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ABSTRACT

A hydrodynamic model of a meteorological front has been constructed. This model is applicable
to mature fronts which do not experience any conspicuous changes in intensity and shape and
progress with approximately constant speed. The model considers cold and warm air masses,
which are in contact along an interface and move above the horizontal earth under the influence
of a given geostrophic wind. The closed-form solution of the problem incorporating (to a certain
degree of approximation) the surface layer of atmosphere and allowing for the atmospheric
turbulence has been obtained. On the basis of this solution, the global shape of the idealized
frontal surface separating cold and warm air masses and the structure of the air flows in the
vicinity of the front can be determined. The solution permits classification of mature fronts in
terms of only two basic dimensionless parameters. The model is evaluated qualitatively by
comparing some characteristics of the model with those observed for actual fronts. The compar-
ison shows that the model provides a rational basis for interpreting observations and classifica-

tion of fronts.

1. Introduction

Many investigations have been published which
deal with frontal structure and evolution, including
observations, theoretical and numerical studies
(see e.g., reviews by Hoskins, 1982, Orlanski et al.,
1985, Smith and Reeder, 1988). Most theoretical
and numerical work has concentrated on the
problem of frontogenesis. Williams (1967, 1972)
has shown numerically using a primitive equation
model that discontinuous fronts can form within
a finite period of time if no turbulent diffusion is
present. A two-dimensional version of the geo-
strophic momentum approximation introduced by
Eliassen (1948) and first used by Sawer (1956)
and Eliassen (1959, 1962) (referred to as the semig-
eostrophic equations) was successfully applied by
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Hoskins and Bretherton (1972) in their study of
two-dimensional frontogenesis dynamics; see
Hoskins (1982) for a review of semigeostrophic
frontogenesis development. More recently, par-
ticularly illuminating have been the studies of
frontogenesis in the presence of small moist sym-
metric stability by Emanuel (1985), Thorpe and
Emanuel (1985) and Emanuel et al. (1987).

The structure of an atmospheric front as
described by the semigeostrophic frontogenesis
model has recently been tested against observa-
tional data by several authors (Blumen 1980;
Ogura and Portis 1982). In summary, qualitative
agreement was found in the details of the hori-
zontal wind and temperature fields but major
discrepancies were evident in the details of the
vertical frontal circulation itself. In particular, the
model was unable to reproduce an observed ver-
tical velocity maximum near the surface. An under-
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standing of such cross-stream frontal circulation
is important, not only because of its relevance to
the basic dynamics of the frontal system, but also
because of its role as a triggering mechanism for
mesoscale convective phenomena such as pre-
frontal squall lines. The Hoskins and Bretherton
solutions being successful in explaining frontal
formation, continue only up to the initial forma-
tion of a discontinuity — at this stage frontogen-
etic effects dominate frontolytic effects. Observed
frontal zones reach a finite, steady-state intensity
as the frontogenetical geostrophic deformation
patterns and frontolytical processes reach a bal-
ance (Browning et al, 1970). Observations of
mature fronts, for instance those described by
Sanders (1955), also show a balance between
the effects.

It is expected that a dynamic balance, which
characterizes mature fronts, can be achieved by
including the turbulent diffusion into a model.
Williams (1974) considered the generation of a
steady-state circulation by including diffusion
effects in a numerical model of a developing front
that was produced by a deformation field. Also,
simplified dynamic models with idealized initial
conditions (Hoskins and West 1979; Blumen 1990)
indicate that dissipation and surface friction are
required to offset frontogenetic terms and thereby
to produce a balanced state.

Eliassen (1959) pointed out the importance of
surface friction in enhancing ageostrophic vertical
flow. Blumen (1980) and Blumen and Wu (1983)
introduced an Ekman layer into the Hoskins—
Bretherton model to improve the vertical velocity
field. Keyser and Anthes (1982) in their simulation
of frontogenesis on the basis of numerical solution
of primitive equations found that a frictionally
driven ageostrophic boundary layer inflow was
responsible for the creation of a vertical jet ahead
of the surface front. Thompson and Williams
(1997) studying the impact of boundary layer
processes on maritime frontogenesis found that in
the adiabatic and inviscid case simulation, strong
warm and cold fronts formed but the vertical
motion fields were weak; in the K-theory simula-
tion, results were somewhat more realistic with
stronger vertical motion.

Thus there are strong indications that including
effects of surface friction and turbulent momentum
diffusion is obligatory to obtain a correct picture
of the circulation within a fully developed front.
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At the same time the attempts to resolve the
disagreements with observations by adding fric-
tional effects in simplified frontogenetic models
were not very successful. Consequently there is an
incentive to consider a mature front model exclud-
ing frontogenetic forcing effects but including
instead some other factors, like surface friction
and turbulent momentum diffusion, which affect
the circulation within a mature frontal system.

There exist a number of mature front models,
which consider the front as a surface of discontinu-
ity between cold and warm air masses in a station-
ary or steady motion state (“balanced air mass
theories” according to the terminology of Smith
and Reeder 1988). We do not consider the gravity
current models (see, e.g., Simpson, 1982), since the
Coriolis force is absent in these models, their
applicability to real fronts is restricted by the
small scales. Some of the “balanced air mass”
models include in one or another way the surface
friction and/or turbulent friction effects.

Welander (1963) included diffusive effects in the
well-known Margules (1906) model of a stationary
front. However, he restricted himself to obtaining
a special similarity solution for the frontal region,
which does not satisfy the conditions at infinity
so that the complete solution is lacking.

The frictional effects have been partially
included in the model by Ball (1960) who
developed a simplified formulation of a one-
dimensional, stationary front (in the framework
of shallow water theory) using a linearized bulk
drag law. It appeared that the nonlinear terms in
the horizontal equations of motion, in the approxi-
mation of shallow water theory and in a coordin-
ate system moving with the front, are identically
equal to zero if the mass flow beneath the front is
zero as in the case when the front touches the
ground. Theoretically possible shapes of frontal
surfaces obtained in Ball’s linear theory look
plausible. Ball suggested a classification of fronts
based on the frontal surface shape. Some extension
of Ball’s theory made by including the variable
geostrophic wind field in the model was developed
by Manton (1985).

In the works of Gutman and Mal’ko (1961)
and Kalazhokov and Gutman (1964) the internal
friction effects were included in a model of the
planetary boundary layer consisting of cold and
warm air masses by employing a constant eddy
viscosity coefficient. The authors, guided by a
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success of Ball’s (1960) linear theory, used linear-
ized horizontal equations of motion in the more
general problem formulation: the two-dimensional
equations are solved instead of the shallow water
equations, and both the frontal surface shape and
horizontal and vertical velocity fields are deter-
mined in the course of solution.

