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ABSTRACT

Transport characteristics of an atmospheric general circulation model have been estimated by
analysing 30 000 trajectories over several months. These trajectories have been used to construct
an advection-diffusion operator for the zonally-averaged transport of passive tracers. Several
different methods have been tried for this purpose. The most promising seems to be a method
where eddy-flux statistics for a large number of tracers are generated and used to find an
optimized flux-gradient relationship. An alternative approach based on Lagrangian averaging
is shown to be much less robust with respect to changes in the details of the procedure. The
meridional circulation of the advection-diffusion operator is direct almost everywhere, but is
very weak outside the tropics. Diffusion coefficients show a quite complicated structure with
minima near the jet maxima. Certain limitations of the advection-diffusion model have been
identified. In particular, there seems to be problems related to Walker cells. The use of a large
number of different tracers has also allowed us to improve on the flux-gradient relationship by
including higher order terms. The relevance of the advection-diffusion approach for the transport
of potential vorticity has been tested. The Stokes drift is shown to be very important for
potential vorticity fluxes near the tropopause.

1. Introduction

Averaging in time or space of data sets from
real or simulated atmospheres is often necessary
in order to reduce the amount of information to
a more manageable level. In this process, however,
information which is essential for a deeper under-
standing of the system, is often lost. In particular
a reliable picture of the average motion of the air
is difficult to obtain. This represents a serious
problem since the effect of air moving from one
place to another is of basic importance to the
transport of momentum, energy, water vapour,
pollutants etc. A thorough knowledge of the aver-
age advective transport, or average kinematics of

e-mail: arne.bratseth@geofysikk.uio.no

Tellus 50A (1998), 4

the atmosphere, ought to be essential both for
theoretical progress, and for use in all sorts of
simplified models where eddies are parameterized.

In this work, we have tried to compute zonal
and time averaged properties of a large set of
trajectories generated by a GCM. This task is
connected with important conceptual problems. It
seems natural to try to model the average advect-
ive transport by means of some kind of mean
flow, together with stochastic modelling of the
effect of departures from this flow. However, in
the general case this mean flow cannot be con-
structed from velocities averaged in the usual
Eulerian way. The eddies may produce so called
“Stokes’ drift” phenomena which represent system-
atic contributions to the average advective trans-
port. The impact of this effect has been
demonstrated in GCM-experiments by Kida
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(1977) and Kida (1983). Theoretical discussions
of the effect are given by Plumb (1979) and
Matsuno (1980).

Modelling of the average effect of departures
from the mean flow is also a non-trivial problem.
A diffusion model represents a natural first choice.
However, this approach does not cover all the
types of phenomena that may occur, and should
only be considered as a first approximation to this
part of the advective transport.

The main approach followed in this work is to
compute an advection-diffusion operator with
transport characteristics as close as possible to the
average advective transport of the complete data
set. Plumb and Mahlmann (1987) attacked this
problem by computing a flux-gradient relation
based on 2 tracers. We have extended this
approach by optimizing results for a large number
of tracers. The tracer statistics is generated directly
from the trajectories. The large number of tracers
used, makes it possible to discuss the limitations
of the advection-diffusion approach, and allows
us to extend the model by including more terms.
We have also compared these results to a more
direct approach based on Lagrangian averaging
along the trajectories. In this process we have
tried to shed some light on conceptual problems
related to Lagrangian mean velocities. Finally we
have studied the extent to which the flux of
potential vorticity can be captured by the flux-
gradient model.

2. The flux-gradient relation

A conserved constituent with mixing ratio ¢
satisfies the averaged continuity equation:
dpq
ot

=—V-pqv (1)

where p is air density, v is velocity, and the overbar
represents an average which we do not need to
specify at this stage.

We shall now try to model the flux-divergence
in (1) as the result of a mean advection with a
velocity vy combined with diffusion specified by a
tensor D. For simplicity, we shall assume that the
density can be taken outside all averages, and is
independent of time. Then we have:

dq

P ==V (o) + V- (pD VG . (2)
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where the dots indicate effects that cannot be
described by advection or diffusion. The transport
velocity vy and the diffusion tensor D are assumed
to be properties of the flow itself, and should be
independent of the tracer ¢q. The advection and
diffusion terms in (2) have simple physical inter-
pretations. If we can find an operator of this kind
which provides a good fit for arbitrarily chosen
tracers, it will be of great help in analysing what
the fluid is doing on average.

This advection-diffusion formulation is equiva-
lent to a flux-gradient assumption for the eddy-
flux:

pq'v' = pqv — pqv= —pK-Vq. (3)
Notice that the expression for the eddy-flux should
vanish when ¢ is a constant, and therefore should
not contain a zero order term proportional to ¢.
This, however, does not mean that the transport
velocity in (2) has to be equal to v. It is convenient

to consider the tensor K to be a sum of two parts,
a symmetric part:

D=3K+K"), (4)
and an anti-symmetric part:
L=3K—K"), (5)

where the superscript T represents the transpose.
Plumb (1979) and Matsuno (1980) have shown
that the anti-symmetric part represents mean
advection rather than diffusion. The flux due to
L can always be reformulated as:

—pL -Vqg=bxVq (6)

where the vector b= p(L,;, — L3, Ly,) is defined
by the components of L. If we introduce a new
vector:

vp=p 'Vxb, (7)
we can reformulate (6) as:

—pL -Vq=pqup—V x gb. (8)
The last term in (8) is non-divergent so that:
—V-(pL -Vq) =V (pqup), 9)

indicating the advective nature of this part of the
eddy-flux. The transport velocity in (2) is then
identified as v =v + vp. Notice that vp is mass-
conserving by definition. Plumb (1979) has shown
that for small amplitude waves vy, is related to the
Stokes’ drift, so that v is related to the Lagrangian
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mean velocity as defined by Andrews and
Mclntyre (1978). However, the Stokes’ drift and
the Lagrangian mean velocity also contain other
contributions, and are divergent in the general
case.

