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ABSTRACT

The vertical structure equation (VSE) is solved by a Galerkin method as used by Kasahara.
The sensitivity of the vertical decomposition to the truncation order of the Legendre polynomials
series is studied, with the aim of finding an adequate truncation order for a given data set.
Obtained results show that: (1) the vertical scale decomposition presents little sensitivity to the
truncation order; (2) the order of truncation may be greater than the number of discrete levels
in the data set. It is finally shown that the proposed choice of truncation order may overcome
the problem of aliasing in the higher internal modes.

1. Introduction

The orthogonal projection of the atmospheric
circulation field onto 3-dimensional normal mode
functions (3-D NMFs), as introduced by Kasahara
and Puri (1981), allows partitioning the circulation
field into gravity and rotational components, a
feature that makes of normal modes an important
tool, both in objective data analysis and in model
initialization (Daley, 1991).

Global energetics analysis using 3-D NMFs as
a base (Kasahara and Puri, 1981; Tanaka, 1985;
Tanaka and Kung, 1988) lays the grounds for
a unified frame encompassing the three,
1-dimensional spectral energetics, respectively, in
the zonal, meridional and vertical domains. On
the other hand, the normal mode energetics
scheme yields a 3-dimensional spatial scale separa-
tion of horizontal motion and mass fields, and
allows an energy partition between barotropic and
baroclinic components on the one hand, and
Rossby and gravity waves on the other.
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The problem involves solving a linearized
system of primitive equations with the aim of
building up an orthogonal base of functions, and
is therefore a problem of free oscillations. Using
the vertical transform (Fulton and Schubert, 1985)
or the standard method of separation of variables
yields separate equations for the horizontal and
vertical structures, which are related by a separa-
tion constant, the inverse of equivalent depth. The
vertical structure equation (VSE) together with
appropriate model boundary conditions constitute
a Sturm—Liouville eigenvalue problem, which is
first solved in order to obtain vertical structure
functions (VSFs) and associated equivalent depths.
Substitution of the equivalent depth into the hori-
zontal structure equations (HSEs) allows for the
determination of the horizontal structure functions
(HSFs), which are obtained as eigenvectors of a
horizontal operator, the associated eigenvalues
being the frequencies of oscillation.

In this scheme, although the dispersive charac-
teristics are explicitly present on the horizontal
structure, they are closely related to the vertical
structure by the vertical depth spectrum. Since the
temporal scales of the HSFs depend on the equiva-
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lent depth, they are associated with, the dispersive
characteristics of a given data set, when projected
onto a normal mode base, may therefore be biased
by the vertical partition of energy.

Analytic solutions of the VSE are only available
for special forms of the vertical temperature profile
(Staniforth et al., 1985), and therefore, in practical
cases, the equation has to be solved using numer-
ical methods: finite-differences (Kasahara and
Puri, 1981), finite-elements (Daley, 1978) and spec-
tral methods (Kasahara, 1984; Fulton and
Schubert, 1985).

Several studies have examined the accuracy of
different numerical methods comparing numerical
and analytic solutions calculated for certain
specific stability parameters (Staniforth et al., 1985;
Sasaki and Chang, 1985; Fulton and Schubert,
1985). In this paper, the VSE is numerically solved
with a Galerkin method as used by Kasahara
(1984). The main purpose is to assess the sensitiv-
ity of the vertical partition of energy (vertical
energy spectrum) to the order of truncation of the
series of Legendre polynomials, and then establish
a criterion allowing us to determine an appropriate
order of truncation for a given data set. It is worth
noting that this problem has to be addressed, both
in diagnostic and in temporal evolution studies,
in order to understand the effect of a particular
normal base choice on the dispersive properties
of the data.