Rao (1971) constructed the numerical model
which like the Kalazhokov and Gutman (1964)
model is based on the linearized planetary bound-
ary layer equations of motion but the vertical
coefficient of turbulent viscosity is permitted to
vary spatially with height. As distinct from the
Kalazhokov and Gutman model, the shape of
frontal surface is not determined in the process of
solution but imposed in the form of an inclined
plane with a given slope. It is important to
emphasize that a comparison of the results with
observational data for the specific examples of
fronts shows that the consideration of the linear-
ized front problem is sound and promising.

The formulation of the problem in Egger (1988)
in main features coincides with that of Kalazhokov
and Gutman (1964), though Egger considered the
only particular case — the stationary front.
However, in contrast to the work of Kalazhokov
and Gutman (1964) and other aforementioned
works, the formulation of the problem in Egger
(1988) requires the vertical velocity to damp with
height in the warm air mass. Since this problem
is formulated as one of the boundary layer type
(the hydrostatic equation is applied instead of the
vertical equation of motion, which reduces the
order of equations with respect to the vertical
coordinate), this condition overdetermines the
problem. As a result, the geostrophic wind, which
sets the system in motion and therefore is the
external parameter of the problem, becomes a
function of the horizontal coordinate to be deter-
mined. Another distinction of Egger’s work is that,
in addition to the no-slip condition at the earth
used in Kalazhokov and Gutman (1964), the case
of a bulk formula for stress as the boundary
condition is considered and these two variants of
calculations are compared.

We will mention also the work by Manton
(1981) who included into the inviscid frictionless
model of a steady-state front the horizontal density
gradients and the variability of the along-front
component of geostrophic wind. This model gives
a variety of possible streamline configurations,
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many of which are not expected to occur in
practice. At the same time the model cannot yield,
for example, solutions with a positive interface
curvature which are seemingly relevant to concep-
tual models of anafronts taken from observations
(see, for example, Browning 1986).

The aforementioned studies indicate that includ-
ing the surface friction and the internal friction
effects into “balanced air mass theories” are of
importance in such models of steady-state mature
fronts. Nevertheless, there were no models incorp-
orating both effects in a non-contradictory way.

In the present work we try to introduce into
the problem of a steady-state front a simple model
of the surface layer, while retaining the principal
features of the statement of the problem from the
aforementioned works of Gutman and his collab-
orators. The two-dimensional, hydrostatic, linear
model containing the parameterizations of the
surface layer and vertical turbulent momentum
diffusion considers a stationary or steady translat-
ing front as a discontinuity between two air masses
having different but uniform temperatures. Thus
both frontogenetic effect of the geostrophic wind
shear and frontolytic effect of thermal diffusion
are removed from the model. This justifies to a
certain degree the use of the linearized equations,
which provides an analytical representation of the
solution. Although this simplified model corre-
sponds to a highly idealized approach to the
problem, it, as shown below, appears to capture
the main features of the circulation within a
mature frontal system, some of which are not seen
in semi-geostrophic frontogenesis models.

2. Formulation and solution of the problem

2.1. Formulation of the problem

Consider the motion of air in cold and warm
air masses in contact along a frontal surface (the
shape of the surface is not known in advance);
this surface we shall call “front” for brevity. An
idealization of a transition (inversion) layer
between cold and warm air masses as a discontinu-
ity is partially justified by the fact that the vertical
and horizontal dimensions of the region of frontal
motion are much larger than the thickness of this
layer. The entire system propagates horizontally
under the action of both the external large-scale
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(geostrophic wind) and the thermally induced
pressure fields.

The following assumptions are made.

(1) The potential temperature of each of the
air masses is known and constant (there is no
diffusion of temperature across the interface). This
assumption neglects the influence of the dynamical
processes on the temperature field in each air
mass, but it is important that the principal factor
characterizing the frontal dynamics, namely the
difference between the temperatures of the air
masses, is taken into account.

(2) The front is propagating horizontally at a
constant velocity without changing shape and its
shape does not vary in the direction perpendicular
to the front’s movement. In the coordinate system
moving with the front the process is considered
as a steady-state.

(3) The geostrophic wind is given, non-zero
and constant in space and time. The wind in the
warm air mass is required to tend with height to
the geostrophic wind.

(4) The characteristic inclination of the front
is small, as indeed takes place in nature, which
implies that the characteristic horizontal scales of
the frontal motions are considerably larger than
their vertical scales (see below the scales chosen
for dimensionless variables).

(5) The quasistatic equation can be applied
instead of the vertical equation of motion. This
simplification is justified by the previous
assumption.

Note that these five assumptions are, more or
less, common for all the steady-state mature
frontal theories reviewed in the Introduction.

(6) We will assume that there exists a neutral
logarithmic surface layer of a given and constant
thickness. The surface of the earth is assumed to
be of uniform roughness. We neglect divergence
and convergence of air in the surface layer — one
can show that the error is of the same order as
the ratio of the thickness of the surface layer to
the characteristic vertical scale of the problem
(<10%); such an error is permissible in our ideal-
ized problem.

(7) The turbulent field in both air masses
above the surface layer is described by the given
constant turbulence coefficient.

(8) In the horizontal equations of motion,
following the approach of Gutman and
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Kalazhokov (1964) and Rao (1971), we neglect
the non-linear terms. The nonlinearity playing an
important role in the processes of frontogenesis is
presumably less important in the problem of a
mature steady front, the more so as the processes
in a transition zone between cold and warm air
masses are out of consideration since it is replaced
by an interface. The linearization is also justified
to a certain degree by the success of Ball’s (1960)
linear one-dimensional theory. Note that a retro-
spective estimate of the nonlinear terms on the
basis of the solution obtained (see Section 4)
shows that in many cases the linearization is quite
acceptable.

(9) In the continuity equations the decrease of
air density with height can be omitted. One can
show (Gutman 1972) that for heights lower than
3km such neglect is permissible. Some errors
appear at higher altitudes.

