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ABSTRACT

A 2-time-level finite difference atmospheric general circulation model based on the semi-
Lagrangian advection of pseudo potential vorticity (which becomes potential vorticity in that
part of the domain where the hybrid vertical coordinate becomes isentropic) has been formu-
lated. At low levels, the hybrid vertical coordinate is terrain following. The problem of isentropic
potential vorticity possibly becoming ill-defined in the regions of planetary boundary layer is
thus circumvented. The divergence equation is a companion to the (pseudo) potential vorticity
equation and the model is thus called a PV-D model. Many features of a previously developed
shallow water PV-D model are carried over: a modification of the PV equation needed to give
computational stability of long Rossby waves; a semi-Lagrangian semi-implicit treatment of
both the linear and the nonlinear terms; the use of an unstaggered grid in the horizontal; the
use of a nonlinear multigrid technique to solve the nonlinear implicit equations. A linear
numerical stability analysis of the model’s gravity—inertia waves indicates that the potential
temperature needs to be separated into horizontal mean and perturbation parts. This allows
an implicit treatment of the vertical advection associated with the mean in the thermodynamic
equation. Numerical experiments with developing baroclinic waves have been carried out and

give realistic results.

1. Introduction

Potential vorticity (PV), being conserved fol-
lowing a particle in frictionless adiabatic flow, is
a basic quantity in atmospheric dynamics. Since
its discovery by Rossby (1936) in the shallow
water context and by Ertel (1942) for general
flows, it has frequently been used as an analytical
and diagnostic tool. In recent years, following the
landmark paper of Hoskins et al. (1985), PV has
received increased attention and its use in diag-
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nostic studies has been leading to many new
insights into atmospheric behaviour.

In view of the central importance of PV as a
dynamical quantity, it would appear worthwhile
to attempt to formulate an atmospheric model in
which PV appears explicitly as a prognostic vari-
able. It is reasonable to assume that such a model
will give a more faithful simulation of PV evolu-
tion than one using the velocity components or
vorticity and divergence as the primary prognostic
variables. A step towards the development of such
a model was taken by Charney (1962) for the
shallow water case. Charney used the PV equation
in conjunction with a balanced form of the diver-
gence equation and showed that successful inte-
grations could be carried out. Temperton and
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Staniforth (1987) took this approach a step further
by formulating a limited-area PV-based model
using the form of the shallow water equations.

We have been engaged in a project aimed at
developing a global PV-based model using the
primitive equations. Work on the shallow water
version, has already been completed (Bates et al.,
1995; Li and Bates, 1996). Our approach is to use
the PV equation in conjunction with the primitive
divergence equation, and our model is thus termed
a PV-D model. A number of factors have made it
opportune to embark on the development of such
a model. The semi-Lagrangian method of integra-
tion, which has been gaining increasing imple-
mentations since it was first used in primitive
equation models in the early 1980s (Robert, 1981,
1982; Bates and McDonald, 1982; for a review see
Staniforth and Coté, 1991), offers high accuracy
of integration and is ideally suited to the numerical
treatment of quantities that follow a conservation
law along a particle trajectory. Multigrid methods,
which provide an efficient means of solving the
nonlinear implicit equations that arise in a PV-D
model, are reaching a high state of development
(Brandt, 1977, 1988; McCormick, 1992). The
potential of isentropic coordinates, which are
apposite for a PV-D model in 3-dimensions, has
been demonstrated for the primitive equations
(Hsu and Arakawa, 1990; Zhu et al., 1992; Johnson
et al., 1993; Bleck and Benjamin, 1993). A recent
formulation of a generalized vertical coordinate
by Konor and Arakawa (1997) allows the use of
a terrain following coordinate such as the com-
monly used o-coordinate at the lower levels and
smoothly changes to isentropic above. This suits
our PV-D model development well, as will be seen
later in this paper. An important factor motivating
the continued development of our PV-D model is
the demonstration that a PV-D model can be used
conveniently as a tool for assimilating data on PV
proxies, such as long-lived chemical tracers in the
stratosphere (Li et al., 1998).

