true’ solution (see details in Section 3.3).(1997). The adjoint numerical model of the linear

shallow water system was obtained directly from By assuming the evolution of the ‘neutral’ singular
vector as the ‘true’ solution, we implicitly used thethe discretized numerical prediction model. The

model domain was a 3850 km by 3850 km channel perfect model assumption. For consistency, we
used the perfect model assumption (Q=0)with cyclic boundary conditions at the eastern

and western boundaries and rigid wall condition throughout this study despite the representer
algorithms’ ability to handle model errors.(v=0) at the northern and southern boundaries.

Due to the use of Arakawa C-grid, we had 11×11 The data sampling strategy is always an import-
ant issue in data assimilation. To examine thegridpoints for v and 11×10 gridpoints for, u and

w, respectively. A uniform grid-length of 385 km impact of data sampling on the assimilation
results, we used two very different observationwas used in both x and y directions. The timestep

was 600 s. The b-plane was centered at 45°N, with networks with the number of observations being
the same. For each observation network, we con-f0=10−4 s−1, b=1.5×10−11 m−1 s−1 and W0=

3×104 m2 s−2. ducted 2 experiments using cycling and accelerated
representer algorithms. A total of 4 experiments
were conducted. The time period for the data
assimilation was 96 h. A total of 8 short cycles3. The data assimilation experiments
were used to cover the 96-h time period with each
cycle consisting of 12 h.One of the objectives of this study was to apply

the cycling representer algorithm of Xu and Daley
(2000) to a multidimensional, multivariate shallow 3.1. A barotropically unstable shallow water
water system with dynamic instability. In our system
preliminary experimentations that are not

As discussed above, we conducted our datareported here, we successfully applied the cycling
assimilation experiments with a barotropicallyrepresenter algorithm to simpler shallow water
unstable shallow water system. In his classic 1949data assimilation problems, such as Poincaré and
paper, Kuo thoroughly studied the dynamicKelvin wave propagation, where analytical solu-
instability of a two-dimensional nondivergent flowtions were always available. While those simple
in a barotropic atmosphere from a theoreticaltests were very important to validate the algo-
point of view. He concluded that barotropicrithm, they were incapable of mimicking the
instability might occur in a shallow water systemdynamic instabilities observed in more realistic
in a beta-plane channel with certain basic state jetmeteorological flows.
profiles. Todling and Ghil (1994) studied the dataIn order to ensure dynamic instability in our
assimilation under unstable atmospheric condi-shallow water b-plane channel system, we
tions in a barotropically unstable shallow wateremployed a cosine square jet profile (described in
system using a Kalman filter. Their barotropicallySection 3.1) as the basic state trajectory in eqs.
unstable basic-state flow was a cosine-squared jet(9)–(11). It is generally preferable to have available
[different from the one used in Kuo (1949)]. Wethe ‘true’ solution of the problem in order to
tested the jet profiles used by Kuo (1949) andcreate artificial ‘observations’ to be used in the
Todling and Ghil (1994), respectively and founddata assimilation experiments and to create a
that both jet profiles were capable of generatingmetric of the success or failure of the experiments.
the needed barotropic instability. For convenience,However, for the unstable jet, unlike the Poincare
we used a jet profile similar to the one used inand Kelvin waves problems, we did not have a
Todling and Ghil (1994). The jet profile is givenready analytical solution to be used as the ‘truth’
byin this unstable system. Instead, we used singular

vector analysis (see details in Section 3.2), to
U=GU0 if |y |>d

U0[1+cos2 (2py/d)] if |y |<d∞
, (12)separate various singular vectors of the barotrop-

ically unstable shallow water system. One of the
‘neutral’ singular vectors was used as the initial where U0=20 m s−1 was the minimum zonal

wind speed and 2d=1155 km was the width ofcondition for the prediction model. The evolution
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the jet. The maximum zonal wind speed was 2U0 . 3.3. T he ‘true’ solution

The cosine square jet profile is schematically illus-
Although the singular vectors provided informa-

trated in Fig. 1.
tion about the relationship between the initial and
final states, they did not provide the detailed
evolutions in between. However, a model integra-
tion of the shallow water system from any initial

3.2. T he singular vectors of the barotropically singular vector provided us with the complete
unstable system evolution that we desired. The ‘true’ solution for

the problem was not chosen to be the leadingOne of the advantages of using the simple
unstable singular vector, but rather, was a ‘neutral’

shallow water system (with only a modest number
singular vector. We felt that this choice would be

of degrees of freedom) was the ability to explicitly
a particular tough test of any data assimilation

calculate all the singular vectors of the system. We
system, because any discrepancies or faults of the

first obtained the forward propagator matrix,
data assimilation system could easily excite an

which generated the state at t=96 h (576 times-
unstable singular vector and the error would

teps) forecast from the initial state (t=0), using a
grow rapidly.