Proceeding to the mathematical formulation,
we use a right-handed Cartesian coordinate system
(x, y,z) with horizontal x- and y-axes (in the
northern hemisphere y will lie to the left of x) and
vertical z-axis. Confining ourselves to considera-
tion of the front, which touches the ground, we
place the origin of coordinates on the front, on
the upper boundary of the surface layer, so that
the system of coordinates moves together with the
front. The line of intersection between the front
and the upper boundary of the surface layer we
call the surface front. A schematic picture of the
model for the case of a cold front is presented in
Fig. 1. The following notation is used: z = h(x) is
the equation for the front; z, (const) is the given
thickness of the surface layer; the number 1 and 2
indicate that further the tagged values relate to
the cold and warm air masses, respectively. The
x-axis is chosen to be normal to the front, its
direction being defined either by the direction of
frontal propagation (if the front velocity ¢ # 0), or
by the direction of the x-component of the geo-
strophic wind (if ¢ =0). In the special case where
¢ =u,=0, it should be directed in such a way that
the y-component of the geostrophic wind v, is
positive. We restrict ourselves to considering fronts

for which
cz0,u,>20 —m2<a<m/2, (1)

where o = —arctan(v,/u,) is the angle of inclina-
tion of the front velocity vector with respect to
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0
Murface layer ‘
Z = - z,- surface
of the earth

Fig. 1. Sketch of the model. The geostrophic wind is
shown on the upper right; z=h(x) is the equation for
the front; z is the given constant thickness of the surface
layer; the numbers 1 and 2 are related to the cold and
warm air masses, respectively.

the direction of geostrophic wind. To the authors’
knowledge there is no evidence in the literature
that fronts moving against geostrophic wind exist.

Simplifying the quasistatic equation in view of
the smallness of perturbations of the air temper-
ature, pressure and density and then integrating
this equation with respect to z while allowing for
the common condition of pressure continuity at
the front, one obtains:

p1=pog0(h—2)/0,, p,=0, (2)

where p; and p, are the pressure perturbations,
0 is the constant potential temperature difference
between the warm and the cold air masses, ®,
(const) is the given mean potential temperature of
the atmosphere, g is the acceleration of gravity,
and p, (const) is the mean density of the atmo-
sphere. Inserting p; and p, from (2) into the
linearized horizontal equations of motion we
arrive at the equations, which in complex notation
may be written as follows:

a2V g0,
K == V)= =g i (=1.2),
(Vi=u;+iv;, Vy=u,+iv,, h'=dh/dx).

(3)

Hereafter the quantity j (whether subscript or
number) may take two values: j= 1 and j=2. The
rest of the notation is as follows: K is a given
constant turbulent exchange coefficient, f (const)
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is the Coriolis parameter, and u;(x, z), v;(x, z) are
the horizontal wind components.

The continuity equations are written as follows
Ou; Ow;

i Mg 4
x az )

where w;(x, z) are the vertical wind components.
Written in complex form, the equation for the
wind velocity in the surface layer is:

|4 s+
Vs:—*ln<l+z Z>, —z,<z<0,
k Zo

(5)

(I/s:L[s+iUsa V*:u*+lv*)9

where u,(x, z) and v (x, z) are the wind components
in the surface layer, u,(x) and v,(x) are the
components of the friction velocity, k is Von
Karman’s constant, and z, (const) is the given
roughness length. It should be emphasized that
all the wind and friction velocities in egs. (3), (4)
and (5) are measured relative to the ground.

Let us now show (see also Panofsky and Dutton
1984) that in the first approximation the introduc-
tion of the surface layer (5) into the problem can
be reduced to modifying the boundary condition
for V; at z=0. Assuming that at the upper bound-
ary of the surface layer, wind velocity and its
derivative with respect to z are continuous, we
have the following matching conditions
ov, oV

~

0z 0z

V.=V, at z=0. (6)
It should be noted that these conditions do not
provide continuity for the turbulent stresses at
z =0 but it does not introduce an additional error
in the problem since some simplifying assumptions
concerning the turbulent field (zy = const and K =
const) have already been made. Substituting ¥,
from (5) into (6) and eliminating V,,/k, we obtain
the condition:

av;
V;=bg at z=0, (7)
where
+ 2z
b=(z0+2) In 22 (8)
20

Thus, in our model the effect of the surface layer
manifests itself only via parameter b. Setting z, =
0 in (8) yields b =0 and (7) is converted into the
usual no-slip condition.
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Table 1. Scales chosen for the non-dimensionalization of the problem; the bottom row gives numerical
values of scales calculated for K =10m*s™", 0=10K, ©,=300K, V,=10ms™", f=10"*s"" and

g=10ms!
Values z,h X,y uj, 05, V; wj
2K\ 12 g0 <2K>1/2 O, [V,
Scales — — V,|=W?+13)? —
<f> O VI\ 7 Vel =l + va) g0
Estimations of scales 450 m 150 km 10 m/s 3 cm/s

To make the problem non-dimensional we
choose the scales presented in Table 1. The equa-
tion of motion (3) rewritten in dimensionless form
is:

2

V} Y '] - ’
2 2= V) = (2 )2k

9)

Hereafter we will adhere to the same notation for
the dimensionless variables. The continuity equa-
tion (4) remains the same in non-dimensional
form.

The dimensionless boundary conditions are:

av;
Vi=B—, w;=0 atz=0, (10)
oV, oV,
W=V, —-=—, (11)
z oz atz=h,
wy=w, = (u; — C)h’ (12)
V,=e ™ atz=o0, (13)
where we denote
B=0b(f2K)'?. C=¢/|V,l. (14)

To complete the mathematical formulation of
the problem we integrate eq.(4) for j=1 with
respect to z from z=0 to z=h(x) and then with
respect to x. Taking into account the second
condition in (10), condition (12), and also an

obvious condition
h=0 atx=0, (15)

(front touches the ground), we obtain the follow-
ing result:

J‘h(x)
0

This equation means that the total air flux through
any vertical cross section of the cold air mass
moving with the front equals zero.

(u;— C)dz=0. (16)

Some remarks concerning the formulation of
the problem defined by eqs. (4), (9)-(13), (15) and
(16) are needed.

In condition (10) at the top of the surface layer,
the non-dimensional parameter B characterizes
the influence of the surface layer. For the conven-
tional values: 10 2cm <zy<1m, z,=50m and
(2K/f)}*=500m, in accordance with egs. (8)
and (14) we have

04<B<1.3. (17)

The fact that B is of the order of 1 shows that
incorporating the surface layer in the problem
would substantially affect the solution. The second
condition in (10) is a result of neglecting diver-
gence and convergence of air in the surface layer.

The conditions (11) of the wind continuity at
the front are necessary since the turbulent friction
has been included into the equations of motion.
As distinct from the inviscid counterpart of the
model (the Margules model), a jump of the wind
at the frontal surface cannot exist, when the turbu-
lent friction is present, and the wind, instead of
being constant in each air mass, varies from the
wind in the surface layer to the geostrophic wind.
As a matter of fact, the system of equations (4)
and (9) with the boundary conditions (10)—(13)
replaces the thermal wind relation, or the
Margules discontinuity relation, for the jump of
the geostrophic wind. The second condition in
(11) is written in a form that implies that the
characteristic inclination of the front is small, as
indeed takes place in nature.