Other work on developing global PV-based
models has also been carried out recently. Tolstykh
(1996) has developed a semi-Lagrangian shallow
water model using 4th order finite differencing,
and Thuburn (1997) has developed an Eulerian
shallow water model using a hexagonal-icosa-
hedral grid.

In the present paper, we describe an adiabatic
formulation of a 3-dimensional PV-D model. In
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considering an extension of our shallow water
PV-D model to the 3D case, the approach that
first suggested itself was to use the advection of
Ertel PV (Ertel, 1942). This, however, is not a
viable approach as the Ertel PV can become
singular in regions of neutral vertical stratification
that often occurs in the planetary boundary layer.
To overcome this problem, we use a hybrid vertical
coordinate (terrain following near the ground and
smoothly changing to isentropic at higher levels)
and derive a pseudo potential vorticity (PPV)
equation, which reduces to the PV equation in
regions where the vertical coordinate becomes
isentropic. The divergence equation is derived, as
in the shallow water case, by first discretizing the
momentum equation in vector form and then
taking the divergence. This gives an equation
which is linear in the implicit variables. The ther-
modynamic equation is expressed in the form of
conservation of potential temperature. A modi-
fication to the basic advection scheme needed to
keep the gravity—inertia waves stable is introduced.
The remaining equations are the hydrostatic equa-
tion and the continuity equation.

Many features of our shallow water PV-D
model are carried over to the present case. The
modification to the PV equation needed to keep
the long Rossby waves stable is used, as is the
2-time-level semi-Lagrangian semi-implicit (SLSI)
treatment of both the linear and the nonlinear
terms. The price of the SLSI treatment of the
nonlinear terms is the necessity of solving a nonlin-
ear set of implicit equations. This is done, as in
the shallow water case, by using a nonlinear
multigrid solver. Our model uses a regular lati-
tude—longitude grid, with no staggering of the
variables. In the vertical, we use a type of staggered
grid which seems best adapted to the present
model. It follows Charney and Phillips (1953)
more closely than Lorenz (1960).

2. Model formulation

2.1. The continuous equations

We use a generalized vertical coordinate ¢ which
is assumed to increase monotonically with height
(Kasahara, 1974). The primitive equations for a
dry atmosphere, i.e., the horizontal momentum
equation, the hydrostatic equation, the continuity
equation and the thermodynamic equation, can
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be written as:

d—V kxV=P 1
d[ +f X - ) ( )
oM 'H60—0 5
FE S )
Ao\ (o (o, %) _
dt<6£>+<66><v V—I—%)—O, (3)
@ 0 4
a (4)
where

V = horizontal velocity vector (= ui + vj),
0 = potential temperature,
p = pressure,
¢ = vertical coordinate,
& = vertical velocity (d&/dt),
M = Montgomery streamfunction (c, T + @),
® = geopotential,
f = Coriolis parameter,
¢, = specific heat of dry air at constant pressure,
DPoo = reference pressure,
R4 = gas constant for dry air,
Kk =Rqy/cy,
P = pressure gradient force
(= = V:M + ¢, I1V;0),
IT=(p/poo)".

From the horizontal momentum eq. (1) we
derive the vorticity equation

d ¢ VeV +k-|Vé il
3 EHNFEHNV-V+ <5X(T¢>

=k-VxP. (5)

Using (3) to eliminate V- V from (5), we have

df c+/7
5[_61)/66}&’ ©)

where

817 7 opjoc

v,
+k~<VxP+ : ><Vé>:|. (7)
0¢

We call the quantity [—({+ f)/dp/0¢] pseudo
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potential vorticity (PPV)* and eq.(6) the PPV
equation. When the vertical coordinate becomes
isentropic (i.e., ¢ =0), as is intended except near
the lower boundary, the pseudo potential vorticity
becomes Ertel potential vorticity. Clearly, all the
terms on the right-hand side of eq.(6) vanish in
this case (assuming frictionless adiabatic flow). In
the lower layers where the vertical coordinate is
chosen to be g, PPV is still well-defined. Therefore,
by using (6), the difficulty of the PV being ill-
defined is avoided, and the original intent of using
the conservation relation for PV as a model
equation is retained for most of the model domain.
The form of & will follow Konor and Arakawa
(1997) closely.

