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ABSTRACT

The diffusion and convection at low temperature at an interface separating a cold, low salinity
upper layer from a warmer, more saline lower layer are examined. The densities of the layers are
assumed equal and an approximate, non-linear equation of state is used. The vertical transports
are determined from the molecular, diffusive fluxes through the interface. The diffusion creates
instabilities at the interface, which convect into the layers. The transition from diffusion to con-
vection is estimated from a Rayleigh number based upon the penetration depth of the density
anomaly. The convection occurs as quasi-stationary plumes, maintained by inflow of lighter/
denser water, driven by horizontal pressure gradients induced by the density redistribution. The
turbulent energy produced in the layers is calculated from the terminal vertical velocity of the
buoyant parcels and the horizontal and vertical length scales of the convection. The turbulent
energy density is found to depend on layer depth and buoyancy fluxes through the interface can-
not be used directly as estimates of the turbulence production. Both turbulent entrainment and
the non-linear equation of state could be of less importance for the transport though a diffusive

interface in the oceans than what is inferred from corresponding laboratory experiments.

1. Introduction

The molecular properties of sea water, i.e., the
non-linearity of its equation of state and the dif-
ferent diffusivities of heat and salt, influence pro-
cesses of much larger scales and are important
in mixing and water mass formation. Many of
these phenomena have recently been reviewed by
Carmack (1986), who also gives an extensive
reference list.

The non-linear effects become especially
noticable in the Polar seas. The lowering of the
freezing point with pressure, the higher com-
pressibility of colder water and the contraction on
mixing or cabbeling, where the mixture of two
water masses of similar densities becomes denser
than either of the original waters, are all believed
important for deep water formation. Another
feature of the Polar oceans is the presence of cold
surface water overlaying a deeper, warmer water
mass. This configuration, with the faster diffusing
component (heat) destabilizing, promotes the for-
mation of diffusive interfaces. Deep homogenous
layers, vertically separated by thin interfaces,
associated with jumps in temperature and salinity,
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are indeed observed in the Polar seas (Fig. 1). The
steps are, especially in the Antarctic, often practi-
cally density compensating and the vertical
stability between two layers is small. This has
made Foster (1972) and Foster and Carmack
(1976) suggest that cabbeling might be active
in creating and maintaining the observed step
structure.

However, McDougall (1981a, b) has shown that
for vertically superposed layers, this effect can be
treated as a perturbation on a basic double-dif-
fusive convection driven by the unstable distribu-
tion of heat. The non-linearity creates a vertical
asymmetry of the convection and more buoyancy
is released in the lower than in the upper layer.
One observable effect of this asymmetry is an
upward migration of the interface (McDougall,
1981b). Both processes require that the waters mix
down to the molecular level. We shall therefore
describe the situation at the interface and estimate
the vertical fluxes of heat and salt as well as the
migration of the interface assuming only molecular
diffusion and a non-linear equation of state.

The discussion of the transfer between the layers
(Section 2) is separated into two parts. In Subsec-
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Fig. 1. Temperature and salinity profiles in the Weddell
Sea (from Foster and Carmack, 1976).

tion 2.1, the diffusion and the formation of gravita-
tional instabilities are considered, while the
dynamic effects of the redistribution of density and
the removal of unstable water parcels from the
interface are discussed in Subsection 2.2. Some
numerical estimates are given in Section 3. The
intensity and importance of the turbulence, which
may be generated in the layers by the release of
buoyancy, are then discussed in Section 4. Finally,
in Section 5, the results are compared with
laboratory experiments, field observations and
some theoretical work. A few of the underlaying
assumptions are also discussed.

2. Diffusive transfer across the interface

The horizontal extent of the interface and the
depth of the layers are assumed to be infinite. This
implies that no external length scale, neither verti-
cal nor horizontal, is imposed. The situation
resembles the heated horizontal plate considered
by Howard (1967). The diffusion of heat creates an
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unstable layer close to the plate. The thickness of
this layer is determined by the penetration depth
8¢ = (mkyt)"? of heat (a list of used symbols and
some parameter values are given in the appendix).
Howard assumed that the evolution of the insta-
bility could be described by a Rayleigh number Ra
based on the penetration depth. When Ra reaches
a critical value (~10%), the unstable parcel
convects from the plate and a new cycle begins.

The present case is slightly more complicated
with two diffusive components and instabilities
forming both above and below the interface.
However, Howard’s approach will be adopted and
the diffusion and the instability are considered in
Subsection 2.1. The heated solid plate has no slip
boundary conditions and the unstable water will
leave the plate as randomly distributed thermals.
By contrast, the diffusive interface is a free bound-
ary, which permits horizontal motions. Convec-
tion cells may then form, where the unstable water
leaves the interface as quasistationary plumes.

This is supported by laboratory observations of
evaporative cooling, where the convection occur
predominantly as two-dimensional line plumes
(Spangenberg and Rowland, 1961). In experiments
with the diffusive interface using salt and sugar as
diffusing substances (Foldvik and Rudels, 1979),
the interface revealed a netted wire structure,
where the thin lines were sites of two-dimensional
plumes convecting into both layers.

