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ABSTRACT 

In order to find an efficient spectral representation for the variables in a non-linear partial 
differential equation, one may require that the expanding functions should satisfy the equation, 
not exactly as in the linear case, but instead as well as possible in the least square sense. This 
variational approach is here applied to the non-linear potential vorticity equation for a zonal 
flow and finite amplitude perturbations in a beta-plane channel. The solutions are required to 
be neutral. For zonal wave numbers 2-10 primary modes are found for which the zonal wind has 
a typical jet-like profile. Its form varies very little with the zonal scale and it is shown that a short 
wave will have the same meridional profile as a much longer wave. The longest waves are quasi­
stationary as is usually observed in the atmosphere. Shorter waves move east with phase 
velocities which are higher than those obtained with the Rossby formula. They agree, however, 
well with observations. 

For higher orthogonal modes a mathematical modification is made in the equation for the 
primary modes so that a complete Sturm-Liouville orthogonal system is obtained for all modes. 
These higher modes also show little dependence on zonal wave number and one may therefore 
question if it is necessary to have separate expansion functions in the meridional direction for 
each zonal wave number. For the beta-plane model this necessity was not confirmed in an expan­
sion of the meridional profile of the perturbation Jacobian, where a comparison also was made 
with Fourier expansions. In this case the functions determined here are found to give a much 
faster convergence. 

1. Introduction 

The use of spectral models in numerical weather 
prediction naturally poses the problem of the best 
choice of the expanding functions. Spherical har­
monics were directly indicated by the geometry 
of the earth but were not related to the model 
equations. A more compatible representation is 
obtained with the normal modes, Kasahara ( 1976) 
and references, which during the past two decades 
have replaced the spherical harmonics in spectral 
models, where they also are used for data assimila­
tion. The normal modes are obtained as eigen­
solutions to the shallow water equation, perturbed 
about a state of rest, so that all non-linear terms 
are excluded. The atmosphere, however, with 
differential heating, jet stream and developing 
instabilities is very far from a state of rest and one 
may therefore question the efficiency of the normal 
modes for expansion of atmospheric or computed 
data. 
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In Tanaka and Kung (1989) it is estimated that 
expansions with 7 vertical normal modes and 19 
meridional normal modes represent about 90 per 
cent of the total energy of the atmosphere. This 
may be compared with expansions with the aid of 
empirical orthogonal functions (EOF's), where it 
is known that 4 to 5 functions are sufficient for 
representation of more than 95 per cent of the 
variance in the vertical or meridional directions, 
Holmstrom ( 1963 ), Bradley and Wiin-Nielsen 
(1968). EOF's are not model related but a perfect 
or nearly perfect model should evidently produce 
data that give the same EOF's and reductions of 
variances as those obtained from observed data. 
Therefore one may take the EOF expansion as an 
indication of what it should be possible to obtain 
with "normal modes" determined in a different 
way. 

In Daley (1978) it was stated that "ideally, one 
would like to obtain the normal modes from the 
fully non-linear equations" but it was added that 
