As in Bates et al. (1995), the divergence equation
is obtained by discretizing the momentum equa-
tion in vector form and then taking the divergence.
The last equation needed to close the system is
derived from the definition of the vertical co-
ordinate:

2.2. Semi-Lagrangian semi-implicit discretization

The model equations are discretized in a 2-
time-level semi-Lagrangian semi-implicit (SLSI)
manner with 1st-order uncentering (Rivest et al.,
1994), which can be extended to 2nd order with
very little effort.

The discretization of the PPV eq. (6) starts from

i C+f n+1_ (‘i‘f n
At | \0p/og ap/oc)
1
=—5[(1+8)(g1)"“+(1—8)(g1)';], )

where ¢ is the uncentering parameter and At the
timestep. The superscripts denote the timelevel,
and the subscript (),, denotes quantities valued at
the departure points. (Note that uncentering
occurs only when ¢ is not isentropic; when & =0,
the r.h.s. in (9) vanishes.) In order to stabilize the
Rossby waves, the modification to the Coriolis
term as described in Bates et al. (1995) and the
uncentering method of Li and Bates (1996) that

* It is not to be confused with quasi-geostrophic poten-
tial vorticity, which is also sometimes called pseudo
potential vorticity.
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suppresses the orographic resonance while impos-
ing no damping effects on Rossby waves are
adopted; this gives

o

L[oeAL]? T
fom (15 5 ) - (5
(10)

where a is the radius of the earth and f=
(1/a) 0f/0¢. Hence, defining rl=%At(l +¢) and

T, = %At(l —¢), eq. (9) becomes:
Az\n+1
[1—11<€£> }(CJrf)”+1
0¢
a’/ . n+1 ap n+1
o[ st (%)

. | v A |?
Az (-2 5
b5 o | -t

The derivation of the divergence equation
follows that of the shallow water PV-D model
of Bates et al. (1995). We first discretize the
momentum eq. (1) in vector form, giving

n+1 __ pn
<¥> = % [(14&)(P— fkx V)*!

(11)

A
(I —=e)(P— [k x V)iTu, (12)
1e.,
[V —1,(P—fk x V)]
=V + 0P —fkx V)ila, (13)

where the subscript H denotes a horizontal projec-
tion as at the trajectory midpoint. Following Bates
et al. (1990), (13) gives

V-t P—fkxWV]""'=4 (14)
where
A=Ai+ A,]j,

A; =y (Y} +‘°‘2(Y;s):u
Ay =o3(Y;)5 + ()i,
Y, =u+1,(P,+ fv),
Y¢=U+‘L'2(P¢—fu),

and (o, oy, o3, o,) are defined as in Bates et al.
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(1990). Taking the divergence of (14), we arrive at
the divergence equation

[D—t(V-P—pu+fO1""!

where D =V -V is the divergence.
Discretizing the hydrostatic eq. (2) gives

6A4 n+1 60 n+1
<676> —CP |:H Ffi| =0.

The continuity eq. (3) is discretized as:

() ()]
o¢ “\o¢
_ 1 D 55)
‘_2{(+®[%< *aé}
op AENT
ca-a o)) )

which can be re-written as:

6£ n+1 ap n+1
[”“(’”&) Ma?)
(o) () 0w

In order to maintain the numerical stability of
gravity—inertia waves, as we will see later, we
decompose the potential temperature into 2 parts,
ie., 0=0(&)+0'(4, ¢, & ). Thus, eq. (4) becomes
do’
dr
where T = 98/0¢. The SLSI discretization of this
gives

[0'+ 7, TE] = [0 — 1, T°¢T,.

The definition of the vertical coordinate is itself
one of the governing equations:

L L0+ (0 =< (21)

With egs. (11), (15), (16), (18), (20) and (21),
we now have a closed set of governing equations.