The motions at the interface are generated by
the pressure gradients, which arise because of the
vertical redistribution of density. A parcel moves
along the interface until it becomes unstable and
convects into the layers. The spacing of the plumes
is thus determined by of horizontal velocity and
the time needed for the parcel to become critically
unstable. This part of the process is examined in
Subsection 2.2.

Subsections 2.1 and 2.2 are extensions and
applications of results derived for the linear case
(Foldvik and Rudels, 1979).

2.1. Diffusion and instability

An initially sharp horizontal interface separates
two infinitely deep layers, the upper slightly colder
and fresher than the lower. To maximize the effect
of cabbeling the densities of the two layers are
taken to be equal. The background temperatures
T,, T, and salinities S;, S, in the layers are
constant.
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The initial conditions are:

T\(z,0)=To—AT, Si(z,0)=S,—AS, z>0,
Ty(z,0)=To+ AT, S,(z,0)=S,+AS, z<0,
(1)

and the density p is approximated by an equation
of state at atmospheric pressure proposed by
Mamayev (1975):

p=A+ BT+ CT*+(D—ET)(S-35), (2)

where 4 =1028.152, B= —0.0735, C= — 0.00469,
D =0.802 and E= — 0.002.

To simplify the writing of the expressions to be
derived below, S’ = (S — 35) is introduced with the
primes subsequently dropped and terms contain-
ing ET(S —35) are left out. The neglect of these
terms is justified for the temperature and salinity
ranges (T ~0, S~ 35) encountered in the Polar
seas. However, they may be important in the
laboratory experiments and all terms are retained
in the computations.

The evolution of the vertical profiles of T and
S is described by the solutions to the diffusion
equations
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where kt and kg are the kinematic diffusion coef-
ficients for heat and salt, taken to be constant. T
and S are given by (Crank, 1956)

V4
T(Z, t)=TO—ATerf<W),

S(z, )= Sy — AS erf<m). (4)

Introducing
n=z(4kst)” "7, U =z(4ket) "7, T=kskT!,
(3)

the density anomaly becomes

pi=BAT(+1—erft"2y)— CAT*(1 —erf?1%)
+2CTy AT(+1—erf t'2n)+ D AS(+ 1 —erf y).
(6)
i= 1, 2 indicates the upper and lower layers and for
i=1,7n>0and the upper sign is used and for i =2,

<0 and the lower sign holds. The profiles of T
and S, of the density contributions due to Tand S
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Fig. 2. Qualitative sketch of the evolution of the vertical profiles of (a) temperature T and salinity S; (b) density due
to heat p; and due to salt pg; (c) the density profile p, with time. Broken lines indicate profiles due to T, solid lines
due to S. The penetration depth of heat é+, the levels of maximum density anomaly z,, , z,,, and the level of no density
anomaly z, are indicated. 8,, J, are the penetration depths used in the Rayleigh number. The profiles are sketched
to show the effects of the non-linearity, the larger density changes due to temperature variations at higher tem-
peratures and the vertical migration of the level of zero density anomaly.
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Following Howard we write:
g Ap;6}
Ra="—"11 (7)
povkr

where v is the coefficient of viscosity, ;=1 —z,,
gives the distance of the penetration of heat
beyond the levels of maximum density anomaly
Z,, and z,,,.

Api=5,~‘1f pldz

is the average density anomaly for the parcel
above (below) z,. (z,,). Using the identity
erf n = (1 —erfc n) and the symmetry properties of
the error function, eq. (6) can be written as

pi= £ (B+2C(T,F AT)) AT erfc 1'%y
+ D ASerfcy+ C AT? erfc? 'y, (8)

where now # >0 for both i=1 and i=2. Ap, then
becomes

4kgt)\/? F,
T ©)
with
Fo=+(B+ 2C(T0$AT))ATJ erfe 12 dy
I

iDASJ erfc n dy
Nm;

+CAT? j erfc? £y dn, (10)
Mm;
and the Rayleigh number can be written as
k(1 —2n —1y1/2y2 (372
Ra < 28Fiks™m(1 =2, (xn " ) )" 7 (11)

PoV
We use the classical value 27n%/4 as critical

Rayleigh number (Chandrasekhar 1961) and
solving equation 11 for ¢, gives

(12)

. 27m3pov w3
] 8gFkY(1 - 2n,, (en )22 ]

where the subscript , indicates critical values.
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m,; can be found from dp;/dz =0, and the use of
eg. 6 leads to

DAS o
+om AT(B+2C(T,—ATerft'?g))
(13)

Eq. 13 can be solved numerically for #,,;, and ¢, is
then determined from eq. {12).

Since the coefficient of viscosity is larger than
the diffusion coefficients, the motions in the two
layers will be coupled across the interface (see Sec-
tion 2.2). When Ra, is reached on one side the
convection will also be triggered on the other side
and the smallest value ¢, is used. With ¢, known
0,4 and z,,;, can be determined from eq. (5) and
the definition of §;. We assume that not only the
parts above and below z,,;, but all unstable fluid
is removed by the convection. The level z,, are
found by putting p’ =01n eq. 8 and use eq. (5) and
t,. The removal of unstable water reestablishes
the initial conditions. However, the position of the
interface will migrate upwards following z,. This
is in accordance with the work by McDougall
(1981a, b).

