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ABSTRACT 

Simple calculations suggest that hydrostatic (primitive) equation models are adequate for 
global numerical weather prediction or climate simulation for two-dimensional wavenumbers 
less than 400. This limit is approximately four times the resolution of present state of the art 
global models. For resolutions greater than 400, non-hydrostatic models will have to be 
constructed. Such models have extremely restrictive CFL limits, because of the high 
frequencies of the acoustic modes. 

The present work suggests a simple procedure for filtering the acoustic modes from such 
models. The proposed method should be effective and efficient because of the very simple 
structures of the acoustic modes. For an isothermal basic state, the acoustic modes have 
universal vertical structures and the horizontal structures are essentially single spherical 
harmonics. A more realistic basic state introduces a minor complication, namely, that the 
vertical structures become horizontally scale dependent in the non-hydrostatic regime. 

For a model discretization based on a spherical harmonic expansion, a simple acoustic 
mode filter can be constructed. This procedure simply requires the projection of the state 
variables onto the acoustic modes, excision of the acoustic modes and re-projection into real 
space. This can be done every time-step with little overhead because of the simple structures 
of the acoustic modes. Thus, in principle, a global non-hydrostatic model could be integrated 
with long time-steps and virtually no computational penalty. 

1. Introduction 

The dynamic component of global numerical 
weather prediction and climate simulation 
models is based on the hydrostatic or primitive 
equations at  the present time. The hydrostatic 
approximation is valid when the aspect ratio 
(vertical scale/horizontal scale) is small. In global 
forecast and climate models, the aspect ratio has 
always been small and the hydrostatic assump- 
tion has been a negligible source of error. 
However, with the continuous increase in avail- 
able computing power, the horizontal and verti- 
cal resolution of numerical models has been 
steadily improving. Ultimately, there may come a 

time when it will be necessary to relax the 
hydrostatic assumption and consider the inte- 
gration of the non-hydrostatic equations. 

The most serious problem with the integration 
of the non-hydrostatic equations is the very 
restrictive Courant number implied by the 
high frequency sound wave solutions of these 
equations. The anelastic approximation is fre- 
quently used in convective modelling, where the 
aspect ratio is O(1). Anelastic models exclude 
sound waves and thus can be integrated with an 
acceptably long timestep. Unfortunately, the 
anelastic approximation is not appropriate for 
the larger horizontal and vertical scales of a 
global model. There also exist convective models 
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which permit sound waves, but circumvent the 
Courant number limitation by using procedures 
such as the split-explicit method. 

The integration of the spherical non-hydro- 
static equations has never been attempted. This 
paper examines these equations from a modelling 
perspective, with particular emphasis on the 
properties of spherical acoustic modes. One of the 
properties of these modes is potentially exploit- 
able in the design of a simple, efficient acoustic 
mode filter. In principle, this filter can be used to 
exclude acoustic modes from a global model 
without invoking either the anelastic or hydro- 
static approximations. 

2. The non-hydrostatic equations 

A non-hydrostatic global forecast or climate 
model might be based on the spherical Eulerian 
equations given in Pedlosky (1979, p. 316). In 
deriving these equations, it is assumed that the 
earth is spherical and the surfaces of constant 
gravitational potential (including centripetal ef- 
fects) are spherical. The effective gravitational 
constant (8) is assumed constant throughout the 
atmosphere. The spherical coordinate system : r,  
distance to the earth’s center; 1, longitude; 4, 
latitude are assumed. 
du uw uv 
-+-----tan 4 - 2Rv s in4  + 2Rw C O S ~  
dt r r 

Fu = 0, 
1 ap 

p r  C O S ~  a 1  
do wo u2 
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where 

P = pRT, 

8 = T (3) R’CD, 

Here P is the pressure, T the temperature, p the 
density and u, v and w the eastward, northward 
and vertical velocity components. 0 is the poten- 
tial temperature, R the gas constant, C, the 
specific heat at constant pressure and Po a con- 
stant reference pressure at z = 0. F,, F,, F,  are 
the components of the forcing and Q is the 
heating, Eqs. (2.1)(2.3) are the equations of 
motion, (2.4) is the thermodynamic equation and 
(2.5) is the equation of continuity. 