=V-4, (15)

(17)

+Té=0, (19)

(20)

2.3. Vertical discretization and boundary
conditions

The vertical distribution of the model variables
is illustrated in Fig. 1. Egs. (11), (15), (18) are
centered at the dashed levels, (20) at the solid
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Fig. 1. The model’s vertical grid. The meanings of the notations are as in the text.

levels, and (16) half way between the dashed levels
(not the same as the solid levels when the grid is
not uniform). This vertical grid follows Charney
and Phillips (1953) more closely than Lorenz
(1960). Therefore, the model is not subject to the
computational noise usually associated with the
Lorenz grid due to the extra degree of freedom in
the vertical distribution of either the temperature
(Arakawa and Konor, 1996) or the potential
vorticity (Arakawa and Moorthi, 1988).

The boundary conditions at the bottom and the
top of the model domain are as follows:

éo=Ex=0, (22)

Mo = 0,2, §) + cp(@ + 05) (”—) : (23)
Poo

Pk :PT()~’ ¢) (24)

The pressure at the top has to be specified as a
boundary condition, which in general is only
approximate. But if the model has a few pressure
levels at the top, which can be accommodated
easily in this model, boundary condition (24)
becomes exact.
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3. Stability analysis

We carry out a stability analysis of the gravity—
inertia waves with the linearized equations on the
f-plane. For simplicity, we do it with the ¢ (=
1 — p/ps) and the 0 vertical coordinates, separately.
We present here only the analysis with uniform grid.
An extended analysis that allows a non-uniform
grid has also been carried out; this does not alter
the conclusions but is considerably more complic-
ated. As for the numerical stability of Rossby waves,
we use the method of treating the f-term implicitly
as discussed in Bates et al. (1995). We present here
the stability analysis in the g-coordinate case in
accord with the numerical results. A similar analysis
in the 0-coordinate, confirming the numerical
stability, will be presented in the future along with
the correspondent numerical results.

In the case of the g-coordinate, the model equa-
tions after being linearized about a state of rest are:

azlp/ & ) n+1 62w/ & ) n
o R o p

06 n+1 o \"
=fo |:T1 <%> + 1 <56> :|» (25)




134

621/ n+1 62}(/ n
ox? ox?

0x 0x 0x
‘~2M/ _ 520/ 62111’ n
— T2 Ox2 _CPH N2 —fo ox2 ) (26)
6Mr n+1_ l:[ 60/ n+1
Jo = Jo
R T
+< “ﬁ )(1—0)(p;>"+1, (27)
~ 627/ 60'/ n+1
(pé)n+1+‘[1ps<6x2 + A >

(32“, A\ n
= () = %2, <ﬁ+ 5‘;) . (28)
(0/)n+1 _ (0/):1 + F[fl(d’)"+1

+25,(6")" + 53(6)" 1 ]1=0, (29)

with {y and y meaning the streamfunction and
velocity potential, and where () and () denote
the horizontal mean and the perturbation respect-
ively. For eq. (29), (f;, T,, T3) are used in the place
of (zy, 7,) for the convenience of examining certain
numerical stability properties, as will be seen later.
It has been found (results not presented here) that
using any monotonic function of ¢ as the vertical
coordinate does not alter the conclusion of this
stability analysis.

Assume that the solution takes the following
form:

v \" [ o)
X 7(0)
o S I P 30)
M’ M) |© ° (
¢’ (o)
p: Ps
o~ e flya {cp(3ﬁg+ ,)/32 (k=1),
prronk N 1 R (k=2,3,4,..,

b — {[Rd(3no + 1:[1)(F1 + 1~Ho)(4_ Aa)Ac]/[16(3po + p1)] + Rdﬁ000/1309
! [Rdﬁk—lrk—l(l_ak—l)AG]/[ﬁk—1]9

c1 = —cpllp.
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Substituting (30) into egs. (25)—(29) gives

) [m%ﬁ(o—) Wl ﬁs} _ 5, 300) (31)
Ps do
Lj(0) = —M(0) + ¢, T10(c) + fo¥(0), (32)
dM(o) chﬁ do(o) N <Rdfll‘>(l o)., (33)
do do p
o L. dd(o)
Lps: _ps|:_m X(0)+ dO’ :|’ (34)
L,6(c) +T'é(a) =0, (35)

where

L=(A—-1)/t;A+1;)

and
Li=A—1D)/EA+5,+5A71.