technique similar to the one used by Reynolds
Among the 11 ‘neutral’ singular vectors, some

and Palmer (1998). Once we had the forward
were stationary during the 96-h time period

propagator matrix, we then used a standard singu-
and some were moving eastward. We chose an

lar value decomposition program available from
eastward-moving ‘neutral’ singular vector (singu-

LAPACK (Anderson et el. 1995) to obtain the
lar vector No. 83 with a singular value of 1.003)

singular values and the associated singular vectors as the initial condition and performed a 96-h
(initial and evolved) of the system. Since the length forecast. The evolution of the ‘neutral’ singular
of the state vector was 341, we had 341 singular vector then served as the ‘true’ solution, and
values and singular vectors, respectively. The lead- provided the basis from which to create the obser-
ing singular value (associated with the most vations. During the 96-h time period, the ‘neutral’
unstable singular vector) was 31.59. There were singular vector propagated eastward for about
73 singular values greater than 1.01 (unstable one evolution (3850 km), with some structural
singular vector), 11 singular values greater than variations in the north-south direction. It should
0.99 but less than 1.01 (‘neutral’ singular vectors), be noted that this singular vector was ‘neutral’
and 257 singular values less than 0.99 (decaying only in the sense that the amplitudes at t=0 and
singular vectors). t=96 h were approximately the same. In fact, the

evolution of this singular vector displayed a
growth/decay cycle with rapid growth to about
25 times the initial amplitude at t=48 h, followed
by decay back to close to the original amplitude
at the end of the period. The evolution of the
‘neutral’ and the leading unstable singular vectors
at t=96 h was plotted in Fig. 2(a) and (b), respect-
ively. Figure 2(b) was served as a visual reference
to see if the analysis solutions from both algo-
rithms were stable.

3.4. Observations, observation networks, and
observation error specificationFig. 1. A schematic drawing of the basic state jet profile

in the channel. Umax and Umin are the maximum and The observations were created from the ‘true’
minimum wind speeds in the x-direction, respectively.

solution described in Section 3.3. The observations2b=3850 km is the width of the channel and 2d=
were assumed to have spatially and serially uncor-1155 km is the width of the jet. The basic state wind in

the y-direction is always zero. related errors chosen from a normal distribution,
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Fig. 2. The wind fields (in streamlines) and the geopotential fields (in color) at t=96 h (end of the data assimilation
period) from the ‘true’ solution and two different representer algorithms using observation Network A. Panels (a)
and (b) show the evolution of the ‘neutral’ (‘true’ solution) and leading unstable singular vectors, respectively. Panels
(c) and (d) show the cycling representer and the accelerated representer solutions, respectively. Notice that all the
values in panel (b) have been scaled by 10−2 before being displayed. The observation Network A is represented by
the thick black lines in panel (c) and (d), respectively.

with a standard deviation equal to 0.000 01% of 3.4.1. Network A. Observations collocated with
the 11 model gridpoints were available for themaximum values of the corresponding fields. Thus,

the observations were essentially perfect for prac- geopotential and wind components every 6 h
(twice in each 12 h short cycle) along a fixed linetical purposes, but were mathematically imperfect.

The imperfectness in the observations helped to in the north-south direction (x=5), as indicated
by the thick black lines in Fig. 2(c) and (d),ensure that the sum of the matrices Re+R was

positive-definite in this study. respectively. This network had a maximum spatial
coverage in the y-direction at x=5, but with aTwo observation networks (A and B) were

employed in this study and are described as very poor coverage in the x-direction. Since the
‘true’ solution moved eastward, we hoped that thefollows.
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poor coverage in the x-direction would be com- (scalar) background error variances used in this
study were 5×10−3 m2 s−2 and 1×10−5 m4 s−4pensated by the eastward propagation of informa-

tion by the model and through the cyclical for wind and geopotential fields, respectively.
boundary conditions used in the x-direction. This
network was created to see if the data assimilation
systems were capable of spreading the sparse 4. Results
observed information as we hoped.

For each observation network, we conducted 2
experiments, namely cycling with initial back-3.4.2. Network B. Observations collocated with 11

model gridpoints were available for geopotential ground covariance updating (cycling representer)
and cycling with no initial background covarianceand wind components every 6 h (twice in each

12 h short cycle) along a fixed line (not shown) in updating (accelerated representer), respectively. In
the following, we first examine the details of thethe east–west direction (y=6). Unlike Network

A, this network had a maximum spatial coverage analysis at the end of the data assimilation period
(t=96 h). We then examine the overall perform-in the x-direction at y=6, but with a very poor

coverage in the y-direction. Since the ‘true’ solu- ance of each algorithm using an objective global
measurement of error reductions for observationtion showed very little interaction in the y-direc-

tion, we suspected that data assimilation systems Network A and discuss the advantages and dis-
advantages of each algorithm. Finally, we demon-would have difficulty in propagating the observed

information in the y-direction. Essentially, Net- strate the impact of different sampling strategies
by comparing the analysis from both Network Awork B was chosen to examine the effect of a