The symmetric tensor D can be expected to
describe mixing and random processes. However,
this interpretation requires positive eigenvalues.
Negative eigenvalues would mean that there are
directions with anti-diffusion; a situation which is
not easy to interpret.

In the following we shall let the bar represent a
combined zonal and time average, so that the
problem becomes 2-dimensional. Notice, however,
that the formalism of this section also applies to
3-dimensional problems.

3. Computational approach

3.1. Solving for K

Plumb and Mahlman (1987) studied the zonally
averaged transport characteristics of a general
circulation model by computing the tensor K from
tracer experiments. If the bar represents a com-
bined zonal and time average, each tracer provides
us with two equations:

aq aq
V=—K,——K, —, 10
qv y)ay y oz ( )
dq dq
W=—K,——K,. —. 11
qw 27y 2 (11)

If flux and gradient statistics is generated for 2
tracers, we have four equations which can be
solved for the four components of K provided that
the gradients of the tracers do not coincide in
direction. This approach was used by Plumb and
Mahlman (1987).

With only 2 tracers, however, it is not clear to
what extent the results are independent of the
tracers chosen. As an alternative we suggest to
use statistics for a large number of tracers, and to
find the tensor K which minimizes weighted sums
of squared errors:

__ 0q; oq;\?
J,=YW,qv +K,, — +K,,— |, 12
v Zl: Ul<qlv »y 6_)/ y 62) ( )

_ o oG\
Jw=2Wwi <ql/w/+szn7q+Kzz~7q> . (]3)
1 oy oz
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In order to make the contributions from different
tracers comparable, we have chosen to use the
weights:

Wi=<giv*> ",
Woi=<giw >,

where < ) represents a mass-weighted average
over the whole atmosphere. Minimizing (12) and
(13) we get linear equations which are as easy to
solve as (10) and (11). In the actual calculations
we have used the meridional coordinate y = a¢
where ¢ is latitude and a is the radius of the earth,
and the logarithmic pressure coordinate z=
H In(po/p) with H = 8000 m and p, = 1000 hPa.

If the tracers are perfectly conserved they will
be completely mixed, their gradients will vanish,
and we will be unable to solve for K. In order to
maintain some gradients we have relaxed the
tracers towards prescribed profiles (y, z) by means
of:

(14)

(15)

dg 1

et (16)

(g—49).
Unlike Plumb and Mahlman (1987) we have
chosen to let the relaxation time t be constant
in space.

3.2. GCM data set

The data set that has been studied was generated
by a version of the ECMWF-model. The version
is the cycle 36 with horizontal resolution T21 and
19 vertical levels. This model was run for 6 months
with a constant January forcing. The state of this
model-atmosphere was stored at intervals of 6 h.
The data were interpolated to 15 pressure surfaces
(1000 hPa, 900 hPa, 800 hPa, 700 hPa, 600 hPa,
500 hPa, 400 hPa, 300 hPa, 250 hPa, 200 hPa,
150 hPa, 100 hPa, 70 hPa, 50 hPa and 30 hPa),
and to a longitude-latitude grid with (AL=A¢d =
5.625°.

Due to its low horizontal resolution this GCM
cannot be expected to produce a particularly good
simulation by current standards (Tibaldi et al.,
1990). Our main objective, however, is to study
methodological problems, and for this purpose
this relatively small data set has proved to be
convenient.
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3.3. Trajectories

We have chosen to perform the tracer calcula-
tions by means of trajectories. For the last
5 months of this data set we have computed
3-dimensional trajectories for 30000 particles.
Initially the particles are distributed uniformly
with respect to mass, i.e., with a density propor-
tional to the air-density. The trajectories are com-
puted from horizontal and vertical velocities which
have been interpolated linearly in time to give a
resolution of At=1h. The position at the time
t,+1 of a particle with the position x, at time ¢, is
calculated by the two-step procedure:

, At
xn+1/2=xn+v(xn>tn+1/2)77 (17)
Xpi1 =X, +0(Xp 1 1)2, by 1)2)AL. (18)

Velocities and positions are represented in spher-
ical coordinates. These coordinates require special
attention close to the poles because the horizontal
velocity components will vary strongly over short
distances even if the velocity vector itself is nearly
constant. For this reason we have chosen to shift
to a polar stereographic coordinate system when-
ever the starting point of a trajectory is polewards
of +70°. The velocity components are interpolated
from the closest grid points by repeated linear
operations in 4, ¢, and p. The particle positions
together with the interpolated particle velocities
are stored once a day.