2.2. Convection and removal of unstable fluid

The free interface allows horizontal motions and
the convection may occur as quasi-stationary
plumes as indicated by the observations of
Spangenberg and Rowland (1961) and Foldvik
and Rudels (1979). The plumes are assumed two-
dimensional and are maintained by a horizontal
inflow of marginally unstable fluid. The flow is
stationary and occurs in a plane perpendicular to
the plume. The plumes are of finite length and the
description breaks down at the points where
several plumes meet. However, since the length of
the plumes are of the same order as the plume
spacing these points will occupy only a small part
of the interface and can be ignored.

When two parcels come in contact across the
interface, diffusion of heat and salt begins and
instabilities form and grow as the parcels are
advected towards the plumes. The time dependent
solution obtained in the preceeding section thus
applies for the individual, moving parcels. The
motion towards the plumes is driven by the
horizontal pressure gradient and the evolving den-
sity field enforces any horizontal displacement of
the parcels. The horizontal motion is coupled
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across the interface by the pressure gradient and
by viscosity. The density distribution and the
velocity filed between two plumes are shown in
Fig. 3.

The spacing, 2L, , between the plumes is deter-
mined by ¢, and the horizontal velocity U at the
interface. Since W/U ~ §,,/L, <1 at the interface
outside the plumes, the vertical velocity can be
ignored in the diffusive regime. The horizontal
momentum equation then takes the form:

U

ou_ ., dp Y
0z%’

U—==
0x P 0x

(14)

where the term v(92U/0x?) has been neglected. p is
the average density and p'=[ gp'dz’ is the
perturbation pressure created by the diffusion.

By integrating vertically across the interface and
letting z — oo the limits of integration are taken
outside the viscous boundary layer. The friction
terms then vanish (U=0) and the sequence of
integration and differentiation may be changed.
Eq. (14) then becomes

3[2—1jw U2dz+p’1f p’dz:|=0. (15)
6.x — 0 -0

The expression inside the brackets is independent
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of x and shows that the total energy is conserved
for a parcel following the motion. Since U and p’
are 0 at x =0, the mid-point between the plumes,
the constant is zero.

Separating the integration over the two half-
planes and introducing the expression for p’ and
the results from eq. (2.1) lead to

') 0
0=2-1J U2dz+2-1f U?dz
0 — 0

+ [M‘ng][uﬂ 2C(Ty— AT))

AT DA
x2L DAS | car
4z 4

el n
X J dn J erfc? 12y’ dn’] t
0 (1]

+[‘“‘ng] [—(B+2C(T, + AT))

(16)

Fig. 3. The density field (to the left) and the velocity field (to the right) for the diffusive region between two convecting
plumes. U is the horizontal velocity at the interface and 2L, the plume spacing. Light shading indicates p < p,, dark
shading p > p,. Regions of unstable density gradients are shown with sparsely spaced lines slanted to the left while
the region of stable gradient is given with densely spaced lines slanted to the right. Starred quantities indicate critical

values. Other symbols as in Fig. 2.
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We introduce

M1=2—1pf U?ds,
0

0 (17)
M2=2‘1pj U?dz,

where M, and M, are the kinetic energies, which
have been induced in the two layers by the density
redistribution. The linear case is symmetric around
z=0, but eq. (16) shows that the 4th term is larger
than the 3rd, which would imply that more kinetic
energy is generated in the lower than in the upper
layer, and a velocity jump should occur at z=0.
However, the total mass is conserved and no
motion is present below the region affected by the
diffusion. This means, in reality, that the free upper
surface is lowered to add a barotropic pressure
gradient. Since the depth is assumed infinite this
effect is not taken into account. The density
changes below z=0 must cancel all pressure
changes occurring in the upper half plane and by
equating the 2nd and the 4th terms in eq. (16) an
approximation holding for the kinetic energy
generated in each of the layers should be obtained.

The velocity of the parcels is not constant.
Moreover, the velocity spreads into the layers by
viscosity. We shall assume that the gross features
of the velocity field can be described by the diffu-
sion equation

U_ U

v (18)

0z%’

applied at a coordinate system following the
motion. This means that the effects of advection on
the velocity field is ignored.

Since U and U? will have the same diffusivity v,
M can be regarded as the result of a diffusion of
kinetic energy from a boundary into a half plane.
There should then be a corresponding kinetic
energy “concentration” mgy= m(0, t) at the inter-
face. Standard texts on diffusion problems, e.g.,
Crank (1956), p. 31, give the relation
M =2 my(nve)'? (19)
for the amount diffused into a half plane, when m,
is time-dependent. In the present case, the time
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dependence of M is known (=¢) which requires m,
to be

8ks gG
my= [:vuznuz] "2,

where G is the expression inside brackets in the
fourth term of eq. (16), and the velocity at the
interface becomes:

16kg gG |72
U0=|:ﬁ] t1/4.
pvin

(20)

(21)

Because v> k1> kg, the velocity in the diffusive
boundary layer can be considered independent of z
and equal to U,.