A linearized primitive equation model and the
method to construct the VSFs will be described
in Section 2. Section 3 will present the simple
analytic case of an isothermal atmosphere with a
rigid lid at the top p,#0. The representation of
an analytic spectrum on vertical numeric mode
bases, calculated for different truncation orders of
the series of Legendre polynomials, will be investi-
gated. The vertical normal mode energetics of the
FGGE IIIb and the NCEP (National Centers for
Environmental Prediction) atmospheres, for the
period of 16-31 January 1979, will be examined
in Section 4. In Subsection 4.1, the FGGE IIIb
atmospheric spectra of eddy kinectic and eddy
available potential energies will be calculated for
different numeric vertical bases, using the same
procedure as in Section 3. In Subsection 4.2, an
assessment is made of the effects of vertical reso-
lution of the data set, using the NCEP re-analyses.
Finally, Section 5 summarizes the main results
that were obtained.
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2. Theory

2.1. A linearized tridimensional model

The set of primitive equations of an hydrostatic
and adiabatic atmosphere, linearized with respect
to a basic state at rest having a pressure dependent
temperature distribution Tj, may be written in the
following form:

o . o

o ~2wsin 04 5 =0

or T oSIUT 59 T (1)
00 (16

(D) _y.p=o

azap<so ap) V=0

where (4, 0, p) are the longitude, latitude and pres-
sure coordinates; ¢ is the perturbed field of geopot-
ential and

R(kT, dT,
So=—|———12 (2)
p\p dp

is the static stability parameter of the reference
state. The remaining symbols in egs. (1) and (2)
are the horizontal wind components (u, v), the
earth’s radius a, the angular speed of the earth’s
rotation Q, the specific gas constant R, and the
ratio k of specific gas constant to specific heat at
constant pressure.

As model boundary conditions, it will be
assumed that @ = dp/dt vanishes as p—0 and that
the linearized geometric vertical velocity w = dz/dt
vanishes at a constant pressure, p,, near the
earth’s surface.

Performing the following separation of variables
on egs. (1)

u(, 0, p, 1) (4, 0, 1)
v(Z, 0,p,t) | =G(p)| 84 0,0) |, (3)
¢(/“5 Ga D t) (g(ﬂ, 0, I)

one obtains the VSE

dp\S, dp gh™ 7
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as well as the system of equations
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which determines the horizontal structure. In
egs. (4) and (5), the coefficient —1/(gh) is the
separation constant and h the equivalent depth.

Performing the same variable substitution on
boundary conditions leads to

1 dG

<=0 0,
So dp e )
1d6 p o o

s,dp TR, S at p=ps.

2.2. Solutions of the vertical structure equation

As already mentioned, analytic solutions of
eq. (4) are only possible for special forms of the
stability parameter S,. In this work, solutions of
eq. (4) satisfying the boundary conditions (6) are
numerically obtained with a Galerkin method as
used by Kasahara (1984). For purposes of refer-
ence, a quick description of the method is given
below.

Defining a new vertical coordinate

s=2F _1, (7)
Ds
the VSE (4) may be rewritten as

d|[(14+0)dG
— — G=0 8
d6|: I, d6:|+’7 ’ ®)

where 1 = R/gh, and T, is the static stability para-
meter in the new coordinate o, defined as

kG, dT,
" 146 do’

9)

0

Parameters S, and I, are related by the equation

(10)
Introducing the vertical coordinate ¢ on the
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boundary conditions (6) one obtains

1+0dG 0 :

a6 o

I, do > asa ’
(11)

ClG+1"°G—0 to=1

d T, ato=1.

Solutions of eq. (8) are then approximated by a
series expansion
N—-1
Gu(o)= ), ajPyo),
j=0
where Pj(c) are Legendre polynomials which sat-
isfy to the orthonormality condition

(12)

Jl Pi(0)Pj(0c) do = ;. (13)

-1
Expansion coefficients a} in (12) are calculated
by the Galerkin method, i.e.,

R R I
_ydo| Ty do 1 o=

i=0,...,N—1.