The particle density was initially roughly pro-
portional to the air density, and ought to remain
so at all times. The integration procedure seems
to take care of this in most places, but certain
problems have been encountered near the top
(30 hPa) and bottom (1000 hPa) of the integration
volume. Since we do not have velocity data outside
these boundaries, we have chosen not to allow
particles to leave this volume even when the
vertical velocity say that they should. This artificial
device causes a certain accumulation of particles
in some gridboxes, and dilution in others, especi-
ally at the top. In order to correct for this we have
implemented a simple procedure. By the end of
each day we count the number of particles in each
latitude circle of gridboxes both in the top and
bottom layer. For each of the 2 layers we identify
the gridbox circle with highest and lowest particle
number relative to the mass of the circle. A
randomly chosen particle is then moved from the

A. M. BRATSETH

most crowded to the least crowded circle by simply
changing its latitude coordinate. The procedure is
repeated five times for both top and bottom before
time integration is restarted. Thus a total of 10
trajectories are terminated and 10 new trajectories
are initiated each day. This procedure seems to
provide a reasonably homogeneous distribution
of the particles.

3.4. Tracer calculation

The trajectories provides us with a simple and
efficient way of generating the necessary tracer
statistics at grid points. We have used a
2-dimensional grid in latitude and pressure, based
on the grid that was defined above for the velocity
data. The particle positions have been stored in a
way which allows us to analyse the trajectories
one by one. The tracer eq.(16) are integrated
along the trajectories by means of a simple forward
integration with time steps of one day. The profiles
4 defined below, are used as initial values. For
each time step, the quantities that we need are
calculated at the trajectory point, and are then
transferred to the closest grid point. At the grid
points sums are accumulated for each quantity.
When all the trajectories have been scanned in
this way we can calculate the statistics for each
grid point from formulas like:

X 4;,j4i,j Vi,
=

Y
i

where the subscript i refers to time, the subscript
j refers to the trajectory, and g; ; is a weighting
factor which is equal to one when the grid point
happens to be the closest to the particle, and zero
otherwise.

Note that the procedure described above will
only be useful if each grid box is visited sufficiently
often. There will certainly be moments when some
grid points are not influenced by any particle.
This would be a serious problem if we wanted to
produce instantaneous fields, but we are only
interested in fields that are averaged over longer
time periods, and for this purpose the method
seems to be adequate. We have monitored the
sum X;X;q; ; divided by the gridbox mass, and it
shows a reasonably uniform distribution in space.
For consistency we have used this procedure for
all quantities that are needed, even for v which

(19)
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can also be computed from the gridded data. A
comparison of the two versions of v shows only
minor differences. The natural alternative to this
approach would be to integrate the tracer fields
by means of some kind of Eulerian transport
model. This, however, would be far more expensive
in terms of computer time. With our procedure
the most time consuming part of the calculation
is the construction of the trajectories which are
independent of the tracers. The extra computer
time connected to each tracer is small in compar-
ison. Thus the cost of a large number of tracers is
not much higher than the cost of one. This also
applies to storage. Because the tracers are integ-
rated along one trajectory at the time, they are
never stored as 3-dimensional fields, only as
2-dimensional time and zonal averages. A disad-
vantage of the method is the smoothing which
inevitably follows from the primitive interpolation
to grid points. These errors, however, should be
seen in relation to the very considerable errors of
most Eulerian advection schemes.

3.5. Defining the tracers

The functions ¢ in (16) are defined by means of
Chebyshev polynomials. Standard textbooks on
numerical analysis define the Chebyshev polyno-
mial of order n by the recursive formula:
T,(x) = 2xT, 1 (x) = T,-»(x), (20)
with Ty(x)=1 and T;(x)=x. Inside the interval
[—1,1] these polynomials show a relatively
homogeneous wavelike behaviour with n zero
points so that different values of n represent
different scales. They are chosen because of their
computational convenience, and because they

include the linear function. A set of functions are
defined by:

Z—Z
(7.2 =T, <i> T, < '") :
ymax Zm

where yp., is the coordinate of the north-pole,
and z, is the mean height of the part of the
atmosphere that we are studying. With m and n
ranging from 0 to 9 we have generated 99 different
tracers. (The constant g, o is of course useless.)

(21)
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4. Results

4.1. Basic experiment, 99 tracers, T = 30 days

As our basic experiment we have used all the
99 tracers and a relaxation time t =30 days in
(16). The symmetric diffusion tensor D is shown
in Fig. 1a, b and c. The components D, (Fig. 1a)
and D, (Fig. 1b) are positive almost everywhere,
and the negative values (shaded) that occur are
very small. Due to the symmetry we can always
find a rotated coordinate system in which the
tensor becomes diagonal. Each cross in Fig. 1c
shows the orientation of this local coordinate
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Fig. 1. The tensor D for the basic experiment with 99
tracers and t = 30 days. (a) D,,, units 10°m*s~"'. (b) D..,
units 1 m? s~ (c) Total tensor, magnitude indicated by
reference cross near lower right corner, see text for
explanation.
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Fig. 2. Transport velocity vy for the basic experiment
with 99 tracers and t = 30 days. Reference vector 5 ms ™!
as horizontal, 0.01 ms~! as vertical. Isolines: vertical
component wy, interval 0.005 ms ™!, negative values are
shaded.

system, and the length of each cross-bar is propor-
tional to the corresponding diffusion coeflicient.
A few negative values have been set to zero. The
crosses give some idea about the behaviour of a
cloud of particles diffusing from each point.
Notice, however, that the size of such a cloud will
grow like (Dt)"/2, and therefore the crosses do not
show the shape of the clouds directly. As in Plumb
and Mahlman (1987) the diffusion shows a strong
tendency to be oriented along isentropic surfaces.