The distance L, a parcel moves before it enters
the plume is found by integrating (21) from ¢t =0to
t=t,
L,=%cty?, (22)
and the spacing between the plumes becomes 2L .
The finite length of the line plumes leads to
a polygonic convection pattern resembling the
cells occurring in ordinary Benard convection
(Spangenberg and Rowland, 1961; Foldvik and
Rudels, 1979). However, the horizontal extent of
the cells is orders of magnitudes larger than the
corresponding Benard cells obtained for a depth
comparable to dr.

The amount N of buoyancy, heat or salt, which
enters the plumes from one side is

fee]
N,=U, J fdz, f=-concentration,

Z0+

(23)

and the flux per unit area between the layers
becomes

5

o=Nali' =20 fde (24)
Z0%

4
The factor 3, recognized in Foldvik and Rudels
(1979), indicates that plumes are more efficient

than thermals in transferring heat and salt across
the interface.

3. Numerical results

The non-linearity of the equation of state is
largest at low temperature, and since the most
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interesting ranges and steps are those encountered
in the Weddell Sea (Fig. 1) temperature steps of
0.1°C and 1°C are chosen. The larger value is
seldom found outside frontal areas and may be
regarded as an upper limit. To compare the results
with those of McDougall (1981b) the concentra-
tions in one of his experiments are also examined.

The initial values, 7', T,, S; and S, are given in
Table 1. S, has been computed from equation 2
with po, = py,. Table 1 also gives 7., §,, and zy .
Finally the migration velocity for the interface,
w,=125zy,t;" is given. The factor 1.25 arises
from the assumption of plume convection. To
show the magnitude of the non-linearity the values
in the tables are given with several digits. This does
not represent the accuracy of the model predic-
tions.
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The thickness of the unstable layer is about
0.001 m in the laboratory and 0.01 m in the ocean.
The effect of the non-linearity, as estimated by the
ratio z,,90;,, is much larger in the laboratory
(about a factor of 100). This is partly due to the
stronger non-linearity of the temperature and
salinity range covered in the laboratory, partly due
to larger gradients. The weaker gradients in the
oceans lead to time-scales 100 times as long as in
the laboratory. These effects combine to give a
small migration velocity in the ocean.

The fluxes of heat and salt between the layers are
given in Table 2. The asymmetry in the transports
is due to the upward migration of the interface.
The incorporation of a volume of colder, fresher
water into the lower layer shows up as a loss of
heat and salt in that layer. The ratio of the density

Table 1. The initial temperatures, salinities and densities for the three considered
cases and the properties derived for the instability at the interface (for symbols

see text)

a b c
T, (°C) —0.05 —0.50 4.00
T, (°C) +0.05 +0.50 30.00
S, 34.65 34.65 0.0
S, 34.659 34.741 571
po (kgm~?) 1027.87 102791 1000.00
t, (s) 1350 300 34
£ (5) 1340 280 134
014 (m) 17.0.103 78.1073 1.69-1073
855 (m) 1701073 7.8.1073 1.71-1073
Zox (M) 0.008-1073 0.036-1073 0.096 103
we (ms™1) 0.007-10¢ 0.156-10-° 8.955.10~°

Table 2. Fluxes of heat, salt and buoyancy between the layers for the three cases

a b c
Heat flux (W m~?)
into z 2 zg 2.55 55.2 6.15-10°
out of z< zy 4 2.55 56.1 7.11-10°
salt flux (kgm~2s71)
into z=zg 4 55-107° 0.114-10-¢ 15.1-10-¢
out of z<zg 4 56-107° 0.128-10-° 66.0-10°
Buoyancy flux (W m~?)
into z=zg 4 0.388-10-¢ 8.10-10-6 097-10-3
into z< zg 4 —0.392-107¢ —9.00-10~°¢ —3.81.1073
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Table 3. The horizontal velocity at the interface U,
and the half-spacing L, between the plumes for the
three cases

a b c

Uy (ms™1)
Ly (m)

48-1073
0.05

1.1-1073
0.24

05-10°3
0.53

flux due to salt to that due to heat is close to
(ksk ')"? as it should when only molecular trans-
ports are considered (Turner, 1973).

While heat and salt are transported between the
layers, buoyancy is released in both layers. The
asymmetry of the release depends strongly on the
concentration steps. Table 2 gives the buoyancy
carried by the particles as they leave the interface.
To estimate the final asymmetry of the buoyancy
release the depths of the layers must be known.

The horizontal velocity at the interface is about
0.001 ms~! in the ocean and the spacing of the
plumes 0.5-1m (Table 3). Since the width of the
plumes should be of the same order as the thick-
ness of the unstable layer the plumes occupy only
3-4% of the interface. The vertical return flow
outside the plumes is therefore weak. In the
laboratory the horizontal dimensions are smaller
but the velocities higher. Because of the larger
velocities the return flow is more intense in spite of
a similar ratio 8,, L, between areas of upward
and downward motions.