The second condition in (12) expresses a well-
known property of meteorological fronts, namely
impermeability for regular airflows. As a matter
of fact, in our formulation the front is a material
surface and this is a kinematic condition at it.
Note that although the problem is being consid-
ered in a coordinate system moving at the velocity
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¢, this quantity figures explicitly only in condition
(12); this facilitates the solution of the problem.

The condition (13) requires the wind to tend
with height to the geostrophic wind. It is important
to emphasize that the hydrostatic approximation,
made in the vertical equation of motion, reduces
the order of equations with respect to the vertical
coordinate (the problem becomes a boundary
layer type problem) so that a reduction of the
minimum essential boundary conditions is inevit-
able. Therefore one can not impose additional
conditions at infinity, for example, a condition for
the vertical velocity — it would overdetermine the
problem. For the same reason a relation similar
to (16) (mass flow continuity) could not be
imposed for the upper flow — there is no condition
for the vertical velocity component (and, in par-
ticular, it does not vanish) at the large distances
from the surface.

Similarly, because of the absence of the hori-
zontal diffusion terms in the momentum egs. (9),
one does not need lateral boundary conditions
except the conditions (15) and (16) which specify
the solution at x=0 and determine a further
development of the solution (see the next section).

2.2. Solution

The solution of eqgs. (9) can be written in the
form:
Vvl =c, e(i+1)z+ cze—(i+1)z +e—iaz+ l'h/,

. (18)

Vy=cye "7 %47
where ¢y, ¢, and c; are arbitrary complex functions
of x. One can see that 7, as given by (18) satisfies
condition (13). The functions ¢,, ¢, and ¢; obtained
from conditions (10) and (11) are:
_ ﬂ e*(l +i)h

3 ¢, =cy—n(e *+ih' +2c;)

¢ =
c3=cy+ %e‘””", (n=(i+1)cos pe ¥

(19)
Here instead of B a new parameter f§ appears:
p = arctan(1 + 2B). (20)

This substitution turns out to be convenient for
our analysis. Thus, the effect of the surface layer
now manifests itself in the problem via the para-
meter f. It follows from (17) and (20) that the
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values of the parameter range within a comparat-
ively narrow interval:

L1<B<13. (21)

In view of the approximate nature of our idealized
problem, in many cases (although not always) one
can take for f§ the mean value 1.2.

We note that f=mn/4 (B=0) corresponds to
ordinary non-slip conditions at the ground (i.e.,
to absence of the atmospheric surface layer) and
p =m/2 (B= o) corresponds to the absence of air
friction at z=0. Both quantities lic outside the
interval given by (21).

The solution given by (18) and (19) determines
horizontal velocities u; and v;. Vertical velocities
w; are easily obtained from (18) and (19) with the
help of the continuity equation, as follows:
oy z
a7 V=

G=Dh

w;=

=T (u;—C)dz,

(22)
where y; are streamfunctions defining streamlines
of the stationary flow in the moving coordinate
system.

All the expressions in (19) and (22) contain
the unknown function h(x) and its derivative h'(x).
To obtain an equation for h(x), we substitute u, =
Re V; into (16). After integration and elementary
transformations we arrive at the ordinary non-
linear first-order equation

W= N/D, (23)
where
D= Se: P L1 e=2Hsin 2h + cos 2m)]
+sin f—2e "sin(B + h) + e sin(f + 2h),
(24)
N=hA+e "cos(y+h)—cosy. (25)
Here, we denote
COS o0 — Uy —
B cosﬂclejcosﬂ’ (26)
y=o+f (—05<y<29). (27)

The inequalities in brackets are derived from
(1) and (21).

Thus, instead of C and o two new non-dimen-
sional parameters A and y now appear (see discus-
sion of the physical sense of the parameters at the
beginning of Section 3). The solution given by
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egs. (18), (19), (22) and (23)—(25) is determined
by three parameters A, y and f (the parameters o
and C contained in (18), (19) and (22) can be
expressed through A, y and f3).

It follows from eqs.(23)—(27) that so-called
stationary fronts (c =0) do not stand out in our
formulation of the problem, and therefore one
does not need to consider stationary fronts separ-
ately. The condition that C cannot be negative
(see (1)) combined with (26) and (27) imposes the
following condition on the parameters

(28)

Eq. (23) for the function h(x) can be solved
numerically with the boundary condition (15).
The solution is used both in calculations of the
wind velocities by (18), (19) and (22) and for
determining a shape of the front. However, the
following analytical investigation of the integral
curves of this equation provides almost all the
essential information related to shapes of fronts.

First, it is easy to show that for all  defined
by (21), the denominator D in (23) is a monotone
positive-definite function of h and D =0 only at
h=0. Since |[N|<oo for any h< oo, one can
conclude that a front can be vertical only at the
point h =0 and that the sign of the frontal slope
cannot change with height. The first term in the
expansion of the ratio N/D for h<1 into the
power series of h can be found using (24) and
(25), as follows

cosy+tan fisiny>=A.

o cos f (29)

T cos2p
alh, ifa#0
. . T b

x {siny, ifa=0,y>0 <Z<ﬁ<5>’

h/3, ifa=y=0

where

a=A—siny—cosy. (30)

The formulae (29) are not valid if f=n/4 — in
this case h' ~(—3/2)Ch~2

In what follows the special case of a =0 will be
ignored and the study will concentrate on the
general case of a#0. Since the factor
(—cos B/cos 2f) in front of the brackets in (29) is
positive for all f given by (21), the sign of h’
coincides with the sign of a. This means that a >0
corresponds to warm fronts and a <0 — to cold
fronts. It is seen from (29) that for a #0, eq. (23)
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has a singularity at the point x =0, at which the
boundary condition (15) must be satisfied. Thus,
both cold and warm fronts cross the surface layer
at a right angle and consequently the y-axes, which
is at the same time the surface front, is the singular
line of solution. In the vicinity of the surface front,
our assumption that the horizontal scales of the
process exceed the vertical scales is not fulfilled.
Note that it is a typical situation in fluid dynamics
problems and it is known that, outside this small
area, the solution remains valid and is physically
significant.