A linear analysis of the equations can be 
performed if a few simplifying assumptions are 
made, following Eckart (1960). Define z = r - a, 
where a i s  the earth’s radius. Define a motionless 
basic state with temperature T,(z), density p,(z), 
potential temperature &(z) and pressure P,(z). 
Here “s” indicates basic state and T,, p, ,  0, and Ps 
are related by the hydrostatic relation, the 
definition of potential temperature and the 
equation of state. Define perturbation quantities 
about this basic state and neglect all terms which 
are non-linear in the perturbation quantities. In 
addition, neglect all terms where z appears in 
undifferentiated form (shallow approximation) 
and all the vertical Coriolis terms (traditional 
approximation). See Phillips (1966) for a dis- 
cussion of these approximations. 

The resulting linearized perturbation equations 
are, 

SP‘ 1 (&I’ cos 4 + ”) 
at  c: a c o s 4  a4 81 -++: ___ 

w‘ 

g 
+ - N,’ I = 0, 
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U’ 

U‘ 

P’ = 

6’ 
W? 

where To determine the free normal modes of (2. I 2 t  
(2.14) it is necessary to solve the three equations 

N2(z) = 2 (together with appropriate upper and lower 
boundary conditions) simultaneously with the 

is the Brunt-Vaisala frequency squared and eigenvalues u, and b, to be determined. Note 
that both eigenvalues urn and b, appear in the 

C,’(Z) = ~ c, RT, vertical structure equations (2.12t(2.13) and the 
C, - R horizontal structure equation (2.14). In the 

ae 
e, 2z 

4 4 )  ZI (4 
iv(4) Z,(4 

ZRP(4) Z,(z)  exp(iml - 2Qi0, t ) ,  (2.11) 
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3. Isothermal basic state 

An isothermal basic state leads to a more 
tractable eigensystem. Assume T,(z) = To. Then, 

is the speed of sound squared. u’, v’ and w’ are the 
eastward, northward and upward velocity com- 
ponents and R is the rotation rate of the earth. 
6 ,  is a tag which is one for the non-hydrostatic 
case and zero for the hydrostatic case. The per- 
turbation variables in (2.6k(2.10) are related 
to the original state variables as follows: 
u ’ = p s u ,  v ’ = p , v ,  w ‘ = p s w ,  P ‘ = P - P ,  and 

Eqs. (2.6H2.10) can be separated following 
6’ = (0 - e,) p,g/e,. 

Eckart (1960). Assume 

hydrostatic system (6, = 0), the vertical struc- 
ture equations do not involve the frequency. The 
procedure used in the hydrostatic system of 
solving the vertical structure equation for the 
separation constant and then specifying it in the 
horizontal structure equation to obtain the 
eigenfrequencies; cannot be used in (2.12t(2.14). 

No attempt will be made to obtain the com- 
plete eigensystem of (2.12H2.14). The particular 
properties of the eigensystem which are of 
interest will be examined with simpler systems. 

( 1  - Z )  2, = c; L’( $), 
4R’ a2 

If;( P )  + ~ P = 0, 
bm 

where 

In this case, (2.12t(2.14) can be written, 

(3.3) 

(3.4) 

Here ;is a separation constant which is related to 
1 the well-known equivalent depth h’by + 

(3.5) 
(ui  - sin’ 4) - g N,’ Y=m--%’ 

The vertical structure equations (3.3) for Z,(z) 
and Z,(z) are the same, but the boundary 
conditions are different. Eq. (3.3) can be solved 

8.2 g as an eigenvalue problem for the vertical struc- 
ture and the separation constant. The separation 
constant is then specified in (3.4) and the 

(2.15) 

6, is a separation constant and H; is referred to 
as the horizontal structure operator. 

d g  ? N: 
L , = - + - - - ,  L,=-+-. 

d z  c; 

Tellus 40A (1988), 2 



THE NORMAL MODES OF THE SPHERICAL NON-HYDROSTATIC EQUATIONS 99 

equation is then solved for the horizontal 
structures and eigenfrequencies. 