Fig. 1 shows that the diffusion coefficient D,
varies by more than one order of magnitude.
Extremely small values are found in the jet stream
areas (indicated by J in Fig. 1a), while the largest
values are found in the troposphere beneath and
poleward of the jet streams. There are also large
values in two bands equatorward of the two jet
streams. These bands seem to extend into the
stratosphere. Inspection of the eddy kinetic energy
has shown that the weak mixing in the jet stream
regions is not due to any lack of eddy activity.
We believe that the phenomenon is due to struc-
tural properties of the eddies, not their strength
or frequency. Irreversible wave-breaking tend to
take place on the sides of the jet rather than in
the centre where the air is passing through the
weather systems at a high speed.

Fig. 2 shows the transport velocity vy. For
comparison v is shown in Fig. 3. The isolines in
these figures show the vertical velocity components
wr and w with negative values shaded. In addition
to the strong winter Hadley cell and the much
weaker summer Hadley cell, Fig. 3 also shows two
well defined indirect Ferrel cells. These indirect
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Fig. 3. As Fig. 2 but Eulerian mean meridional velocity
v.

circulations are not found in Fig. 2. Instead the
transport velocity shows direct circulation over
most of the extratropics. This circulation, however,
is very weak. In the tropics the transport velocity is
relatively similar to the Eulerian mean velocity.

Many of these features are also found in the
results of Plumb and Mahlman (1987). Note,
however, that they have used the meridional
coordinate y = a sin ¢ which means that their hori-
zontal diffusion coefficients contain a factor cos? ¢
relative to ours. Even when this has been
accounted for it seems that our values for D, are
considerably larger in much of the extratropical
troposphere. Another feature which seems to be
different is related to the vertical diffusion coeffi-
cient. Plumb and Mahlman (1987) report a max-
imum of 60m?s™! in the upper tropical
troposphere. Our results also show maxima at
high levels in low latitudes, but the values are not
larger than 16 m?s~!. The transport velocity of
Plumb and Mahlman (1987) is similar to ours in
that it mainly consists of two direct circulation
cells.

These two studies have used different GCMs,
and this could certainly explain the differences
pointed out above. However, we should also con-
sider the possibility that some differences may be
due to differences in the method used to analyse
the data. We have made a number of experiments
in order to study the sensitivity of our method to
changes in various details.

4.2. Two tracers, T =30 days

We have repeated the experiment above with
only 2 tracers generated by relaxation towards

Tellus 50A (1998), 4



TRANSPORT CHARACTERISTICS OF ATMOSPHERIC DATA SETS
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Fig. 4. As Fig. 1c but for the experiment with 2 tracers
and 7 =30 days.

qu,O = y/ymax and qAO,l = (Z - Zm)/Zm)' Flg 4 shows
the diffusion tensor. Due to a boundary problem
the method breaks down at the upper level near
the North pole. A closer look at the trajectories
in this area shows strong wave motions which
tend to extend outside our analysis area. Clearly
no method can analyse the transport character-
istics of a truncated motion system, and we should
therefore disregard this area. In most other places
the results are qualitatively similar to the basic
experiment, but the values tend to be larger. The
coefficient D,, has been increased by 30%—50%,
while D, is about three times as big in the tropical
maxima. The transport velocity (not shown) did
not change much from the basic experiment, but
there were some significant differences especially
at high levels in the tropics.

Although 2 tracers seem to be insufficient, it
may not be necessary to use as many as 99.
Experiments with smaller subsets of tracers have
shown that one can do quite well with the basic
tracers of the form 4, o and g, ,. Tracer profiles
which are products of these functions do not add
much new information. Furthermore it is not
necessary to use all values of m and n. In fact
results for the set of five tracers g0, 43.0, 9o.1>
do.3» qo are much closer to the case with 99
tracers than to the case with two. With fewer
tracers, however, the agreement with the basic
experiment quickly deteriorates.

4.3. Sensitivity to t

The sensitivity with respect to the relaxation
time T was studied by repeating the two experi-
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ments described above with =10 days and 7=
90 days. The experiments with 99 tracers show
very little dependence on this parameter. The
figures are not shown because they are practically
indistinguishable from Figs.1 and 2. With 2
tracers, however, the sensitivity is strong. In gen-
eral the diffusion coefficients tend to increase with
increasing t. This tendency is particularly strong
for D,, in the tropics. For 7 equal to 10, 30 and
90 days the maximum values are 30, 54, and
90 m? s~ ! respectively. The corresponding values
for the experiments with 99 tracers are 13, 16, and
16 m? s~ !. Again the transport velocity does not
seem to be very sensitive. As one would expect,
with 2 tracers both the transport velocity and the
diffusion coefficients become more noisy when the
relaxation time is increased.

The low sensitivity of the results for the full set
of tracers suggests that it may be possible to run
with exact conservation (= o00). An experiment
with this choice, however, produced too much
noise to be acceptable. The sensitivity of the results
indicates that parts of the motion field do not fit
into the advection-diffusion framework. When 2
tracers are used these motions are misinterpreted
as diffusion, while when we minimize errors for
99 tracers the method will disregard the informa-
tion that does not fit in. The robustness of the
results with 99 tracers makes it reasonable to
believe that we have isolated fundamental proper-
ties of this set of trajectories.