The above equations in vertically discretized
form are (refer to Fig. 1 for the vertical positioning
of the model variables):

_L|:m21/;k+@ﬁs:| = <&> (&k_oakfl)’ (36)
Ps Ac

N 1 _ _ . N N
Lyj,=—M; + Zcp(nk+nk—1)(9k+9k—1) + fol,

(37)

M, =a,(—50, + 60, — ;) + b, ps + ¢, 0,
M, —M,_, = a, (6, — 0,_,) + by p,.

(k=2,3,4,....K), (38)
L= | —wit o Gemde | )

o
L0, +T,6,=0, (40)
where
K),

(k=1),
(k=2,3,4,..,K),
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Using (36), (39) and (40) to eliminate 0 and
from (37) gives:

(L+ f3L™ ")k
= — M, —m*Li '[c,(TT, + [, _,)Ac/4]

k—1 k _ 1 K
+nﬂ[21m——gf§1ﬁ}} (41)
K=1 K=1
This can be written in its matrix form as
(L+f2L YX=—-M—-m?L7'C, X, (42)

where C, is a matrix whose elements are deter-
mined by the vertical stratification of the basic
state.

Using (39) and (40) to eliminate p; and 6 from
(38) gives:

ZYk

The above can also be written in matrix form as

(43)

+m2L” 1bk< >
k'=1

E.M=m?L;'4,X + m*L"'B, X, (44)
where
Ml 7:1
M2 AZ
M3 123
N M, . 4
M= N X = 5
MK y:K
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1 0 0 0 0 0

—1 1 (U 0 0

0o -1 1 0 0 0

0 0o -1 1 0 0
E, = p

0 0 o 0 -~ —11

and A, and B, are again matrices whose elements
are also determined by the vertical stratification
of the basic state.

Eliminating M from (42) and (44) leads to:

1 2 2\ v -1 %
(L4 %+ (ET'B)X

+(LLTY(C,+ E{'4,)X =0, (45)

ie.,
LTA=L T 3) x4 B8

m? \| Ty A +1, 0 t e
<f1A+f2+f3A’1

E{'4)X =0. (46
‘L'IA+‘L'2 >(Co-+ 1 o') ( )

In the case where the potential temperature is
decomposed into its horizontal mean and per-
turbation parts and the vertical advection asso-
ciated with the mean is treated implicitly, we
have (%, 1,, T3) =(7q, 75, 0). Therefore, eq.(46)
becomes:

! A=l 2+f2 X+D X=0
m*\| 1A +1, 70 T

where D,=C,+E (4, + B,).

(47)

Denoting the

eigenvalues of D, as A4, (k=1,2,3,...,K), the
solutions for A can be written as:
_14i(1 =) [(afo)® + Pm* 4] (48)

LTI + o) [(xf)? + TmP A ]V

where 7 = At/2. Clearly the model gravity—inertia
waves are neutrally stable in the case of no un-
centering (¢ = 0.0) and stable when uncentering is
present (¢ > 0).

In the case where the thermodynamic equation
is SLSI discretized in a straightforward manner,
ie., 0"t = 0%, with the departure points estimated
using an extrapolated velocity, we have
(%1, T2, T3) = (0,3, —3)At. The solution for A will
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then not be in as clean a form as (48). Also, the
numerical stability is not ensured. Though it is
not clear whether instability is sure to arise, the
additional roots (due to the equation for A being
cubic instead of quadratic) imply extra modes,
leading at least to undesirable computational noise
if not to fatal numerical instability.

4. Numerical results

The model has 64 grid-points in the zonal
direction and 33 grid-points in the meridional
direction including the 2 poles (i.e., a 5.29 x 5.29
degree resolution). There are 18 layers in the
vertical, which are equally spaced in ¢. The time-
step is chosen as one hour. The multigrid solver
that can handle cases in which the vertical coordi-
nate is either ¢ or 0 has been developed. For the
experiments discussed in this paper, no uncenter-
ing has been used though it is an option in the
model code. Thus far, no experiments with the
vertical coordinate specified as of hybrid ¢ — 0
have been carried out. We present only results
with the og-coordinate and leave the 0-coordinate
to a future paper when the multigrid solver for
the generalized vertical coordinate is available.