4. The turbulent activity in the layers

The effects of turbulence on the transports
through the interface have up to now been ignored.
However, the convection itself generates tur-
bulence in the layers, which may increase the fluxes
above that of molecular diffusion. The neglect of
turbulence in the preceding sections should there-
fore be justified. To elaborate this point, we
follow the discussion given by McDougall (1981b,
Section 52).

Externally generated turbulence creates an
entrainment velocity e, which, in a two-layer
system, transports mass against gravity across the
interface. The ratio of e to the representative
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r.m.s. velocity u, of the turbulence is found from
experiments to be (Turner, 1973).

£=k1< U >n’
Uy 4 AﬂH
where H is the layer depth. The values of the con-
stants are not accurately known. The exponent n,
which is of the greater interest, is 1 for systems
stratified by heat and 1.2-1.5 for salt stratified
systems (Turner, 1973; McDougall, 1981b). For
n=1eq. (25) becomes

(25)

g ApeH
kl = 3 ’

Uy

(26)

which shows that in this case the gain in potential
energy is proportional to the input rate of external
energy to the turbulence (Turner, 1973).

The turbulent energy & produced by the
buoyancy flux Q can be written as
e=ulH '=k,0, (27)
and if egs. (26) and (27) are combined, the entrain-
ment velocity becomes

e=P2 ik, (28)
gAp

which makes e independent of the layer depth. This
results because, when using eq. (26), it is assumed
that the mass is transferred from the center of one
layer to the center of the other. The deeper the
layer, the more potential energy is released and the
turbulent energy density remains constant.
However, the released potential energy must
first be transformed into kinetic energy by the
rising and sinking of buoyant parcels, and to
generate the prescribed turbulent energy these
must accelerate over the entire depth H. The par-
cels are small and their motions dominated by
viscosity and they will rise with a velocity deter-
mined by a balance between buoyancy and
viscosity. Any further distance, which they travel
after they have attained this “terminal” velocity,
will not make more energy available for the tur-
bulence, apart from the weakly energetic motion
added to the environment directly by the viscosity.
This implies that there exists an optimal depth for
generating turbulent energy by buoyancy flux and
this depth should be used in egs. (26) and (27).
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The arguments leading to eq. (28) then hold
only for the depth over which the parcels
accelerate. If the layer is thinner, the parcels will
not attain the terminal velocity before they reach
the other boundary and stratification, not tur-
bulence, is created in the layer. When the layer is
deeper, the turbulence is distributed over a larger
volume and the energy density will be smaller.

The velocity W, of the parcels may be estimated
from Stokes’ resistance law (Batchelor, 1967; Sub-
section 4.9). The density anomaly of the parcels is
Ap, 4, but to take into account the doubling of the
volume, which results from the merging of two
unstable parcels at the region of convection, we
write the diameter of the convecting parcel as:
0p=3 \/5 (01 & F 2o «)- The vertical velocity then
becomes:

Apy 05

Wo =222t

15pv 29)
which is comparable to the horizontal velocity
U, 4 (Tables 3, 4). W should be reached when the
effects of viscosity have penetrated to the center of
the parcel. The time necessary for this is of the
same order as the time needed for the parcel to
become unstable and the acceleration should
occur over a distance comparable to that of the
horizontal acceleration L, determined in Subsec-
tion 2.2. However, if no physical boundary or no
density stratification is present, the buoyant par-
cels will continue to rise/sink and the turbulent
energy is distributed over a layer deeper than L.

The maximum vertical distance H,, which a
buoyant parcel may rise, depends upon how fast
the density anomaly diffuses out of the parcel.
Using an expression given by Turner (1973) we
have

Ap;=Ap; exp[ —k 1(nd3,)""]. (30)

Table 4. The terminal velocity W, and the maxi-
mum vertical distance H traversed by the parcels
for the three cases

a b c
Wo (ms™')  060-10~° 120-107> 143.107°
W (ms™!)  061-1073 134.1073  6.19-1073
Hy; (m) 12.6 52 0.27
Hgy, (m) 12.8 59 142
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Integrating from ¢ =0 to infinity leads to

Ap; 6%,
=7Ig pl* 2" (31)
15pvk,

H, depends upon the temperature gradient and
smaller steps leads to larger depths.

The turbulent energy density is calculated using
€q. (27), W, and taking either L, or H, as the scale
of the energy containing eddies. ¢ based on both
scales are given in Table 5. When L, is used, the
energy production agrees with the buoyancy
release found in Section 2 (Table 2) for small steps,
but for the laboratory case the energy production
becomes one order of magnitude smaller. This
might be due to the small (8, ~ 10~ m) size of the
convecting parcels, which leads to large direct
viscous dissipation and thus decreases the energy
otherwise available for turbulence production. A
turbulent energy density based on H,, would give
a measure of the minimum turbulent activity in a
system dominated by diffusive fluxes. The result
indicates that L, might be a useful approximation
of the eddy size, and turbulent energy densities
could be estimated by the buoyancy release multi-
plied by the ratio of L, to the observed layer
depth. A stronger turbulence is present in the
laboratory experiment, where the layer depths are
of the same order as L,. Because of the non-
linearity the turbulence is 20 times as intense in the
lower as in the upper layer. By comparison the tur-
bulent activity is low in the oceans and almost
equal in the two layers (Table 5).