4.4. Quality measure

The crucial question is now to what extent the
eddy-flux can be modelled by means of the flux-
gradient formula with optimized coefficients. As
a measure of how successful we have been in
minimizing the errors, we have computed the
correlation between real and estimated flux for
the basic experiment. The fluxes have been
normalized by means of VW,; and VW,; in the
same way as in (12) and (13), and the correlation
is then computed over all the 99 tracers for each
grid point. Fig. 5a shows the correlation for the
horizontal component of the flux. Not surpris-
ingly, the figure shows some problems at the
boundaries. There are also some areas with
correlations lower than 0.9 at high levels and low
latitudes. Over most of the atmosphere, however,
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Fig. 5. (a) Correlation between v'q" and estimate based on (10) for the basic experiment. (b) Correlation between
w'q" and estimate based on (11) for the basic experiment. Isoline intervals 0.05. Correlations below 0.90 are shaded.

the flux-gradient formula for this component
seems to be quite successful.

Fig. 5b shows the corresponding result for the
vertical flux component. Apart from boundary
problems, the figure shows that something import-
ant is missing in the tropics and subtropics and
also in polar regions. At the same time, however,
there are also large areas where the flux-gradient
formula is quite good.

5. Extended model

A natural way to try to improve the flux-
gradient relation is to include terms with higher
order derivatives in (10) and (11). If we go to

second order we have:

quv = »y dy ¥z 5, — Myyy 5y2
0%q 0%q
e Y S (22)
dy 0z 0z
A A— A2—
oq oq oq
W= K ) A KzzT z,
qw zy A oz »y 5)/2
0% 0%q
zZyz A oz - Mzzz 622 . (23)

In addition to the previous 4 coefficients we now
have 6 new coefficients, denoted by M, to deter-
mine. We have done this by including the new
terms in the mean square error sums (12) and
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(13), and minimizing over 99 tracers. The new
first-order coefficients are very similar to those of
the basic experiment, and are not shown. The
second-order coeflicients are difficult to interpret
physically, but they have a strong effect on the
correlations between modelled and real flux.
Fig. 6a shows that apart from some boundary
problems, the horizontal flux is now well
accounted for almost everywhere. Fig. 6b shows
that there is also a great improvement for the
vertical flux, although there are still problems in
the tropical upper troposphere.

In order to find out which of the new terms
that are most important we have repeated the
calculation with only one new term at the time. It
then turned out that most of the improvement
was connected to the terms involving 02¢q/0z2.

We believe that a large part of the errors of the
flux-gradient approach is due to relatively simple
circulation systems. Typical candidates are large,
systematic circulations which take place in planes
which are perpendicular to the meridional planes.
These circulations will be completely masked by
the zonal averaging. If they are non-random, and
their size is so big that Vg cannot be considered

RSV
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5
(equ)eanssaid
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Fig. 6. (a) Correlation between v'q’ and estimate based
on (22). (b) Correlation between w'q" and estimate based
on (23). Isoline intervals 0.05. Correlations below 0.90
are shaded.
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as constant over a cell, they are likely to produce
fluxes which will not fit into the advection-
diffusion framework. The Walker circulations near
the Equator are good examples of such circula-
tions. We believe that our problems with vertical
fluxes at low latitudes are to a large extent due to
such circulations.

A simple model may shed some light on the
situation. Air with tracer value ¢, is assumed to
ascend with a vertical velocity w,, while an equal
amount of air with the value ¢, is assumed to
descend with vertical velocity —w,. The average
flux over the whole cell is then:

qw=—0.5w,(qa— qu)- (24)

If g, is representative for air at a low level Hy,
and ¢, is representative for air at a high level H,,
then (24) can be interpreted as a flux-gradient
relation. The relevant gradient, however, is not
the local gradient but the average gradient over
the whole depth from H, to H,. The local gradient
will vanish provided that g is perfectly conserved
in a neighbourhood of the level where the flux is
computed.

Our problems with the vertical flux at low
latitudes are probably due to such phenomena
where the local gradient is not appropriate. The
inclusion of the second order derivative makes it
possible to correct some of the errors. It is prob-
ably possible to construct even better functional
relationships by including values from more levels
in the formula. Related problems are encountered
in connection with the atmospheric boundary
layer, where K-theory is often inadequate for the
modelling of convective situations. More elaborate
methods based on a more general, non-local
exchange between different layers have been sug-
gested (Stull, 1988).

6. Direct method

We have also tried to compute transport velocit-
ies and diffusion coefficients directly from the
trajectories without the use of tracers. In order to
highlight the conceptual difficulties involved we
have chosen to approach the problem in a some-
what naive way. If we focus on a point x, fixed in
space, we can study the average history of all the
particles that passes through the point. For each
of these particles we notice the new position x, a



460

time At after the passage of x,. When we have
done this for the whole integration period, we end
up with a cloud of new positions which can be
analysed with respect to mean position and spread.
The velocity of the center of mass of this cloud
can be estimated by:

v, = (X, —Xo)/Ar.

In this section, the bar represents an average over
all the particles involved, and the subscript +
indicates that the estimate is made forward in
time. The difference in (25) should not be thought
of as an approximation to a derivative. If At goes
to zero the result will be the Eulerian mean
velocity, and that is not what we are searching
for. Stokes drift phenomena can only be revealed
by using a finite At larger than the period experi-
enced by the particles when traversing the waves
that are responsible for the drift. For simplicity
we have chosen to attribute the velocity v, to the
position x,.

In the actual calculation we have used a proced-
ure similar to the procedure for calculating tracer
statistics. The trajectories are analysed one at the
time. For each step along the trajectory we identify
the closest grid point. The change in position over
the interval Ar is then used to accumulate the
necessary statistics as if the trajectory had passed
exactly through the grid point. When all trajector-
ies have been scanned in this way each grid point
has been visited a number of times, and we can
compute v, everywhere. Zonal averaging is
achieved by ignoring the longitude coordinate
throughout so that the procedure becomes essen-
tially 2-dimensional.