The first experiment is a simulation of develop-
ing baroclinic waves. The specification of the
initial condition follows that described in the
Appendix A of Pierce et al. (1991). In order to
enhance the baroclinicity, the parameter A is
chosen to be 4.5 instead of 2.5. The mean surface
pressure is 1000 hPa and the pressure at the top
is 50 hPa. The zonal wave number (4) and the
other parameters are also the same as in Pierce
et al. The vertical profiles of the zonal mean of
the initial potential temperature and zonal velocity
are shown in Fig. 2a. The frontal zones are cen-
tered at 45°. As a result of geostrophic balance,
2 zonal jets are located above the 2 frontal zones.
Fig. 3a shows the initial surface pressure and
potential temperature. Clearly, the initial per-
turbation with an amplitude of 1 hPa for the
surface pressure is rather weak. These perturba-
tions develop and evolve into cyclones and anti-
cyclones with the associated development of
cold/warm fronts. The maximum strength is
reached around day 18 of which the surface pres-
sure and potential temperature are shown in
Fig. 3b. The development of these waves draws
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energy from the baroclinic mean state, which leads
to dilution of the mean zonal fronts as well as the
weakening of the jets as shown in Fig. 2b. More
experiments with various degrees of baroclinicity
and different sizes of amplitude for the initial
perturbations also give consistent and reasonable
results.

5. Conclusion and discussion

As mentioned above, the fact that PV is a most
important dynamical quantity has led to the efforts
of developing numerical models using PV as a
direct model variable, as can be seen from the
work based on shallow water equations (Bates
et al.,, 1995; Bates and Li, 1996; Tolstykh, 1996;
Thuburn, 1997). To the best of our knowledge,
there have so far been no documented successes
in extending the approach to 3D. Due to the
problem of the isentropic PV (IPV) possibly
becoming ill-defined in atmospheric boundary
layers, PV cannot be used as a model variable in
a straightforward manner. We have proposed in
this paper a formulation to circumvent this prob-
lem. A so-called pseudo-PV (PPV) as well as the
equation for it (PPV-equation) have been derived
by using a generalized vertical coordinate that is
to be specified as the terrain following ¢ (a function
of ¢ in practice) in the lower layers and smoothly
changes to 6 above (again, a function of 6 in
practice). PPV reduces to IPV in the 0 regions
and thus retains the conservation property. In
the lower layers where the vertical stratification
can possibly become neutral and even slightly
unstable, PPV is still well-defined, but not a
conserved quantity any more. In the real atmo-
sphere, the conservation property of PV is rather
poor in this region in any case. Therefore, using
a non-conserved quantity (PPV) is not a
disadvantage.

The linear stability analysis of the gravity—
inertia waves indicates the need to separate the
potential temperature into horizontal mean and
perturbation parts, in order to facilitate an implicit
treatment on the vertical advection associated
with the mean part. The numerical experiments
with the developing baroclinic waves give reason-
able results and thus suggest that the proposed
model formulation is feasible. When a fully
developed multigrid solver is available, we will
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Fig. 2. Vertical cross-section of zonally averaged potential temperature and zonal velocity. The contour interval for
the potential temperature is 7.5 K; the contour interval for the zonal velocity is 5 m/s. (a) Initial time; (b) day 18.
(The pressure at the bottom of the model domain is 1000 hPa and at the top 50 hPa. The vertical gridding is uniform

with equal grid interval based on ¢.)

conduct a more comprehensive suite of experi-
ments, and results will be reported in due course.
It also remains to be proved that the model works
properly when orography and model physics are
included.
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Fig. 3. Surface pressure and potential temperature. (a) Initial time (the contour interval for the surface pressure is
1.0 hPa; the contour interval for the surface potential temperature is 5.0 K); (b) day 18 (the contour interval for the
surface pressure is 2.0 hPa; the contour interval for the surface potential temperature is 5.0 K).
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