We try to estimate the turbulent entrainment
velocity across the interface by writing eq. (26) as

P

e_u*gApH

(32)

=u, Ri™,

where Ri is the Richardson number (see also
Turner, 1973, chapter 9). Ri gives the relative
importance of stratification and velocity shear.
Since the layers have the same density one should
expect Ri to be zero, leading to turbulence and
complete overturning.

However, the evolution of the density profile
caused by the diffusion creates a stable density
gradient between z,, and z,,, (Fig. 2¢) and the den-
sity jump Ap can be estimated from eq. (6) as
27" (p'(2pmy) — P'(2,m,)). By contrast, no shear is
present, since the motions in the two layers are
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Table 5. Rate of turbulent energy production in the two layers for the three cases

a b c
=W L'
& (Wm™3) 0.41-10-° 72-107° 0.056-1073
& (Wm™3) 043.107¢ 10.0-10—° 0.456-1073
&=Wg,Hy!
g (Wm™3) 0.017-10-¢ 0.331-10°¢ 0.011-1073
e (Wm™3) 0.018-10°¢ 0.399-10-¢ 0.167-10°3

coupled and parallel at the interface. The velocity
and length scales in eq. (32) must therefore be
related to the motions in the layers as in the
stirring grid experiments (Turner, 1973).

The grid experiments show that the entrainment
decreases with the distance from the oscillating
grid. The velocities important for the entrainment
would then be those close to the interface, connec-
ted with the weak return flow, which is only 55 of
the plume velocity W, (Section 3). The use of
W/25, Hy and the Ap obtained from eq. (6) gives
Ri~ 0.6 -10° for all cases. This is stable and the
entrainment velocity becomes (for case (a)) less
than 55 of the migration velocity w, given in Table
1. The ratio e/w, becomes smaller as the gradients
increase since w, depends more strongly on the
concentrations than W, (Tables 1, 4).

The formation of a stable interfacial density
gradient may effectively prevent convectively
generated turbulence from entraining water across
the interface. However, the density difference
between the layers is still zero. Buoyant parcels
generated by cooling and heating at the upper and
lower boundaries could easily pass through the
layers, penetrate through the interface and transfer
mass between the layers.

5. Discussion

5.1. Comparison with other work

The present work states the case for the impor-
tance and dominance of molecular processes, also
at low stability ratios R, = psp1 ', for the transfer
of heat and salt through a diffusive interface. The
model applies for R,=1. When R,>1 water of
intermediate density is produced and accumulates
at the interface. However, at least for R, < 1.5 this
accumulation is small enough to be ignored. It
may be considered as an extension of the work by

Linden and Shirtcliffe (1978) to a regime, where no
stable, diffusive layer of intermediate density can
be maintained at the interface. The approach espe-
cially differs from that in the model of Fernando
(1989), where turbulence dynamics, once the con-
vection is established, dominates the buoyancy
transfer.

As in the Linden and Shirtcliffe model the
buoyancy flux due to heat Fr foliows, for the linear
case, a (gpr)*” law, given by

X 7.‘:1/3](%/3(1 _ 2(,”(«1)1/2)2/3

27z% |3
ks

(1‘25[ng]“/3 [ierfc T2 — R, 7' ferfc n])
Fr=

(33)

‘where ierfc is the first integral of the error function.

For R, =1 this becomes

5(k3\'"?
FT=_<—5) (gpr)¥* (1—=1V)¥" (34)
3\ v

To arrive at this simpler expression, the penetra-
tion depth has been computed from z,. The heat
flux is about % of the value estimated by Huppert
1971 for R, =1 and as in the work by Linden and
Shirtcliffe the ratio of the buoyancy fluxes is given
by '

The % law has recently been examined by Kelley
(1990) who argues that this law only holds for a
free-slip interface while a no-slip boundary condi-
tion would give a different exponent. While the no-
slip condition may be appropriate for large R,
our discussion in Subsection 2.2 has shown that
this should not be so for R, close to 1 and the law
should apply for the present case.

In Turner’s two layer laboratory experiments,
where colder, fresher overlaid warmer, saltier
water (Turner, 1965), the ratio of the density flux
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due to salt, to that due to heat was (ksk1 ') for
R, larger than 2. When R, decreased from 2 to 1,
the flux ratio increased towards 1. The increase in
flux ratio indicates that turbulence was trans-
porting water, heat and salt between the layers.
However, in the experiments the lower layer was
heated from below and external turbulence intro-
duced into the system. In salt-sugar experiments
the flux ratio remained at (ksk1 )" for as low
R, as has been reached (Shirtcliffe, 1973). In
McDougall’s experiments no heating was present
once the runs were started and he reports a flux
ratio close to t' at least for R, down to 1.5
(McDougall, 1981b).