(14)

Calculating the above integral by parts, substi-
tuting boundary conditions (11) and applying the
orthonormality condition (13) one obtains the
following matrix equation

MX, =nX,, (15)

where X, = (ab, ..., a%_,)" and M is a symmetric
matrix whose elements are given by

[ ltodndn T2
M) dede T

(16)

Since M is a symmetric matrix, eigenvectors asso-
ciated with different eigenvalues are orthogonal.
The orthonormality condition is

N—-1

m .n
> dral=90,,.
j=0

Taking into account relations (17) and (13), it
is easy to verify that the approximate solutions
Gy, satisfy the orthonormality condition

(17)

1
J G4(0)Gi(o)da =0,,,. (18)
-1
Finally, using the pressure coordinate, eq. (18)
takes the form

2 Ps
- f Gh(p)G(p) dp = Oy (19)

psO
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2.3. Vertical mode decomposition

The vertical profile of the vector (u, v, ¢)T may
be decomposed into a series of VSFs, Gj,:

N—-1
(w0, 9)" =Y. Wi(2,0,0G%(p) (20)
j=0

with vectors W, = (il;, i,, §,)" given by

2 ps
Wi, 0,t)=— J (u, v, $)T G4(p) dp.

s JO

(21)

The kinetic energy K,, and the available poten-
tial energy P, per unit square of horizontal area,
associated with each vertical mode m, are given

Ds 1 2n /2 ﬂrzn + ﬂrzn
K,=—— cos0dodi, (22)
284n Jo Jopp 2
1 2n /2 72
Pm=&—J J i o500 di. (23)
2g4m Jo ) np 28hm

It is worth noting that integrations in eqs. (16)
and (21) were performed through Gaussian quad-
rature, implying a redefinition of the inner product
as

Na

(f.9)= Y wifig:

i=1

(24)

where w; are the weights, f; and g; the function
values at Gaussian levels and N, the number of
levels. If N, > N integration (13) will be exactly
computed by Gaussian quadrature and the
orthonormality of the VSFs (12) will be kept in
the new definition of the inner product (24). In
this work the value of N, was chosen to be
Ny =N +20.

3. Isothermal atmosphere

In order to assess the sensitivity of the vertical
partition of energy, as a function of the equivalent
depth, to the number of Legendre polynomials, N,
used in the calculation of G¢,, an heuristic proced-
ure is followed. First, some computational experi-
ments were performed on an isothermal
atmosphere, T =250 K, with a rigid lid at the top,
pe=4.3 hPa.

In this model of the atmosphere, the linearized
version of the geometric velocity w =dz/dt van-
ishes both at the bottom and at the top. The VSFs
may be analytically calculated and constitute a
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discrete base (Daley, 1991), with the barotropic
mode (m = 0) given by

Golp) = <£> , (25)
Ds
and the baroclinic modes (m > 1) by:
Ps mm In(p,/p)
G — B Pt L7854
«(P) J; [COS In(p,/p.)
N In(p,/p)(k—1/2)
mn
. mn In(p,/p)
X S m} . (26)

The equivalent depths of the barotropic mode and
baroclinic modes are respectively given by

__RT
g(1—k)’

2
= ARETIR()p) 28)
glIn*(ps/p,) + 4m™n~]

The VSFs have also been computed numerically
by the method described in Subsection 2.2. Fig. 1
shows the ratio of numeric to analytic equivalent
depths of the modes =0, 5, 10, 15, 19 as a function
of N, allowing to estimate the rate of convergence
of the numerical method; it is worth noting that
the numeric equivalent depths of the first 20
modes, calculated with 100 Legendre polynomials,
have an error smaller than 0.6%.

Fig. 2 presents an example of an analytic vertical
profile of a perturbed field of geopotential given

ho (27)
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N

Fig. 1. Ratio of numeric to analytic equivalent depths of
the modes 0, 5, 10, 15 and 19, as a function of N.
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Fig. 2. Vertical profile of analytic (solid line) and inter-
polated (dashed line) perturbed field of geopotential.

by a linear combination of the first 20 analytic
modes. Expansion coefficients were chosen with
the aim of obtaining a vertical available potential
energy spectrum similar to the one of FGGE data,
to be analyzed in the next section, with maxima
located at equivalent depths of the same order of
magnitude. The analytic spectrum of available
potential energy is represented in Fig. 3 by the
plus sign symbols in the solid curve. The spectrum
was computed using eq.(23) with the vertical
geopotential profile (shown in Fig. 2) representing
the mean value of the perturbed field of geopoten-
tial on isobaric surfaces.