‘poor’ sampling strategy. and B.
We first demonstrate the performance of the
cycling and accelerated representer algorithms at

3.5. Specification of the initial conditions and initial
t=96 h using observation Network A, by dis-

background error covariance
playing in Fig. 2 the wind and geopotential ana-
lysis and comparing them to the ‘true’ solutionIn all the experiments, the initial (t=0) back-

ground conditions for the first cycle were always and the leading unstable singular vector. The
geopotential fields are color shaded (see thermo-specified to be equal to zero, the initial background

conditions for the subsequent cycles were provided meter on the right) while the wind fields are
plotted as streamlines. Figures 2(a) and (b) are theby the analysis at the end of the previous cycle

(cycling). We arbitrarily specified homogeneous, evolution of the ‘neutral’ and leading un-
stable singular vectors at t=96 h, respectively.diagonal, univariate initial (t=0) background

error covariance for the geopotential and wind Figure 2(a) is served as the ‘true’ solution, while
Fig. 2(b) is served as a visual reference to see ifcomponents. We know from experience that such

initial background error covariance is, in actuality, the two different representer algorithms were
stable. It should be noted that all the variables infar from diagonal and is often multivariately

coupled, but we wished to make the initial back- Fig. 2(b) have been scaled by 10−2 before being
displayed to use the same color bars (thermometer)ground error covariance simple and not very

realistic. Although we could have found more on the right. The wind and geopotential analysis
produced by the cycling and accelerated repre-realistic initial background error covariances

through experiments, such as the x2-tests used in senter algorithms are displayed in Figs. 2(c) and
(d), respectively. Both algorithms appeared to beXu and Daley (2000), we decided to use diagonal,

univariate forms so that we could test the ability stable and capable of capturing the main features
of the ‘true’ solution at the end of 96 h as indicatedof the cycling representer algorithm in updating

the initial background error covariance. We also in Fig. 2. The cycling representer appeared to be
very close to the ‘true’ solution [comparing panelswished to test the ability of the accelerated repre-

senter algorithm (where the initial background (a) and (c)]. The results from the accelerated
algorithm [panel (d)], on the other hand, wereerror covariance is not updated at the beginning

of each cycle) in the case of a poor choice of the less accurate than the ones from the cycling repre-
senter algorithm. There were some distortionsinitial background error covariance. The initial
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near the left boundaries in the x-direction. We (no initial background covariance updates). The
solid line represents the cycling representer algo-attribute the distortions to the mis-specification

of the initial background error covariance in rithm (initial background covariance was updated
every cycle). Both algorithms produced stableeach cycle.

To further compare the overall accuracies of the analysis, despite the dynamic model being baro-
tropically unstable.analysis during the whole time period of data

assimilation, we used a square root of total The cycling representer algorithm (solid line)
indicated a steady reduction of overall errorsperturbation energy (SRTPE) as an indicator to

represent the overall error at any given timestep. measured by the SRTPE metric. The error levels
were essentially flat during each cycle, and theThe SRTPE was defined as follows:
error reduction occurred at the end of each cycle

SRTPE
(rather reminiscent of the behavior of a Kalman
filter). The accelerated representer algorithm

=
1

2
∑
10

i=1
∑
10

j=1
(dash-dot line) also showed a steady reduction of
the overall errors but with a lower error reduction
rate measured by the SRTPE metric. The acceler-×A(utij−uaij )2+ (vtij−vaij )2+ 1W

j
(wt
ij
−wa
ij
)2B1/2, ated and the cycling representer algorithms gave
(13) exactly the same results in the first cycle, but in

later cycles, the initial background covariance
where i and j were gridpoint indexes in the x and

update of the cycling representer is clearly advan-y directions, respectively. Since the Arakawa
tageous. From computational a point of view,

C-grid was used in the model, we first obtained
however, the accelerated representer algorithm

all the variables on the geopotential points and
was very affordable, while the cycling representer

then calculated the SRTPE there. The smaller the
algorithm was much more expensive. It is unfortu-

SRTPE, the better the analysis was.
nate that initial background error covariance

Figure 3 displays the plots of SRTPE against
updating is so computationally burdensome.