The case of interest is when the Brunt-Vaisala 
frequency is much larger than the Coriolis fre- 
quency. For an isothermal atmosphere of 250"K, 
N0/2C? % 134. The isothermal case has been dis- 
cussed extensively by Eckart (1960) and relevant 
properties of the eigensystem are summarized 
below. 

The vertical structure equation (3.3) is identical 
in the hydrostatic and non-hydrostatic cases and 
is indifferent to the rotation of the earth. In an 
unbounded isothermal atmosphere (3.3) gives rise 
to an external or Lamb mode, plus a continuous 
spectrum of internal modes. The external mode is 
hydrostatic and Z ,  (and hence w' and 0') are 
identically zero. The vertical structures are inde- 
pendent of the horizontal scale. In a bounded 
atmosphere, the external mode remains, but the 
internal modes are represented by a discrete 
spectrum which depends on the position and 
form of the upper boundary condition. 

For a given equivalent depth i, and vertical 
structure, (3.4) can be solved for the frequencies 
and horizontal structures. There are basically 
three types of eigensolution to (3.4), low fre- 
quency Rossby modes, higher frequency inertia- 
gravity modes and very high frequency inertia- 
acoustic modes. 

The case of no rotation is discussed thoroughly 
in chapter 8 of Eckart (1960). A frequency/ 
horizontal wavenumber diagram for this case is 
shown in Fig. 16 (p. 108) of Eckart's book. There 
are external gravity modes which are really 
horizontally propagating non-dispersive sound 
waves. Their frequency increases with decreasing 
horizontal scale. 

Internal gravity waves are lower frequency 
than external gravity waves and their frequencies 
decrease for smaller vertical scales. At small 
aspect ratios, internal gravity mode frequencies 
increase with decreasing horizontal scale; but at 
large aspect ratios, their frequencies are virtually 
independent of the horizontal scale. The primary 
restoring force for internal gravity modes is 
gravity, although they may be affected by com- 
pressibility of the medium. For small aspect 
ratios, they essentially propagate horizontally, but 
the vertical component increases as the aspect 
ratio increases. 

Acoustic modes are also internal modes, but 

with a frequency larger than the external gravity 
mode frequency. At small aspect ratios, the 
acoustic mode frequencies exceed the Brunt- 
Vaisala frequency and are virtually independent 
of the horizontal scale. At large aspect ratios, 
the acoustic mode frequencies increase with 
decreasing horizontal scale. Acoustic mode fre- 
quencies tend to increase with decreasing vertical 
scale. The predominant restoring force for the 
acoustic modes is compressibility of the medium, 
but they are also affected by stratification. For 
small aspect ratios, they essentially propagate 
vertically and are characterized by much larger 
vertical than horizontal velocity components. At 
larger aspect ratios, the relative horizontal vel- 
ocity component increases. 

Examination of Fig. 16 (p. 108) of Eckart's 
book suggests that non-hydrostatic effects begin 
to be important in thc isothermal case, when the 
external gravity mode frequency exceeds the 
Brunt-Vaisala frequency. This occurs when, 

where n is the two-dimensional or total wave- 
number. For To = 250"K, n = 395. 

The effect of the earth's rotation is to modify 
the existing gravity and acoustic modes and also 
create a new set of modes, the Rossby modes. 
There are both internal and external Rossby 
modes which are characterized by decreasing 
frequency with decreasing vertical scale. 

The principal difficulty with the numerical 
integration of the non-hydrostatic equations is 
caused by the very high frequencies of the acous- 
tic modes. These high frequencies impose a very 
restrictive Courant-Friedrichs-Lewy limit on an 
explicit non-hydrostatic numerical integration. 
Because these modes propagate vertically, the 
limit becomes more restrictive as the vertical 
mesh is refined. 

There are a number of procedures, that might 
be considered for this problem including time- 
splitting and the semi-implicit algorithm. How- 
ever, we have chosen to examine a procedure for 
completely filtering the acoustic modes from an 
explicitly integrated non-hydrostatic model. 