The analytic perturbed field of geopotential was
calculated for 12 standard isobaric levels (the same
as those of FGGE-IIIb data considered in the
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next section: 1000, 850, 700, 500, 400, 300, 250,
200, 150, 100, 50 and 30 hPa), and at the top, p,,
and bottom, p,, surfaces. These values were taken
as “data”, and were previously interpolated to the
Gaussian levels by cubic splines (Fig. 2), and then
projected onto the numeric modes using the
definition (24) for the inner product.

Table 1 lists the sum of available potential
energy contained in numeric modes with equiva-
lent depths h>15m (the minimum equivalent
depth of the analytic spectrum is 17 m), for differ-
ent truncation orders N. The values in the table
are approximately constant, with fluctuations
smaller than 0.4%. It is worth noting that the
maximum difference between the sum of the energy
of numeric modes and the one of analytic modes
is 1.1% of the latter.

The total available potential energy projected
onto numeric modes with & < 15 m, expressed as
a percentage of the total analytic energy, is shown
in Table2. One may observe that this value is
appreciable only for the case N =12, a fast
decrease being observed for greater values of N.
This behaviour may be explained by the formula
utilized to calculate the available potential energy,
where h appears in the denominator (eq. (23)): in
fact, if the equivalent depths of the higher order
internal modes are underestimated, then the avail-
able potential energy contained in those modes
may be overestimated (Staniforth et al., 1985).

Fig. 3 also shows numeric spectra of available
potential energy calculated for different values of
N. Only those modes whose equivalent depth is
greater than 15m are represented. The global
features of the analytic spectrum are reproduced
by the numeric spectra, with the minima and
maxima appearing, respectively, for the same ver-
tical scales. The numeric modes present higher
energy values than those of the analytic modes.
This agrees to the fact that the total energy of the

Table 1. Total available potential energy contained in vertical modes with h =15 m

N 12 15 25 40 50 70 100 200 Analyt.
M 9 10 13 17 18 19 21 21 20
Y P, 566.7 565.1 567.0 567.1 567.1 567.0 567.1 567.1 5714

m<M

N is the number of Legendre polynomials used in the calculation of numeric modes. M is the number of modes

with 7 > 15 m. Arbitrary units.
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Fig. 3. Analytic (plus signs in the solid line) and numeric (empty and solid circles) energy spectra for different orders

of truncation N.

Table 2. Total available potential energy contained in numeric modes with h <15 m, expressed as a % of

total analytic energy

N 12 15 25

50 70 100 200

Y, P (%) 14.6 12 04

m=2M

<0.1

<0.1 <0.1 <0.1 <0.1

N is the number of Legendre polynomials used in the calculation of numeric modes. M is the number of modes

with h > 15 m. Arbitrary units.

numeric modes is approximately equal to the total
energy of the analytic modes, whereas the number
of numeric mode with h>15m is smaller than
the number (20) of analytic modes. In other words,
when the numeric spectra have lower resolution
(i.e., when the vertical structure of the geopotential
is resolved with a small number of modes), the
energy of the numeric modes is larger than the
energy of the analytic modes, each numeric mode
receiving contributions from the neighbouring
analytic modes.

It is worth noting that for N =15, the points
representing the energy of the barotropic mode
on the numeric and analytic spectra are super-
posed. When N = 25, the superposition extends to
the first three baroclinic modes, and for higher
values of N more and more modes are coincident.
However, this convergence process seems to stop
at N =100, but the reason for this apparent
convergence saturation is to be attributed to the
fact that the “observed” geopotential profile
(Fig. 2), retrieved by cubic splines, does not

Tellus 51A (1999), 3
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adequately reproduce the analytic geopotential in
the upper atmosphere.