time for the two different assimilation algorithms
One of the important issues in data assimilation

using observation Network A. The dash-dot line
is network design and sampling strategy. As dis-

represents the accelerated representer algorithm
cussed in Section 3.4, both observation Networks
A and B had the same number of observations,
but they were distributed very differently. Instead
of using the SRTPE defined in eq. (13) as a
function of time, we calculated a square root of
the zonal average of the perturbation energy at
the end of the data assimilation period (t=96 h)
for the two different representer algorithms with
both observation networks. The results are plotted
in Fig. 4, with the line conventions being the same
as in Fig. 3. Panel (a) is for Network A and panel
(b) is for Network B. The overall zonal averaged
errors from observation Network A were clearly
smaller than for Network B, except in the vicinity
of y=6 (where all the observations of Network B
were located) for both cycling and accelerated
algorithms.
The better results obtained with Network A

Fig. 3. The overall error level [from the SRTPE metric, were not unexpected because the ‘true’ solution
eq. (12)] as a function of time (in hours) for the two

was propagating eastwards instead of southwards
different representer algorithms using observation

or northwards. By using observation Network B,Network A. The solid and dash-dot lines are for the
we effectively reduced the amount of usefulcycling and accelerated representer algorithms,

respectively. information from observations and instead added
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Fig. 4. The square root of zonal mean perturbation energy as a function of zonal gridpoint position (y-direction) at
t=96 h for observation Networks A (a) and B (b). The solid and dash-dot lines are for the cycling and accelerated
representer algorithms, respectively.

redundant information from observations. The through the use of a cosine square jet profile in
the basic state. The system had a sufficiently smallresults for Network B clearly suggested that the

analysis were very close to the ‘true’ solution in number of degrees of freedom that all of the
singular values and singular vectors of this systemthe vicinity of the abundant observations (near

y=6), but deteriorated rapidly to the north and over a given time interval could be obtained
explicitly. The evolution of a ‘neutral’ eastward-south.

In Section 3.3, it was noted that although the propagating singular vector was selected as the
‘truth’, against which all data assimilation experi-‘truth’ corresponded to the evolution of the ‘neut-

ral’ singular vector, the predictive model of ments were to be evaluated.
Almost perfect observations for two differentSection 2.2 also supported very rapidly growing

barotropically unstable singular vectors. It was observation networks were obtained by sampling
the ‘true’ solution. For each network two datasuggested in Section 2.2 that the spurious excita-

tion of the leading unstable singular vectors assimilation algorithms were tested. First, there
was the cycling representer algorithm (which[Fig. 2(b)], could lead to a catastrophic result in

an improperly posed data assimilation system. includes the initial background error covariance
update at the beginning of each cycle). The secondClearly, the results shown in Figs. 2–4 show no

evidence of this. algorithm was the accelerated representer algo-
rithm (which is much less computationally intens-
ive but does not update the initial background
error covariance).5. Summary and conclusions
Both the cycling and accelerated representer
algorithms were found to produce stable resultsThis study had two objectives. The first object-

ive was to validate the cycling representer for observation Network A and B, despite the
possibility of enormous error growth associatedalgorithm of Xu and Daley (2000) in a multidimen-

sional, multivariate environment with dynamic with the dynamically unstable system. The results
clearly showed that Network A is much betterinstability. The second objective was to formulate

and test the accelerated representer algorithm to than Network B in sampling useful information
with the same number of observations. With thebe used in a future operational four-dimensional

atmospheric data assimilation system. observation Network A, the cycling representer
algorithm (which updates the initial backgroundA linear shallow water version of COAMPS

with a barotropically unstable basic state was used error covariance at the beginning of each cycle)
produced the most accurate analysis at the endas the test bed to conduct data assimilation experi-

ments. The barotropic instability was produced of the data assimilation period. The accelerated
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representer produced the same result as the cycling data assimilation system using the accelerated
representer algorithm. This algorithm is beingrepresenter algorithm in the first cycle, but it had
constructed for massively parallel machines andslower error reductions for subsequent cycles. This
involves the parallel tangent linear and adjointwas not surprising, because we had deliberately
models of NOGAPS (Navy Operational Globalchosen a rather poor representation of the initial
Atmospheric Prediction System — Hogan andbackground error covariance to be specified at the
Rosmond, 1991). The observation and forwardbeginning of each cycle.
instrument modeling, as well as the constructionThe results from the accelerated representer
of the initial background error covariance, allalgorithm were, however, very encouraging
come from NAVDAS (NRL Atmosphericbecause the latter is sufficiently computationally
Variational Data Assimilation System — Daleytractable to be used on present day multi-processor
and Barker, 2000, 2001). This new algorithm,machines for operational applications. It was clear
which we refer to as NAVDAS-AR (NAVDAS–from our experiments that the assimilation errors
Accelerated Representer), is a natural extensionwere steadily reduced after each cycle for this algo-
of the three-dimensional observation-spacerithm, although the poor specification of the initial
NAVDAS system to four dimensions.background error covariance at the beginning of

each cycle led to less error reduction than would

have been desirable. It is likely that a more realistic 6. Acknowledgements
initial background error covariance based on the
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