This zonally averaged version of v, is related
to the Lagrangian mean of Andrews and Mclntyre
(1978) where averages are taken over material
tubes. Although no tubes occur explicitly in our
procedure, we have essentially computed the aver-
age over a long succession of tubes which are
released from a fixed hight and latitude and fol-
lowed over a time interval At.

Fig. 7 shows v, for At=35 days. A striking
feature is the large equatorwards velocities in the
polar regions. This is not surprising considering
the fact that from a starting position at the North
pole one can only move southwards, never north-
wards. A similar phenomenon is seen near the
ground where the new position x, is more likely
to be found above than below the starting position

(25)
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Fig. 7. v, for At =5 days.

xo. In general the the Lagrangian mean velocity
defined in this way is divergent, with a tendency
to be directed towards areas with stronger mixing.
The reasons for this phenomenon have been dis-
cussed by Plumb (1979), Kida (1983) and Plumb
and Mahlman (1987). The phenomenon also
occurs in the case studies by Lyjak and Smith
(1987) and Sutton (1994).

The following example may shed some more
light on the issue. Consider a 2-dimensional, non-
divergent, stationary flow with streamlines as illus-
trated in Fig. 8. The flow field is a deformation
field close to a wall at y =0. The figure is based
on the stream function ¥ =y sin x for which the
problem can be studied analytically (Section 10).
We shall study the set of particles with position
Yo at time t (long dashes). The line with short
dashes shows the position of these particles at a
later time t + At. The velocity component perpen-
dicular to the wall increases away from the wall,
and therefore the center of mass of this set of
particles is moving away from the wall. This

Y-AXIS

X-AXIS

Fig. 8. Full lines: stream lines. Long dashes: string of
particles at time t. Short dashes: string of particles at
time ¢ + At. Dotted line: string of particles at time t — At.
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happens to any set of particles that starts out as
a line parallel to the wall! However, by a similar
argument we realize that before the time ¢, the
center of mass was moving towards the wall. (The
dotted line shows the position of the particles at
t — At.) At the time ¢ these particles are on average
closer to the wall than at any other moment in
their history. In this sense, we have chosen a very
biased sample of particles! Clearly, the center of
mass velocity depends strongly on how the par-
ticles are chosen at the beginning of the aver-
aging interval.

Lagrangian mean velocities defined in this way
suffer from the fact that they represent both mean
advection and mixing. In Section 11, it is shown
that for a solution to an advection-diffusion equa-
tion the center of mass velocity vcy, is related to
the mean advection vy and diffusivity D by:

1
vow=or+ V- (pD). (26)

The last term is due to spatial variations of the
degree of mixing, and is non-divergent in the
general case. Kida (1983) has argued that if the
transport problem is reversed in time (t— —t),
the contribution from mean advection will change
its sign, while the contribution from mixing will
not. Thus the center of mass velocity can be split
in a reversible and an irreversible part. If the
example in Fig. § is running backwards in time
we find exactly the same motion of the center of
mass as in the forward case. Thus, from a zonally
averaged point of view the situation is totally
irreversible, and is best characterized as a kind of
“mixing” with no contribution from mean advec-
tion. (This “mixing”, however, is not a random
process, and therefore not truly diffusive.)

In the study of GCM trajectories we can easily
find the position x_ that a particle has a time At
before it arrives in x,. This provides us with a
new one-sided estimate for the center of mass
velocity:
v_=(xo—x_)/At. (27)
Notice that v_ is equal to —v, for the time
reversed problem. When v_ is compared with v,
they turn out to be rather similar in many places,
but of opposite direction indicating a large irre-
versible contribution. The reversible part is estim-
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ated by taking the average:
vem =5, +v_)=(xX; —x_)2At.

Notice that the difference is now centered in
time, and should therefore represent a more satis-
factory estimate for the center of mass velocity at
X,. This velocity is shown in Fig. 9. The compensa-
tion between v, and v_ is seen to be very strong,
and most of the divergent features have disap-
peared. The main picture is a direct circulation
extending into the extratropics of each hemisphere.
This velocity is also similar to the transport vel-
ocity in Fig.2 in that it is much weaker in the
extratropics than in the tropics. The tropical circu-
lation, however, is much weaker than for v;. A
possible explanation for this may be the consider-
able spatial smoothing that is expected to follow
from the procedure described above. A At of
5 days means that the velocity of the center of
mass is based on velocities spread over a large
area. We have repeated the calculation for a
number of different values of At. As expected the
circulation seems to converge towards the Eulerian
mean for small At. The strength of the tropical
circulation is increased when At is decreased, but
at the same time indirect circulations start to
appear in the extratropics. Thus we have been
unable and to find a At which produces a circula-
tion which closely resembles the transport circula-
tion of Fig. 2. It seems that in order to reveal the
Stokes drift properly, At has to be chosen so large
that a severe smoothing of the picture cannot be
avoided. Experiments with At larger than 5 days
show even smoother and weaker circulations than
Fig.9, and we have been unable to find any
interval where the picture is independent of At.