The method relies on a property of the acoustic 
modes which will noa  be demonstrated. At very 
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high frequencies, (a, 
ture operator collapses to, 

I), the horizontal struc- 

R=- ~- cos 4- - ~ mz 1. 
a; “ ’  cos4 a4 a (3.7) a4 COS’4 

The operator in (3.7) is the spherical Laplacian 
operator, whose eigenvectors are associated 
Legendre polynomials. The approximation (3.7) 
will be referred to as the “high frequency 
approximation” (see Eckart (1960), p. 271). 

Approximation (3.7) implies that the eigen- 
functions and eigenfrequencies of high frequency 
modes can be obtained from (2.6H2.10) simply 
by dropping the Coriolis terms. In other words, 
(2.6)-(2.7) are replaced by: 
a 
- V 2 x ‘ + V 2 P = O ,  at (3.8) 

where x’ is the perturbation velocity potential 
defined by the Helmholtz equation. The horizon- 
tal divergence term in (2.10) is replaced by V2x’, 
but otherwise the equations are unchanged. In 
the isothermal case, the vertical eigenstructures 
will remain unchanged, because the Coriolis 
terms only appear in the horizontal equation 
(3.4). The horizontal structures o f f ,  P‘, w’ and 0’ 
will each consist of single spherical harmonic 
function. 

The horizontal structures and frequencies can 
be calculated using the high frequency approxi- 
mation (3.7) and compared with those obtained 
from the complete horizontal structure equation 
(3.4). The correct horizontal structures will be 
compared with the approximate structures in the 
following way. Each individual mode (acoustic or 
gravity) has a structure for u, v ,  P, 0 and w. 
Alternatively, the streamfunction $ or velocity 
potential x can be used instead of u and u.  For a 
given mode with eigenfrequency a,, the latitudi- 
nal structure of an arbitrary state variable S can 
be written as a sum of associated Legendre 
polynomials, 

m 

~ ( 4 ,  m) = C $P;(sin 41, (3.9) 
n = Iml 

where Pz is the associated Legendre polynomial 
of the first kind of degree m and order n. The S 
are real expansion coefficients. The variance of 
Pm can be obtained by integrating over latitude 
and using the orthogonality relation for Legendre 

polynomials. Thus, 

Now-suppose S(m, 4) is obtained from (3.4) 
while S(m,+)  is obtained using the high fre- 
quency approximation (3.7). S(m, 4) will thus 
consist of a single Legendre polynomial expan- 
sion coefficient, rather than a series. An error 
variance can be calculated by, 

(3.1 1) 
n = Iml 

Because of the linearity of the problem, the 
eigenfunctions have arbitrary amplitudes. Conse- 
quently, for (3.11) to have any meaning, the 
structures S ( m , 4 )  and S ( m , 4 )  must be normal- 
ized consistently. 

In Fig. la, the correct eigenfunction calculated 
from (3.4) and those calculated using the high 
frequency approximation (3.7) are compared. 
The ordinate is the quantity d m  where P 
is the pressure. The abscissa is d m ,  where n 
is the two-dimensional wavenumber of the single 
Legendre polynomial coefficient of P(m, 4). All 
calculations are for the gravest symmetric east- 
ward propagating mode n = Iml. Shown are the 
external inertia-gravity modes (E) and two sets of 
internal inertia-gravity modes and internal 
inertia-acoustic modes. The external mode has an 
equivalent depth of 10 km. A ,  and G, are internal 
acoustic and gravity modes with an equivalent 
depth of 3 km. A ,  and G, are acoustic and gravity 
modes with an equivalent depth of 0.5 km. 

The results show that the error in defining the 
horizontal structure of the pressure field using 
(3.7) is very small when the frequencies are large. 
This is always so for the acoustic mode and 
becomes increasingly true for the inertia-gravity 
modes as the horizontal scale decreases. Calcu- 
lations were performed for other modes, and the 
results were much the same. The infinite sums in 
(3.10t(3.11) were actually truncated at a finite 
value n = Iml + N ,  but there was little sensitivity 
to the value of N chosen. 

Eigenmodes calculated from (3.8) are irro- 
tational. To see if this is a good approximation, 
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Fig. 1. Errors in the eigenstructures for the high frequency approximation as a function of horizontal wavenumber 
(n)  for the gravest symmetric eastward propagating modes. Panel (a) Error in pressure eigenstructure for external 
gravity mode (E), internal gravity modes (GI and G2) and acoustic modes (A ,  and A2). Panel (b) Ratio of 
rotational component to divergent component in correct eigenstructure. Panel (c) Error in streamfunction 
eigenstructure using equations (3.14t(3.15).  