One can also derive from (23) some qualitative
conclusions concerning the global behavior of the
integral curves h(x). It depends on whether the
transcendental equation

Ahy =cosy—e " cos(h; +7), (31)

obtained by setting a numerator N =0 in (25) has
at least one real root h; (if there are several real
roots, one must take the smallest of them as h,).
In the case when h, exists, the front approaches
the height h; asymptotically, becoming horizontal.
This occurs at x = oo for warm fronts and at x =
—oo for cold fronts. Thus hy is actually the
thickness of the cold air mass. It easy to show
that h, exists if 4 satisfies the inequalities:

o i b b
. or — Z << 5
cosy+siny>A4>

i 3n
A, for-<y<—,

3n

0>A4>A4, for7<y<n,
where the function A, (y) can be obtained from a
system of two transcendental equations:

cocy _a—h \
A,h=cosy—e "cos(y+h), (33)
A, =€ "[cos(y + h) +sin(y + h)].
Outside the ranges set by inequalities (32), fronts
must be of unlimited height. By solving equation
(23) analytically for h> 1 one can show that, in
the upper sections of such fronts, the height of the
front increases exponentially with the exponent
|Ax /D)~ | for both cold and warm fronts.

To find u;, v;, w; and ;, the function h(x)
obtained as the result of numerical integration of
eq. (23) is substituted into (18), (19) and (22). This
yields a solution for the area beneath and above
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the front, ie., for x <0 in the case of the cold
fronts and for x > 0 in the case of the warm fronts.
To determine the form of the solution for the
section x =0 one has to pass to the limit 71— 0 in
(18), (19) and (23)—(25).

To conceive an approximate picture of the air
motion in areas ahead of the cold front and behind
the warm front, we use the following interpolation
method. The solution for an area sufficiently
remote from the surface front in the direction of
the warm air mass can be obtained from (18) and
(19) by setting h=h'=0 which corresponds to
Ekman’s well-known solution, complicated, if
p>mn/4, by the presence of the surface layer.
Approximate pictures of the fields of wind velocity,
vertical velocity and streamlines for the area
—L<x<0 in the case of a warm front and for
the area 0 < x < L in the case of a cold front (here
L is a horizontal distance at which the influence
of the front on the air motion can be neglected)
were computed by interpolation with use of cubic
spline functions. The value of L was ascribed in
each case on the basis of a rough physical estimate.
The calculations showed that the results depend
only to a slight extent on the specific value of L.
For instance, the topological structure of the
streamlines and isopleths does not depend on the
value of L at all. Nevertheless, the specific value
of L is indicated for each example of calculations
presented below.

3. Classification of fronts

3.1. Frontal types

The solution presented in the previous section
can be used to suggest a classification of front
types. It is seen from the solution (Subsection 2.2)
that the principal characteristics of the front
related to its shape are determined by only two
dimensionless parameters A and y; it is sufficient
to know these parameters to define whether a
given front is cold or warm, shallow or deep.
Asymptotic analysis of egs.(18), (19) and (22)
shows that also important flow features (for
example, those defining whether it is an anafront
or katafront) depend on the values of the para-
meters A and y only. Thus, we have good reason
to consider 4 and y as parameters, which deter-
mine the type of front. It is useful for the following
interpretation of the results to extract from the
definitions (26) and (27) of A and y some basic
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quantities. The parameter A should be thought of
as a scaled difference between the front-normal
geostrophic wind component u, and the frontal
speed ¢ while the parameter 7y is the angle between
the front velocity and geostrophic wind vectors
corrected by an “effective surface friction angle” f.

The parameter f plays a secondary part in our
classification. It does not mean, however, that the
value of this parameter is unimportant in the
problem formulation and solution. Since the
values of f§ estimated by (21) differ considerably
from the value of n/4 corresponding to the absence
of the surface layer, a number of essential frontal
features, in particular, new frontal types, appear
(see discussion below). The correction factors
depending on f included in the parameters 4 and
y are also important as they considerably shift the
values of these parameters determining the type
of the front. At the same time changes in the value
of f do not strongly influence the frontal type
since they are confined within a rather narrow
interval (21) and many properties of frontal
motion are not very sensitive to a specific value
of f from this interval.

A chart of frontal types on the Cartesian coord-
inate plane (4,7y) is presented in Fig. 2; some
auxiliary information concerning the chart is pre-
sented separately in Fig. 3 in order not to overload
the former figure. The pictures embedded in the
chart in the Fig. 2 represent schematics of the
front shapes and flow patterns in the vertical
cross-sections normal to the front and moving
with it. The calculated flow patterns corresponding
to each front type are presented in Fig. 4 and are
discussed below.

The following three thick lines: sinusoid a =
A —siny —cosy =0, straight line 4 =0 and the
curve defined by (32) separate on the chart five
domains (I, I', 1", II, II'), which correspond to
different types of fronts (Section 2). Below the
sinusoid, in the area where a < 0, domains corres-
ponding to cold fronts are situated (I, I and 1”).
The area above the sinusoid (a > 0) is occupied
by domains corresponding to warm fronts (II and
IT"). According to (32) the domains I and II are
domains of deep fronts while I’, I” and II" corre-
spond to shallow fronts. Following Ball (1960) we
refer to fronts whose height is limited by some
value h; x(even though h; > 1) as shallow fronts
and to fronts of unlimited height as deep fronts.
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Fig. 2. Chart of the frontal types on the plane (4, y). The
heavy solid lines separate the domains of different types
of fronts. The dashed line (plotted for § = 1.2) represents
the upper boundary of the chart. The domains are
numerated with Roman numerals and correspond to
classification presented in Fig. 4. The pictures embedded
are schematics of the streamline patterns (thin lines) and
frontal shapes (thick lines) for each type.

For the domains of shallow fronts, thin solid lines
in Fig. 3 draw isolines of the dimensionless initial
thickness of a cold air mass h;.

The upper boundary of the chart is determined
by (28) which gives the upper limit for 4 as the
sinusoid 4 = cos y + tan f sin y with the amplitude
depending on f (the upper boundary shown by a
dashed line in Fig. 2 corresponds to f = 1.2). Three
sinusoids corresponding to f = 1.1, 1.2 and 1.3 are
shown by dashed lines in Fig. 3. For a given f,
fronts associated with the points of the limiting
sinusoids are stationary (¢ = 0).
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Fig. 3. The upper boundary of the chart for different 8
(dashed lines) and isolines of the dimensionless initial
thickness of a cold air mass h; (thin solid lines).

If f=n/4 the dashed curve coincides with the
line a=0. It means that, without allowance for
the surface layer, the solutions corresponding to
warm fronts, which touch the ground, do not exist
at all in the model. It is an additional confirmation
for the fact that the surface layer plays an import-
ant part in the model of front. If f = /2 the dashed
curve will degenerate into two straight lines: y =
0and y=m.