McDougall observed a migration of the inter-
face and the vertical displacement corresponding
to our case (c) can be estimated from Fig. 3 in
McDougall’s work to be 0.015m in 15 minutes.
During this time the migration should, according
to Table 1 be 0.008 m. About 50% can be accoun-
ted for by molecular diffusion and non-linearity. If
the turbulence is, as in case (c¢), asymmetrically dis-
tributed about the interface water will be drawn
from the less into the more active layer, and result
in a migration of the interface. However, this con-
tribution should, according to Section 4, be negli-
gible also in McDougall’s experiments, which then
does not appear to be the case.

The depth of the layers was 0.3 m, substantially
smaller than the H, ~ 1.4 m obtained for the more
energetic layer in case (c). This affects u,, since the
deflection of the plumes at the upper and lower
boundaries would intensify the return flow.
Increasing u, and decreasing H each by a factor of
5 in eq. (32), would give an additional, turbulent
entrainment velocity of about 10% of w,. An
other factor, which may be responsible for the
discrepancies, is the mechanically generated tur-
bulence present just before the start of the experi-
ment. A different choice of § in the Rayleigh
number could also lead to a larger migration
velocity (see below). In any case expected displace-
ment of the interfaces in the ocean is small and
amounts to 1 m per year.

There are few measurements of double-diffusive
fluxes in the ocean. The study of heat fluxes and
turbulent dissipation in a diffusively convecting
region made by Schmitt et al. (1986) indicates that
fluxes determined from laboratory experiments
overestimate both the heat transport and the
buoyancy release by a factor of 5 to 10. However,
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Schmitt et al. compare buoyancy release with the
observed dissipation of turbulence without con-
sidering the depth of the layers. The density ratio
was about 1.3 and it should be possible to use the
present approach. If temperature steps of 0.4°C
and layer depths of 2 m, are considered, the heat
transport using eq. (33) becomes 17.5 Wm 3,
perhaps 50% larger than the value estimated by
Schmitt et al. (1986). The turbulence production
obtained by multiplying the buoyancy flux with
LH™!, where H is half the layer depth, is
0.6-107° Wm 3, less than 10% of the observed
dissipation. This in spite of the use of the flux ratio
(psp1 )72, which gives a higher ratio of buoyancy
release to heat flux than the laboratory results. If
the buoyancy release is used to estimate the
turbulence production it is still less than half the
observed dissipation.

However, it is not clear from the table presented
by Schmitt et al. what observed values are used.
With the steps considered here the heat flux,
obtained from Huppert’s expression would have
been 40 Wm ~* instead of the given 115 Wm ~°,

The layer structure observed in connection with
diffusive interfaces has recently been examined by
Federov (1988) and Kelley (1984, 1988). Since
these authors consider the entire range of R, this
is not the place to examine their work in detail.
However, an estimate of layer depth was derived in
Section 4 and it might be illuminating to look at
the low stability end point of their studies.

Kelley (1984, 1988) scales the observed layer
depth H as

H
G=

k 1/2° (35)
(((g/p) dp/dZ)”z)

and by examining several thermohaline staircases
he obtains the relation shown in Fig. 4 (adapted
from Kelley, 1988). The layers reported by Foster
and Carmack (1976), (Fig. 1) were not included in
the original figure. The R, for the deeper layers is
about 1.03 (Foster and Carmack, 1976) and
(g/p)dp/dz can be estimated to 2.09-10~*s~2
The layer depth is about 40 m (Fig. 1). Entering
these values into equation (35) gives G ~ 1500,
which is out of the range suggested by the other
points in Fig. 4.

The reason for this discrepancy is most likely the
low stability ratio. If linear gradients of 7, S and p
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Fig. 4. G=layer thickness divided by (ki/(g/p)
dp/dz)*2)!72 versus density ratio R,. The position of the
layers reported by Foster and Carmack (1976), which
were not included in the original figure, are indicated
(adapted from Kelley, 1988).
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are disturbed to form a step (Fig. 5), the density
anomaly of the parcels forming above and below
the step will be given by

A
5P=$ (1—R,t"2)~0.3Apy, (36)
for R,=1 and using a linear equation of state.
However, since

dpr
=H—
Pt i’

dp
Ap=H(1—-R,) i
the density steps created by the disturbance can
never, for R, < 1.2, be large enough to confine a
buoyant parcel to the initial layer and it will rise
until the heat has diffused out as was suggested in
section four. If only two layers are created this
would hold up to R, ~ 1.5 (Fig. 5).

Since H, goes as (pr)~ 7, the expected rise for
AT ~0.05°C can be estimated from Table 4 to be
~ 15 m which is about half the value observed in
Fig. 1. For larger R, the initial density jumps will
limit the vertical extent of the convection. This is
perhaps confirmed by the much smaller thick-
nesses in the upper part in Fig. 1 and by the thinner
layers in Schmitt et al, 1986. This difference
between small and intermediate and large stability
ratios could explain the anomalous position of the
low stability layers in Fig. 4.