In Section 11, it is shown that for an advection-

(28)
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diffusion equation with constant coefficients the
second order moment o7 =(x; —X;)(x;—X;) of a
cloud growing from a point is related to the
diffusion coefficient D;; by:

0
*aizj=2D

% (29)

ijs
Here, i and j represent coordinate directions; see
also Monin and Yaglom (1977). Based on this, we
have tried to estimate the diffusion coefficient by
means of:

1

D= —x)x —x0) ", (30)
and also:
1

= =X ) —x ). (1)

Here the prime represents the deviation from the
average defined above. The estimates D, and D _
are somewhat different from each other, but both
show considerable similarity to the earlier result
from Fig. 1. The average of the two is even more
similar to Fig. 1. However, the best correspond-
ence with the result based on tracers was obtained
with the time centered formula:

1
4At

Do=_—((xy —x_)(x, —x_)7), (32)
which is based on the spread over the interval
from ¢t — At to t + At. Fig. 10 shows this estimate
for At equal to 2 days. Although the picture is
somewhat smoother than Fig. 1, the main maxima
and minima are reproduced. In particular the very
small values in the jet stream regions are verified.
The tropical values of D,,.. are, however, much
too big.

hight(km)
(edU)aanssaid

latitude

- 5x10°m%
25 ms™

Fig. 10. As Fig. 1c but for the tensor D, for At =2 days.
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When At is increased the picture becomes
smoother and the maxima becomes weaker in
most places. In the tropics, however, the compon-
ent D, increases. We believe that this is another
manifestation of deep circulations of the Walker
type. If a cloud of particles is growing due to
random processes, the linear size of the cloud will
grow like VAtr. Estimates based on formulas like
(32) will then be independent of At. If the cloud
is growing due to a shear in the wind field or due
to the difference between rising and sinking
branches of a Walker cell, then the size of the
cloud will increase more like At itself. The corres-
ponding coefficient estimated from (43) will then
also increase like At. We believe that this is roughly
what happens in the tropical troposphere. It is
also worth noticing that whether the cloud is
growing due to random processes or not, the
growth is limited by the finite size of the atmo-
sphere. Therefore coefficients based on (32) will
always decrease with At when At is big enough. A
similar argument applies to vcy-

Using this direct approach it has not been
possible to obtain results which are independent
of the rather arbitrary parameter At. For this
reason we consider the indirect approach with a
large number of tracers to be more robust and
well defined. However, we consider the results
from this direct approach to be compatible with
those from the tracer experiments.

7. Potential vorticity

Ertel’s potential vorticity (PV) is expected to be
approximately conserved for an air parcel in the
free atmosphere (Hoskins et al., 1985). For this
reason we have tried to estimate the eddy flux of
PV by means of the flux-gradient formula (3). PV
has been calculated by means of the formula:

o 1 v ducos¢ |af
Q=r [f+Rcos¢<af 2% ﬂ@z

ou 1 00

+ 9
0z R 0¢

ov 1 00

0z Rcos ¢ 0

(33)

which is consistent with the hydrostatic approxi-
mation. Second-order differences have been used.
The eddy fluxes based on the last five months of
the GCM simulation is shown in Figs. 11a and
12a. The corresponding fields computed from (3)
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with coefficients from the basic experiment (99
tracers, T =30 days), are shown in Figs. 11b and
12b. There is a number of reasons why we should
not expect a perfect correspondence. First of all
we have already demonstrated that the flux-gradi-
ent formalism has its limitations. Furthermore,
PV is not a perfect tracer in the presence of friction
and heat sources. Near the ground this is a serious
problem, and this is probably the main reason
why the flux-gradient approach is seen to fail at
low levels. Due to all the derivatives PV is also a
difficult parameter to deal with numerically. Our
numerical formulation of (33) is not equivalent to
the technique used in the model equations, and
the model itself has a very low horizontal reso-
lution (T21). For these reasons the simulated PV
will not behave like a perfect tracer even when it
should. Finally it is important to notice that even
when PV behaves like a tracer, it is not a passive
tracer. The velocity components appear in the the
definition of PV, and information about them can
be retrieved from the PV-field (the inversion prin-
ciple, see Hoskins et al, 1985). Therefore the
correlation between velocity and PV may not be
representative for arbitrary tracers.

In light of all these remarks we find the corres-
pondence seen in Figs. 11 and 12 quite encour-
aging. The discrepancies close to the ground are
believed to be due to strong friction and heat
sources, and also to a general problem with the
numerical calculation of PV gradients close to
boundaries. The last problem also exists near the
poles and at high levels. In addition the errors at
high levels may reflect the fact that the tracer
problem used to estimate K cannot be solved
properly close to the artificial open upper bound-
ary. Between 100 hPa and 500 hPa the flux-gradi-
ent formalism seems to have caught all the main
features, although the southern hemisphere max-
imum for the horizontal flux is too strong by a
factor of two.

We have also computed the separate contribu-
tions from the symmetric (Figs. 11c and 12¢) and
anti-symmetric (Figs. 11d and 12d) parts of K. In
consideration of the weak meridional velocities
outside the tropics, one might expect the contribu-
tion from mixing (symmetric part) to be dominant.
This, however, is not the case. On the contrary,
the two main maxima of the horizontal flux are
due to the anti-symmetric part (Fig. 11d). The
contribution from mixing (Fig. 11c¢) is seen to have
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the opposite sign of the total flux in most places,
and is partially compensating the effect of the
anti-symmetric part! In fact the horizontal flux in
Fig. 11a is directed up the gradient throughout
most of the atmosphere, and cannot be modelled
by a diffusion term with positive diffusion coeffi-
cients. This is evident from the zonally averaged
PV distribution shown in Fig. 13. The vertical flux
is also seen to depend on both the symmetric and
anti-symmetric contributions (Figs. 12¢ and d).
Even if our attempt to model the PV-fluxes has
only been partially successful, we feel that the
correspondence is strong enough to strengthen the
confidence in the parameters of the flux-gradient
formula, and to demonstrate its relevance.