Recovery of the perturbed field of geopotential
from “data” is a problem of the type of objective
data analysis. If the ‘observations’ are adjusted to
a linear combination of numeric modes, i.e.,

M-1

Y. mGu(D)

m=0

Z(p)= (29)
by a least square minimization procedure, then
the number M of modes in the expansion must be
less or equal to the number of “observations”, in
order to guarantee a unique set of c,, coefficients.

Such ¢, coefficients in (29) may also be calcu-
lated by interpolation of Z(p), and inner multi-
plication of the interpolated function by G,,(p)
using definition (24). It is obvious that the inter-
polated function cannot contain more information
than the discrete “data” and therefore the number
of calculated c,, coefficients must be less or equal
to the number of “observations”.

Amongst the set of numeric bases, the appro-
priate one to project the “data” is the base that
better adjusts to the analytic spectrum and
explains the vertical variance (total energy) with
M less or equal to the number of “observations”.
It must be emphasized that it is not N but the
number M which determines the choice of the
base. Therefore, as shown in Table 1, the first 13
(M =13) modes calculated with 25 polynomials
(N =25) do constitute the appropriate base to
project the simulated “data”.

4. FGGE I1Ib and NCEP atmospheres

4.1. FGGE IIIb analyses

An assessment of the sensitivity of the vertical
partition of energy to the choice of a numeric
vertical mode base using observed data, was per-
formed using the Geophysical Fluid Dynamics
Laboratory (GFDL) version of the FGGE IlIb
data (twice daily at 0000 and 1200 UT) for the
period 16-31 January 1979. The original GFDL
analysis data at 1000, 850, 750, 500, 400, 300, 250,
200, 150, 100, 50 and 30 hPa, on a 1.875° x 1.875°
grid were interpolated to a 4° x 5° grid with 46
latitudes from 90°S to 90°N and 72 longitudes
from 0 to 355°E, as described by Kung and
Tanaka (1983).

The global mean temperature of FGGE data
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was averaged for one year from 1 December 1978
through 30 November 1979 in order to define the
basic state temperature Ty(p). This basic state
temperature was interpolated onto the Gaussian
levels up to 30 hPa, the standard atmosphere
being used above this level (Tanaka and Kung,
1989). The vertical derivative in eq. (2) was calcu-
lated by Taylor’s series expansion of Ty (p), the 4th
and higher terms being neglected (Murakami,
1967). The zonal and meridional wind components
and the perturbed field of geopotential were inter-
polated onto the Gaussian levels assuming V' =0
at the surface. Above the 30 hPa level, ¥ and ¢
were assumed to be constant and equal to their
respective values at that level.

Vertical spectra of the eddy components of
kinetic and available potential energies were calcu-
lated using different vertical mode bases, as
described in Section 3, but with the static stability
parameter of the FGGE atmosphere and bound-
ary conditions (6). As remarked in Section 3, the
total energy contained in numeric modes with
equivalent depths greater than a specified min-
imum value, is approximately constant and inde-
pendent of the considered number of modes. In
the other hand, it was also referred that an under-
estimation of equivalent depths may result on an
overestimation of the available potential energy.
Taking these facts into account, a minimum value,
hmin, Was defined for the equivalent depth, follow-
ing the procedure described below.

First, the kinetic energy K and available poten-
tial energy P were directly computed from the
data performing the following integrations

1 1 2n /2 Ps
K_ffj J J (u* 4+ v?)dp cos 0 dO d/,

B 2g 4n ), -2 Jo
(30)
] 1 JZT: J‘n/l Jps ] <6¢>2
P=—— —| =) dpcos0dfdi.
2g 4m |, -2 Jo So \Op
(31)

The data were then projected onto the numeric
bases looking for a value h;, such that the total
kinetic energy and the total available potential
energy, contained in numeric modes with h > h;,,
presented values close to those given by egs. (30)
and (31), independently of the number of modes.
Vertical integrations in (30) and (31) were per-
formed by Gaussian quadrature with N, =36, and
the chosen minimum value was h,;, =2 m.
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Table 3 shows the total eddy kinetic energy and
total eddy available potential energy calculated
for different values of N, only including the modes
with h > 2 m. Also shown are the values obtained
by the direct integrations of egs. (30) and (31).