We constructed, on the basis of the solution
obtained, front shape and streamlines in (z, x)
coordinate system (i.e., in the vertical cross-sec-
tions perpendicular to the front and moving with

Fig. 4. Classification of fronts. Exampless of each frontal type have been calculated for the following points of the
chart: (I) A= —0.3,7=0.5,(I') A=0.2,7=0.5,(1") A= —-02,y=23; (I[) 4=03, y=25; (Il') A=—0.1, y=2.6
(p=12, L=6 for all the cases). It is implies that fronts move from left to right in all 5 pictures. Every pattern is
bounded from below by the upper boundary of the surface layer. Thick lines show the front shape; thin solid lines
are streamlines in the vertical cross-section perpendicular to the front and moving with it; dashed lines are additional
streamlines showing weak circulation in cold air; arrows show the flow direction relative to front. Horizontal and
vertical coordinates and stream-function values are dimensionless.
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it) for different points of each domain. As distinct
from the front shape, the air flow structure, in
general, depends on all three parameters of the
problem A, y and f§ and hence it is not determined
completely by the point selected on the plane
(4,7). Nevertheless, it turned out that every
domain can be associated with a certain type of
air flow as well. A change of the third parameter
f results in a shift of streamlines (a weak circula-
tion in a cold air mass in the vicinity of the surface

E. MOROZOVSKY ET AL.

front can change direction as well), but it does not
influence the main features of the air flow picture.
Thus, one can elicit air flow pictures typical for every
domain and use them to classify frontal types.
Five flow patterns corresponding to all possible
front types are shown in Fig. 4, where front shapes
and the cross-frontal flow streamlines, calculated
for certain points from each domain, are presented.
Although the information provided by the frontal
shape and streamline patterns is sufficient for the

Fig. 5. Isopleths of the dimensionless along-front velocity v = const corresponding to each type of front calculated
for the same values of parameters A, ff, and y as in Fig. 4. The front (thick line) and isopleths of v (thin lines) are
plotted in the vertical cross-section perpendicular to the front and moving with it. Dashed lines in (a) and (b) are
selected isopleths of the quantity u(dv/dx)/fu which is a measure of the relative magnitude of the neglected non-
linear terms.
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presented classification, some additional features
facilitating an identification of a frontal type in
observational data can be seen in the fields of wind
speed components u, v and w. The isopleths of the
along-front velocity v, which are the most inform-
ative in a sense, are shown for each type of front
in Fig. 5.

One can, in principle, find a qualitative physical
explanation for the main features of stream-lines
patterns and location of areas of ascending and
descending air flows in Fig. 4. Evidently the main
dynamic factors influencing the circulation pat-
terns are the difference of geostrophic wind and
frontal speed, the surface and internal turbulent
friction and the Coriolis force. The direction of the
flow above the front is mainly determined by the
sign of the difference u, —c. If u, <c (4 <0), the
air aloft moves to meet the front and this, in
the coordinate system moving with the front to
the right, results in the flow above the front dir-
ected to the left. If, conversely, u, <c (4 >0) the
air aloft runs down the front and the flow above
the front in the moving coordinate system is to
the right. The surface friction tends to make the
flow near the ground directed to the left and the
internal friction due to turbulent stresses tends to
adjust the flow directions and velocities within the
region. The interaction of all these factors pro-
duces, for example, such a ubiquitous feature of
the cold katafront air flow (type I') as a reversed
flow ahead of the surface front, which results in a
warm air ascent, and also causes the circulation
of the cold air under the front. The interaction of
the same factors in the case of the cold anafront
(type I) results in a more complicated structure in
which the narrow zone below the front, adjusting
the upgliding flow direction above the front to the
circulation near the ground, appears. Similar argu-
ments are applicable for explaining the structure
of the deep warm anafront air flow (type II).

The Coriolis force is evidently the factor
responsible for an existence of the frontal types 1”
and IT'. These types of fronts occupy in Fig. 2 the
area of large positive values of y (or values of « of
the order one and larger) and negative but small
A which corresponds to negative and large values
of v, and negative and small values of u, —c. The
Coriolis force connected with v, tends to cause the
flow directed to the right which (because of a
smallness of u-velocities produced by the difference
u, — ¢) can significantly reduce the flow velocity
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aloft and even reverse its direction below. Such a
situation does not arise neither for small y and
negative A nor for large y and positive A4 since in
those cases the Coriolis force and the effect of the
difference u, —c act in the same direction. The
region of small y and positive 4 is almost not
included into the chart due to the restriction (28).

It should be noted that one could not pretend
to explain all peculiarities of the cross-frontal cir-
culation with the help of the above arguments.
Complicated interaction of all the factors, which
is described by the initial differential equations,
may prevent a possibility of a qualitative explana-
tion of the flow patterns in some regions (for
example those at larger distances from the surface
front) or some fine details of the flow. Nevertheless,
the above considerations make the physical rela-
tions, which are responsible for some of the frontal
features, easily understandable.

3.2. Comparison with observations

Three front types in our classification, namely,
the types I, I and II, are well known from literat-
ure. Browning (1986) proposed conceptual models
of precipitation systems, based on a broad obser-
vational data. The situation of “the warm con-
veyor belt with rearward sloping ascent” (see Fig. 3
in Browning 1986) actually coincides with the
type I of our classification and corresponds to the
classical cold anafront (see also the idealized pic-
ture of an anafront in Fig. 1A of Moor and Smith
1989). The characteristic feature of this type,
besides the strong rearward ascending flow in a
warm air mass above the front, is a narrow zone
below the front in which a transition from
ascending to descending flow occurs. As one can
see from Fig. 4, this ubiquitous detail of the
anafront airflow is well reproduced by our analyt-
ical solution.

Another peculiarity of type I fronts, which is
known from observations, is detected by the ana-
lysis of the along-front velocity field: it is the
horizontal low-level jet stream in the warm air
mass which is parallel to the front and moves with
it (see, for example, Browning and Pardoe 1973).
The wind speed in the jet reaches sometimes few
tens of meters per second; the jet axis is located
at a distance of the order of 100 km ahead the
surface front. The v-velocity fields calculated on
the basis of our solution predict an appearance of
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Fig. 6. An example of calculation of the front position
(thick line) and isopleths along-front wind v = const (thin
lines) for the vertical cross-section perpendicular to the
front and moving with it (4 = —0.2, y=0, f=1.2). The
dimensional velocities and coordinates are calculated for
the following values of parameters: K =28 m*s™"; V, =
25ms L5 0=7K.

a jet stream with similar characteristics if the non-
dimensional parameters of the problem lie within
a certain region of the domain I (see Fig. 5a).
Browning and Pardoe (1973) also reported that
the low-level jet streams were observed only ahead
of cold anafronts. Isopleths of the v-velocity field
for the values of dimensionless parameters and
scales calculated on the basis of the data from
Browning and Pardoe (1973) are presented in
Fig. 6.