Fig. Ib plots the ratio of the rotational to the 
divergent wind component for the true modes 
obtained from (3.4). The quantity plotted is mz for the same modes as in Fig. la. Clearly, 
the irrotational assumption is also a good 
approximation for the high frequency modes. 

However, neglecting the rotational component 
is clearly not as good an approximation as assum- 
ing the structures of 1, P, w and 0 are given by a 
single spherical harmonic. In deriving (3.7), 
s in24  is neglected with respect to a:. In other 
words, the error in this approximation is 
O ( f 2 j N i )  for the acoustic modes. On the other 
hand neglecting the Coriolis terms and hence the 
rotational wind component in (2.6H2.7) for the 
acoustic modes is O(f/N,,)  and is thus, not as 
good an approximation. 

The rotational component of the flow for the 
acoustic modes can be generated from the single 
spherical harmonic structure of the pressure P as 
follows. Write eqs. (2.6H2.7) in terms of the 
streamfunction and velocity potential. Substitute 
in for the I ,  and t dependence following (2.1 1)  and 
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assume an infinite series in associated Legendre 
polynomials for the 9 dependence. The result is, 

where a;, b", and Cn are functions of m and n, 
which are given by Kasahara (1976). 1;. $: and 
Pi are the spherical harmonic expansion coef- 
ficients for ,y, $ and P. Now, if the structures of x 
and P are given by a single spherical harmonic 
(high frequency approximation), 

Substitution of (3.14) into (3.13) yields a value of 
x which is more accurate than that obtained from 
(3.81, 

(3.15) 

are calculated from (3 .15)  fol- If $ ; + I ,  
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lowed by (3.14), the rotational component of the 
appropriate acoustic eigenstructure consists of 
the two adjacent spherical harmonics (which are 
of opposite symmetry with respect to the 
equator). 

The accuracy of the approximation is tested by 
calculating d ’ E / c .  This is plotted in Fig. Ic 
for the same modes as in Fig. la, b. Clearly, the 
rotational component of the acoustic modes, can 
be determined extremely accurately from (3.7), 
(3.15) and (3.14). 

For the isothermal case, Fig. I shows that 
approximate acoustic mode structures consisting 
of a single spherical harmonic for P, x ,  w and 0 
and the two adjacent spherical harmonics for i+b 
are an extremely accurate approximation to the 
correct eigenstructure. The accuracy of the 
approximation depends on the eigenfrequency 
and becomes increasingly accurate as the fre- 
quency increases. The vertical structures for the 
isothermal case are identical with those obtained 
by making the hydrostatic approximation and are 
independent of the horizontal scale. 

4. Non-isothermal basic state 

A more realistic basic state introduces some 
complications. The Brunt-Vaisala frequency ( N , )  
and speed of sound (C,) are no longer indepen- 
dent of 2 and the simple procedure for finding the 
eigenfunctions in Section 3 is no longer possible. 

Progress can be made, however, by making use 
of the high frequency approximation discussed in 
the previous section. The introduction of a non- 
isothermal basic state does not change equations 
(2.6)-(2.7), or the horizontal structure operator 
(2.15). Thus, if the frequencies are sufficiently 
high, approximation (3.7) should still be appli- 
cable. The procedure, then, is to make the high 
frequency approximation in (2.6)-(2. lo), calcu- 
late the eigenfrequencies and then check a 
posteriori whether the frequencies are high 
enough to justify the approximation. In the cases 
where u, B 1,  then eqs. (3.14)-(3.15) for deriving 
the rotational wind component will also be valid. 

The system to be solved is equations (3.8) and 
(2.8)-(2.10) with the divergence in (2.10) replaced 
by V’ x ’ .  The properties of this system have been 
discussed by Eckart (1960). The horizontal 
structures are, of course, spherical harmonic 
functions. 