It is worth mentioning that in the case N =12,
the available potential and kinetic energies con-
tained in modes m = 10 and m = 11 with equivalent
depths h < 2 m (therefore not included in Table 3)
are 2208 kJm~2 and 1.6kJm™2 respectively.
These values represent 36% and 0.2% of the
corresponding energies contained into the modes
with h > 2 m, respectively. The obtained high value
of available potential energy contained in modes
m=10 and m = 11 may be attributed to aliasing,
arising from an underestimation of their equivalent
depths, as explained in Section 3.

Figs. 4,5 show the spectra of the eddy kinetic
energy and eddy available potential energy calcu-
lated for different truncation orders N, respect-
ively. Only the modes with h>2m are
represented. As already explained in Section 3, the
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Table 3. Total eddy kinetic energy and total eddy
available potential energy contained in numeric ver-

tical modes with h>=2m

N M Y P, Y K,
m<M m<M

12 10 611.0 702.8
16 13 596.9 711.7
30 18 598.1 718.4
50 25 597.6 718.8
100 36 596.6 717.7
150 44 597.2 718.2
200 50 597.3 718.1
250 55 597.7 718.0
300 59 5979 718.1
350 62 597.6 718.1
egs. (30) and (31) 593.0 717.1

N is the number of Legendre polynomials used to calcu-
late the numeric modes. M is the number of modes with

h>2m. Units are k] m™~2

o1

I
1000

L
100

hen (M)

L
1000

Fig. 4. Eddy kinetic energy spectra for the period 16-31 January 1979, for different truncation orders N.
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Fig. 5. As in Fig. 4, but with respect to eddy available potential energy.

numeric modes of low resolution spectra (i.e.,
calculated for smaller N) possess higher energy
than the modes of more resolved spectra (i.e.,
calculated for larger N). However the total kinetic
energy and the total available potential energy
have approximately constant values for all spectra
(Table 3). Neglecting the resolution differences,
the available potential energy spectra present the
same general features, with maxima and minima
in the same vertical scales. This comment is also
valid for the kinetic energy.

The results obtained in this section and in
Section 3 put into evidence the little sensitivity of
the vertical scale separation of the horizontal wind
and mass fields to the number of Legendre polyno-
mials, N, used in the construction of the vertical
mode functions.

Such little sensitivity of the vertical scale
decomposition of the general atmospheric circu-
lation to the truncation order, together with the
fact that as more terms are taken in the series
of Legendre polynomials (12) more accurate
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numeric solutions will be obtained, raise the
question of what must be the order of truncation
of the series.

An answer may be given applying the same
reasoning as in Section 3. In the present data
set, the wind field is given at 12 standard
pressure levels, and the boundary condition V =
0 at the surface had been assumed. The geopot-
ential field is given at the same 12 pressure
levels. The data set also contains the sea level
pressure which, through use of the hydrostatic
equation, allows to compute the perturbed field
of geopotential at the surface pressure level p, =
1010.5 hPa. Therefore, since ¥ and ¢ are known
at 13 levels, the data must be projected at most
onto 13 numeric vertical modes. Since the first
13 numeric vertical modes calculated with 16
Legendre polynomials adequately explain the
vertical variances (kinetic energy and available
potential energy, see Table 3) of the data, they
should be regarded as an appropriate numerical
base for the FGGE IIIb data set.
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Fig. 6. Integrated energies for all modes with h greater than a given value (a, ¢) and vertical energy spectra (b, d)
for the eddy available potential energy, P, and eddy kinetic energy, K.