The vertical velocity field (Fig. 7) calculated on
the basis of the data from the case-study by Bond
and Fleagle (1985) shows that our model repro-
duces also a structure of the observed w-field and,
in particular, a vertical velocity maximum near
the surface.

A conceptual model of a cold katafront widely
used in the literature (see, for example, Fig. 1B in
Moor and Smith 1989) evidently corresponds to
the flow structure of the type I’ fronts. This type
also corresponds to “the warm conveyor belt with
forward sloping ascent” situation described in
Browning (1986) (see Fig.4 of Browning 1986).
The characteristic feature of this type is a warm
air ascent ahead of the surface front with the
subsequent turn of the flow in the vertical plane
towards the direction of front movement.
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Fig. 7. An example of calculation of the front position
(thick line) and isopleths of vertical velocity w = const
(thin lines) for the vertical cross-section perpendicular to
the front and moving with it (A= —1.0, y= —0.1, f=
1.2). The dimensional velocities and coordinates are cal-
culated for the following values of parameters: K =
125m?s™ V,=30ms™"; 0 =3K.

The third type of front, which is well known to
observational meteorologists, is a warm anafront
appearing in our classification as the type IL. It is
easily seen, for example, that the transverse air
circulation in the vicinity of a warm front, built
on the basis of observational data in the work of
Browning and Harrold (1969) (Fig. 10), looks to
be very similar to the air flow of type II in Fig. 4.
Note, that for this type (like for type I) there exists
a narrow zone in which a transition from
ascending flow above the front to descending flow
below the front occurs. However, as distinct from
the type I, here this zone is more narrow and does
not reach the surface front. As a matter of fact, all
the circulation in a cold air mass is so weak (the
relative velocity component u — ¢ is small) that in
most cases one can neglect this circulation and
consider the cold air wedge (excluding the surface
layer) moving as a solid.

We did not succeed in finding published obser-
vations, which could definitely confirm a realiza-
tion in nature of the front types I” and II’, though
some observations could be interpreted in such a
way. In any case the fronts of the types I” and I
should be observed much more rarely than the
other three types since the domains I” and II' in
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the chart are relatively small. Also it would be
difficult to identify such fronts without detailed
investigation of the air flow structure not only in
the vicinity of the nose of the front but also at
rather large distances from the front: it is easily
seen from Fig. 4 that in the immediate vicinity of
the surface front the type 1” looks like a common
cold katafront I' and the type I1” looks like a
common warm anafront II. In addition the results
of our model concerning a detailed structure of
such shallow fronts as I” (the thickness of the cold
air mass h; < 1) are probably less reliable; for such
fronts a hydrodynamic drag due to mixing at the
head might be important in the force balance on
the front. These fronts may pass unnoticed as well,
because they should to a smaller degree than other
fronts be associated with noticeable rain or wind,
or any other conspicuous weather phenomena.
In conclusion of this section we will make two
additional remarks. The first remark is about a
comparison of the theoretical frontal shape with
observations. Evidently, the type of the air flow in
the vicinity of front should be a basic indication
of the front type if one is trying to incorporate
the observational data into a theoretical frame-
work. The observational information concerning
the frontal shape assumes certain meaning in
statistical data because of the uncertainty that is
inherent in a single observational analysis of the
front (inversion) position. The most comprehens-
ive study was made by Sansom (1951) who identi-
fied 50 cold fronts that crossed the British Isles as
either anafronts or katafronts. His data show, in
particular, that the mean slope of katafronts
(1/300) is appreciably smaller than that of anaf-
ronts (1/70). This is in accordance with our solu-
tion in which the katafront flow structure is related
to the frontal surface limited in the height (type I')
and the anafront flow structure is related to the
unlimited frontal surface (type I) our model.
Sansom (1951) indicated that in most cases
increasing cyclonic or decreasing anticyclonic cur-
vature takes place when crossing an anafront and
on the contrary decreasing cyclonic or increasing
anticyclonic curvature occurs for katafronts. That
is also in agreement with the solution obtained:
the sign of the additional curvature of isobars,
connected with the pressure disturbance due to a
front, is determined by the sign of d?h/dx? which
is negative for the type I’ (dh/dx decreases) and is
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positive for the type I when dh/dx increases except
of the short initial section.

The second remark concerns the relation (31),
which links the velocity and direction of motion
of the front with the thickness of the cold air mass
and therefore may be of prognostic significance.
We will represent it as a formula for calculating
the frontal velocity as follows

x [cos(ax+ f)—e M cos(a+ f+hy)],  (34)

where, h;, u, and V, are dimensionless variables
scaled as shown in Table 1, ¢ is defined by (14)
and f is defined by (20), (14) and (8). Since h,; > 2
in almost all the cases, this formula can be simpli-
fied without a significant loss of accuracy as

cos f8
g—|Vg|Tlcos(o¢+[3).

c=u, (35)
Some difficulties arose, when we tried to check its
validity on the basis of observations, because of
the lack of all needed observational data (frontal
speed, upper level geostrophic wind speed, and
the inversion position). In addition, many studies
do not concern an identification of the frontal
type on the basis of the temperature and wind
fields while it is important to identify a case as a
katafront before applying eq.(31). Three case-
studies, in which it is safe to say that we deal with
a katafront, are brought together in Table 2. The
results look encouraging from the point of view
of both absolute values and a tendency.

4. Discussion

The results of our calculations and qualitative
comparison of the theory with the published obser-
vations and conceptual models of mature fronts
give ground to conclude that the proposed theoret-
ical model incorporates the basic physical relations
determining the process of a steady propagation
of two air masses of different temperatures.
Different frontal features pointed out in separate
observational studies (such as a rearward
ascending flow in a warm air mass above the front
or a warm air ascent ahead of the surface front, a
transition from ascending to descending flow
below the front, the horizontal low-level jet stream
in the warm air mass, the vertical velocity max-
imum near the surface, the position and slope of
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Table 2. Comparison of observed front velocities with those predicted by the model
u, Vg o he hy c ¢’ Cr
(m/s) (m/s) (rad) (km) (m/s) (m/s) (m/s)
MS 11 15 —-09 ~2 2.6 8.3 8.5 6
S 16 16.7 —0.8 ~3 39 14.0 14.0 12
T 13 14 —0.8 ~2 2.6 10.3 10.5 8

Observational data was taken from the case studies of cold katafronts by Moor and Smith (1989), Sansom (1951)
and Testud et al. (1980), (abbreviated as MS, S and T, respectively). Observed values (bold): ug, v,: upper level wind
components relative to the front; h: the approximate frontal height estimated on the base of observations; ¢;: the
velocity of the front. Calculated values: o = —arctan(u,/v,), h;: dimensionless height of the front; ¢ and ¢’: predicted
frontal velocities defined by (34) and (35) respectively, with K =30m?s™ %, f=10"%s",, g=10ms™ % f=1.2.

the inversion zone as well as a change in curvature
of isobars towards to the front and so on) are
reproduced by the theory. However the theory
not simply reproduces the frontal features it also
indicates the conditions under which these frontal
features can occur and thus permits to connect
seemingly unconnected observational information
and make some predictions. An analytical form of
the solution enables one to extract the basic
parameters determining the frontal motion in a
mature frontal system. The analysis of the results
shows that evidently all the dynamic factors
involved in the model (in particular, the turbulent
friction and the surface friction) are necessary for
reproducing and explanation of the frontal fea-
tures. It also shows that the model of a mature
front excluding frontogenetic forcing effects is
sufficient for explaining many frontal features
found in observations of fully developed fronts.