8. Concluding remarks

In this paper, we have tried to model the average
advection of a GCM by means of a mean meridi-
onal flow together with diffusion. Several
approaches have been studied. Results based on
the direct calculation of mean motion and spread
of particles have proved to depend heavily on the
time interval used. Similarly calculations based on
tracer statistics from only 2 tracers are shown to
be sensitive to the relaxation which is needed.
With a larger number of tracers, however, the
results are rather independent of such arbitrary
details of the method. Therefore we believe that
the advection-diffusion operator that has been
calculated represents a well defined, general prop-
erty of the time dependent flow.

The advection-diffusion operator implies that
we have separated the mean advection of a tracer
into three different contributions; a mean circula-
tion (transport velocity), a diffusive part, and a
residual due to processes which cannot be mod-
elled by any of the first two. We have shown that
this residual is relatively small in most cases, but
we have also identified some problem areas.
Experiments indicate, however, that a large part
of this residual can be modelled by a rather simple
extension of the approach.

The transport velocity is of particular interest
because it represents an alternative framework for
the interpretation and modelling of eddy effects.
The projection of a particle trajectory in the
meridional plane can be split in two parts x(¢) =
x;(t) + x,(t), where x; represents the motion due
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to some kind of meridional circulation. If x; is
chosen to follow the Eulerian mean meridional
circulation, the typical x, will contain a systematic
drift which to a large extent cancels the effect of
x, in the extratropics. This drift can be expected
to disappear when x; is forced to follow the
transport velocity. Due to the way vy is defined,
the typical x, can then be expected to be domin-
ated by random walks and systematic oscillations
about the position x;. The idea of a “true meridi-
onal circulation” is appealing, but we are not able
to give a satisfactory, basic definition of such a
concept. The discussion in Section 6 illustrates
some of the difficulties involved. The best we can
do is probably to search for the circulation (repres-
ented by x) relative to which the “eddies” (repres-
ented by x,) attain their simplest and most random
behaviour, and for this purpose the transport
velocity seems to be a natural candidate. The
average effect of the eddies ought to be easier to
explain and model in such a framework than in a
framework where x, has a systematic drift. This
will certainly be the case for conserved tracers,
and it seems reasonable to expect a certain simpli-
fication also for the budgets of non-conservative
quantities such as heat or momentum.
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10. Appendix A

The example in Fig. 8 is based on the stream
function:

Y =ysinx. (34)
The corresponding equations

dx oY i
u=dfy=—7y=—smx, (35)
and

dy oY
v=a=g=ycosx (36)
can be integrated to give:
sin x = sinxo (37)

cosh t + cos X, sinh ¢

and:
¥ = yo(cosh t + cos x¢ sinh t), (38)

where (x,, yo) is the position at t =0. The center
of mass of a string of particles with constant y, is
found by integration over x,:

Yem = Vo cosh t

As we see, Y., has its minimum for ¢t = 0.
11. Appendix B
We shall now establish the connection between

the parameters of an advection-diffusion formula
and the behaviour of a cloud of particles. It is
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convenient to write the advection-diffusion equa-
tion as

A A

" pquy+ o0y = 40)
(pqu; ox; p ijaqu 5 (

6Xl'

9.
at(pq)——

where summation over repeated subscripts is
implied. We can then define an average over the
tracer distribution ¢, and study the behaviour of
various moments of this distribution. If we assume
that there are no fluxes through the boundaries,
the zero-order moment is independent of time,
and ¢ can be normalized so that qu dV=1. For
the time derivatives of the first-order moments we
then have:

de -4 dv = g dv 41
=g | XepadV = xkat(pq) . (41)

By means of (40) and several partial integrations
we get:

d_ _ 1290

- Xk = U+ *7(Pij),

dt p 0x; (42)

which shows how the center of mass velocity is
influenced by the effect of varying diffusivity. For
the second-order moments, we have:

d d

— XX, = — Jxkx,pq dv

43
dt dt (43)

0
= Jxkxl ot (pq) dV.

Again, (40) together with several partial integra-
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tions gives:
d

_ 1 0
ar XxX; = Dy + Dy + xi <u, + ; ij pD,j>

10
+ x; <uk+*prkj>. (44)
p 0x;
From (42), we have
d__  _ 10
$xkx, =X u,—i—;aTijD,j
_ 10
+X; <“k+*7pij>- (45)
p 0x;
Subtracting this from (44), we find:
d i Y Y ’ 1 6 '
&xkx,=Dk,+D,k+ X, u,—i—;aijpD,j
1 0 !
+ x; “k‘f‘**Pij s (46)
p 0x;

where the prime represents the deviation from the
mean. Assuming D, to be symmetric, and
u;+ p~ 1 9/0x;(pD;;) to be constant over the area
of interest for all i, this is reduced to:

q; ¥kX1=2D,
which is the relationship we have used to estimate
diffusion-coefficients by means of trajectories. The
last two terms in (46) describes the effect of
deformation of a cloud due to gradients in the
velocity field. Although we have neglected this
effect in our estimates, there is no doubt that the
effect may be important if the cloud is big enough.

(47)
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