4.2. NCEP re-analyses

The FGGE analyses possess only 12 vertical
levels up to 30 hPa. In order to study the effects
of the vertical resolution of the data set, calcula-
tions described in Subsection 4.1 were repeated
for the NCEP re-analyses, which are available at
17 vertical levels: 1000, 925, 850, 700, 600, 500,
400, 300, 250, 200, 150, 100, 70, 50, 30, 20 and
10 hPa. Besides a greater resolution of the strato-
sphere, this data set presents two extra levels in
the lower troposphere (925 hPa) and the middle
troposphere (600 hPa).

The integrated values of the eddy available
potential energy associated with modes of equiva-
lent depths greater than a given value, for several
truncation orders N, are presented in Fig. 6a,
respective vertical energy spectra being shown in
Fig. 6b. The horizontal lines in Figs. 6a,c represent
the total energy calculated by direct data integra-
tion using eqs. (31) and (30), respectively. It may

be observed that the integrated values are again
independent of the truncation order, and that
there is also a characteristic vertical available
potential energy spectrum independent of the trun-
cation order. In Fig. 6b, the spread at smaller
equivalent depths is due to aliasing, and therefore
such modes must be excluded from a numeric
normal mode base.

Similar conclusions may be drawn in what
concerns the eddy kinetic energy (Figs. 6¢,d), with
the exception of the aliasing that does not occur.
It should be noted that the kinetic energy of the
barotropic mode is not represented in Fig. 6d in
order to make possible the use of a linear scale.

On the other hand, it must be stressed that
(1) for N=12, 15, 16 and 17 (lesser than the
number of levels) the evolution of the spectra is
similar to the cases N = 18, 19, 20 and 21 (greater
than the number of levels); and that (2) in order
to explain the vertical variance of the NCEP
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re-analyses with only 18 vertical modes, the modes
must be calculated with 21 Legendre polynomials.

5. Summary and conclusions

The VSE was numerically solved with a
Galerkin method as used by Kasahara (1984). In
order to assess the sensitivity of the vertical parti-
tion of energy (vertical energy spectrum) to the
truncation order of the series of Legendre polyno-
mials, several computational experiments were
performed. First, following an heuristic procedure,
the analytic case of an isothermal atmosphere with
a rigid lid at the top p,#0 was considered. A
simulated “data set” was projected onto the num-
eric modes of the isothermal atmosphere and
compared with the projections onto the analytic
modes. Then, following the procedure for the
isothermal atmosphere, different numeric vertical
normal mode bases were calculated for the FGGE
atmosphere considering several truncation orders.
The spectral distributions of kinetic and available
potential energies in the vertical index domain,
during the period 16-31 January 1979, were then
calculated for the different numeric bases.

The main results of the computational experi-
ments may be summarized as follows. There is a
minimum equivalent depth such that varying the
truncation order N of the Legendre polynomials
series:

(1) the summation of the energies of numeric
modes with equivalent depth greater or equal to
the minimum depth, gives approximately constant
values for the kinetic and available potential ener-
gies, i.e., considering a minimum value for the
equivalent depth, the values of total kinetic and
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available potential energies present little sensitivity
to the truncation order and are very near to the
actual ones;

(2) neglecting resolution differences, the avail-
able potential energy spectra present the same
general features with maxima and minima located
at equivalent depths of the same order of magni-
tude; the same conclusion were obtained for the
kinetic energy spectra.

With the aim of assessing the effect of the
vertical resolution of the data set on the above
results, the calculations were repeated for the
NCEP re-analyses leading to the same
conclusions.

Taking into account the above conclusions
together with the fact that as more Legendre
polynomials are considered in the series expansion,
more accurate numeric solutions will be obtained,
a rule must be established for the truncation order.
The following procedure was adopted: if the data
are available at M pressure levels, the numeric
vertical modes must be calculated with a number
N of Legendre polynomials such that only the
first M modes are needed to explain all vertical
variance of the data.

Finally, it is worth enphasizing that the calcula-
tion of the numeric base with a number of
Legendre polynomials N greater than the number
of levels eliminates the problem of aliasing in the
higher internal modes.
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