Several points need to be addressed for a more
complete exposition of the subject.

Analysis of the solution shows that assumption
of a constant vertical turbulent coefficient requires
allowance for the surface layer (even though in
the first approximation as it is in our work) to
avoid inconsistencies. A study of the behavior of
the solution in the vicinity of the surface front (see
Appendix) displays some of the inconsistencies. In
the case of f=mn/4 (the surface layer is absent),
the horizontal wind component normal to the
front does not coincide with the velocity of the
front at the line x =0, z=0; this contradiction
disappears when the surface layer is introduced
into the problem. Similarly, the calculation of the
vertical velocity in the vicinity of the surface front
in the case of f=mn/4 yields infinity instead of
finite quantity when the surface layer is present.

So it seems that there is a flaw in the formulation
of the problem incorporating the K-model of
turbulence, if the no-slip condition at the earth’s
surface is used.

The inertial forces are not included into a force
balance on the front because of the linearization
made in the initial equations. However, having
the solution obtained, one can estimate the order
of the neglected terms retrospectively using the
wind velocity fields found. The absolute value of
the ratio u(dv/dx)/fu (it is %u(dv/dx)/u in dimen-
sionless variables, see scales in Table 1) can be
chosen as a measure of the relative magnitude of
the nonlinear terms. The selected isolines of this
quantity for two main types of cold fronts are
drawn in Figs. 5a and 5b by dashed lines. The
nonlinear terms appear to be quite small for the
katafront solution. For the anafront solution their
relative magnitude in the region, the most import-
ant from the observational point of view, does not
exceed the value 0.6, which is considered to be
quite admissible in practice of applications of
asymptotic methods.

In spite of a large number of published works
on fronts, there appear to be very few published
statistics on frontal characteristics. We can men-
tion only that by Sansom (1951) and the works
containing confirmation of some of Sansom’s
results, as, for example, Miles (1962), and also the
works trying to confirm some formulae of gravity
current models — see Smith and Reeder (1988).
Reasoning for that is seemingly a lack of a theoret-
ical basis for defining parameters significant for
the front behavior. One of the purposes of such
an analytical model as ours is to draw attention
to the parameters, which could be important for
a classification of mature steady-state fronts. After
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Sansom (1951), the difference of the frontal speed
and the front-normal high-level wind speed is used
for distinguishing between two types of cold fronts
(Moor and Smith 1989). Sansom (1951) reported
that anafronts mostly occur when the front prop-
agates faster than the geostrophic wind (i.e., u, < c)
and katafronts occur when u, > c. Thus, only the
sign of the difference u,—c plays a part in
Sansom’s classification. Our results extend and
enrich Sansom’s classification. First, the angle o
between the front velocity and geostrophic wind
is involved in the classification and the limits of
Sansom’s sign criterion in distinguishing between
two types of fronts are defined. In particular, this
sign criterion (depending on the sign of 4 in our
terms) loses its validity for the fronts with rather
large negative values of v, (large values of y in
Fig.2). Secondly, now the value of A coupled with
the value of the second parameter y defines the
conditions for all types of fronts (cold, warm, ana-,
kata-) to exist. In particular, in accordance with
(29) cold fronts can exist only for the values of 4
not exceeding a limiting value siny+ cosy.
Referring to the basic physical sense of the para-
meters 4 and y discussed above, one can say that
there is a limiting value of a difference u, — ¢ for
cold fronts to exist which depends on the angle o
between the front velocity and geostrophic wind
vectors. For example, cold fronds, propagating
approximately in the direction of the geostrophic
wind (o is close to zero, y & 1.2), can not have a
speed less than c¢~2/3u, (A~1 so that
(ug — ¢)/ug ~ cos p = 1/3). To check this and other
predictions of the theory a statistical data on front
characteristics are needed.
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6. Appendix

Behavior of the solution in the vicinity of the surface
front

To consider the behavior of the solution in a
region close to the singularity along the surface
front, where h=0 and |dh/dx| = oo, we shall find
a value of u; (j=1, 2) at this line using (18), (19)
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and (29). After some transformations we obtain:

=c. (A1)

=u2

h=0
z—0

One can see that approaching the singularity
by three different ways, we arrive at the same
result: along the surface front, where the front is
vertical, the horizontal wind component normal
to the front coincides with the velocity of the
front. Calculation of w; in the vicinity of the
surface front by the formulae (18), (19) and (22),
in the case of approaching to the surface front
along a horizontal, gives w; =0 which is natural,
because the solution of the problem satisfies the
condition (10). Calculations of w; by the formula
(12), i.e., descending to the surface front, give
another result. Since the first term in the expansion
for uy — C, calculated from egs. (18) and (19), is
of the order of h, and the first term in the
expression (29) for K’ is of the order of h™?, the
formula (12) after some transformations yields:

cos?

 cos Zﬁa

z=h
h—0

Wi

4
2 cos 2ﬂ:| '
(A2)

1
X |:sin Y+ <sin 2+ cos 25 — 5)

According to this formula, vertical velocity w;
on the surface front may be positive, negative or
even zero. By analogy with some hydrodynamic
problems one can interpret this result as follows.
In the vicinity of the surface front in nature,
ascending and descending fluxes connected with
the front may occur at a height of the order of
the surface layer thickness.

In the case of f=m/4 (the surface layer is
absent), (29) is replaced by h'=(—3/2)Ch~? and,
then, as the result of the passage to the limit h—0
in (18) and (19), we obtain in (A1) 3¢/2 instead of
¢ which contradicts formulation of the problem
(except for the case of ¢ =0). Calculation of the
vertical velocity in the vicinity of the surface front
in the case of ff =mn/4 gives for w; infinity instead
of finite quantity (A2), since in this case the main
term of the expansion for u; — ¢ is finite and the
main term of the expansion for h’ is of the order
of h=2
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