One reason for examining the layer height is to
obtain an effective eddy diffusivity kg for heat and
salt to be used with the overall property gradients.
The fluxes across each layer would then be given

b density

depth

Fig. 5. The evolution of vertical profiles of pr, ps and p after a disturbance creating two homogeneous layers. Thin
lines = initial profiles. Heavy lines = the profiles immediately after the disturbance. Broken lines = the evolution of the

profiles due to diffusion. (a) R,=1; (b) R,=1.5.
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by the flux law (eq. (33)) together with the tem-
perature step.

dpr

APT=H0”8?~ (37

For'R=1, we have:

k. dor_5(kig)"”
TE 4z 3\ n%y
x (Ap1)* (1 —12)*?, (38)

and by using eq. (37) we obtain

5
krg= 3 HO(ApT)l/3

2 \1/3
% (’if) (1—7"2)%,
v

After introducing the expression for H, (eq. (31))
and using linear expressions for Ap; and §,,, this
becomes:

(39)

gn’ 172
Jere =375 (1 — ') key = 980k, (40)

which shows that for R,=1, the effective tur-
bulence would be 3 orders of magnitude larger
than the molecular value. The formulas derived by
Kelley (1984) and Fedorov (1988) give for R, = 1
a krg ~ 104, which is of the same order. However,
the corresponding salt diffusity is

kgg =1kt =0.1kyg, (41)
in contrast to the kig ~ kg for R, =1 obtained
by Kelley. This difference is not surprising con-
sidering the different flux laws employed.

We may note that k- depends upon the value
used for the critical Rayleigh number. A larger Ra,,
leads to larger effective diffusivity. This may at first
appear surprising. However, a higher Ra,, requires
larger and more buoyant parcels, which can rise
further and form deeper layers. The smaller the
number of interfaces present, the more effective
becomes the vertical transfer.

5.2. Summary

The present approach has involved many
assumptions but it contains few adjustable
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parameters. The only free choices are the depth
of the unstable layer and the critical Rayleigh
number and these cannot be taken completely at
random.

The value used for Ra, holds for a linear profile
and two free boundaries. In the present case the
profile is not linear and only one boundary exists.
Spangenberg and Rowland (1961) observed that a
Rayleigh number of 1200 was needed to trigger the
convection from a free evaporating surface. Once
the convection had started, the Rayleigh number
between the plumes was about 100. The adopted
value should be reasonable and since ¢, and 6, , do
not depend strongly on Ra,, a moderately dif-
ferent choice would not lead to significant changes.

The representation of d, , is more serious. If the
depth of the entire unstable layer is used, the
results will be altered. The time needed for the
instability to become critical is shorter and the tur-
bulence production less intense, while the fluxes
and the migration of the interface are larger. The
lowering of the critical time increases with increas-
ing property steps. It will be about 10-20% and
probably negligible for case (b). However, for case
(c) the critical time might be reduced by a factor of
2. Since w, ~ t; ' this means, that the migration
of the interface would increase by 40 %.

The turbulence production depends strongly on
the velocity of the plumes and to use Stokes’
resistance law, valid for a sphere, to obtain the ter-
minal velocity of a plume is at least questionable.
This also goes for the estimate of the diameter of
the parcel. Since the velocity varies as the square of
the diameter, this introduces significant uncertain-
ties. Moreover, to apply Stokes’ law, the Reynolds
number should be less than 1. Tables 1 and 4 show
that the Reynolds number is about 5 and some
contribution to the turbulence is likely to be over-
looked.

The two-dimensional description of the convec-
tion process simplifies the calculations. However,
it has support in laboratory experiments. Spangen-
berg and Rowland (1961) concluded that two-
dimensional motions dominated the convection
and at the boundary. Observed axi-symmetric
plumes were transient and evolved into plunging
sheets or line plumes. The assumed dynamics
would not be able to sustain an axi-symmetric
plume, since by mass continuity, it would require
a larger acceleration towards the plume than can
be accomplished by the evolving pressure gradient.
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7. Appendix: List of symbols ¢° Flux of any pr opert)}('. y
Numerical constants and abbreviations used in 9 Thickness of the layer of unstable density
the equations are not given. gradient.
0, Diameter of buoyant parcels.
H Depth of the homogeneous layer. O Penetration depth of heat.
H, Maximum rise of the buoyant plumes. € Turbulent energy production.
ks Effective eddy diffusivity for salt. ks =10"° m?s ! diffusion coefficient of salt.
krg  Effective eddy diffusivity for heat. kt =10""m?s~! diffusion coefficient of
L, Horizontal spacing between the plumes. heat.
M Kinetic energy of the horizontal motionat v =1.5-10"°m?s’ coefficient of viscosity.
the interface. p =1000 kg m ~* average density.
Q Buoyancy flux. Poi Initial density.
R, =pspr!, ratio of the density contribu- pg Density contribution due to salt.
tions. pr Density contribution due to heat.
Ra Rayleigh number. P’ Density anomaly.
Ri Richardson number. Ap; Density anomaly in the unstable parcel.
S Salinity. T =kgk 1 ratio of the diffusion coefficients.
T Temperature. * Subscript indicating critical value.
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