There is always an external or Lamb mode as 
in the isothermal case. In the unbounded case 
there are internal gravity modes and internal 
acoustic modes. The spectrum of these may 
be continuous or discrete depending upon 
lim:_ TJz).  In a discretized, bounded system, 
the spectrum is discrete, with the vertical 
structures and eigenvalues depending upon the 
top boundary condition, position of the levels and 
form of discretization adopted. 

To demonstrate the properties of this system, 
eqs. (3.8) and (2.8)-(2.10) have been discretized 
using staggered centred differences in z with a lid 
condition at  40 km. The lid condition is a very 
simple upper boundary condition, which differs 
in detail from present practice in numerical mod- 
elling. The model has four levels and the basic 
state temperature TJz )  was obtained from the US 
Standard Atmosphere- 1976. 

Consider first the large horizontal scale limit, 
i.e., n + 0. The vertical structures in this case are 
shown in Fig. 2. Panels (a) and (c) show the 
structures for Z ,  (corresponding to x’ and P’). 
Panels (b) and (d) show the structures for Z 2  
(corresponding to w’ and 0’ jN;) .  Panels (a) and 
(b) show the external mode (E) and three internal 
gravity modes ( G I ,  G2 and G 3 ) .  Panels (c) and (d) 
show the three internal acoustic modes (A, ,  A2 
and A3). 

The modes G , ,  G z ,  G, and E are hydrostatic 
in the limit n + 0. However, there are important 
ditferences with the isothermal case. The external 
mode now has a non-zero component in Z 2  
(corresponding to w’ and 0’lN:) .  Moreover, the 
set of internal gravity mode vertical structures are 
no longer identical to the set of acoustic mode 
structures. This occurs because the two vertical 
operators L ,  and Lz  no longer have constant 
coefficients and do not commute as they did in 
the isothermal case. 

In the non-isothermal case, we do not have 
available the correct eigenstructure, with which 
to compare approximate solutions. Consequently, 
we will examine how the vertical structures 
change as n is increased by comparing them 
with the large horizontal scale eigenstructures of 
Fig. 2. A diagnostic, much like that used 
in the previous section, will be used in the 
comparison. 

Define the vertical structure of a state vari- 
able when n = 0 at the levels z k ,  1 < k ,< K .  The 
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Fig. 2. Vertical structures for 4 level modes of Section 4 as n + 0. Panels (a) and (c) show vertical structures of and 
P components and panels (b) and (d) show w and O/N,  components. External mode (E), internal gravity modes ( G ,  , 
G 2 ,  G , )  and acoustic modes ( A , ,  A * ,  A,) are plotted. 

variance over the vertical levels is defined to be : 
K 

k = l  

where S is some state variable. If S, is the 
structure of the same variable, when the 
horizontal wavenumber = n, then the difference 
can be defined (provided a consistent normaliz- 
ation is used) by, 

K 

k = I  

In Fig. 3a is plotted ,/m where P is the 
pressure, as a function of ,/- for the modes 
G 2 ,  G, ,  A, ,  A 2  and E. In Fig. 3b are shown the 
non-dimensional frequencies of the same five 
modes as a function of ,/-. The dashed 
lines in panel (b) show the frequencies in the 
hydrostatic case (6" = 0). 

Examining first panel (b), it is evident that the 
frequencies of the modes A ,  and A2 are large, 
which justifies a posteriori the use of the high 
frequency approximation. The high frequency 
approximation is also justified for the modes E, 
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Fig. 3. Panel (a) Difference between vertical structure calculated at horizontal wavenumber (n)  and the vertical 
structure of Fig. 2. Differences are shown for E, G , ,  G , ,  A, and A,. Panel (b) Frequencies of the same modes as a 
function of (n). The dashed lines show the hydrostatic approximation. 

G I  and Gz for large values of n. From panel (b), 
it is also evident that non-hydrostatic effects 
become important after n z 400, consistent with 
(3.6). 

In panel (a), it can be seen that the vertical 
structures differ significantly from those in Fig. 
2, for large values of n. Thus, it is not possible to 
use unlversal (independent of horizontal scale) 
vertical structures as can be done in both the 
hydrostatic non-isothermal case and the non- 
hydrostatic isothermal case. At small horizontal 
scales, the change in vertical structure must be 
taken into account in this case. 

5. An acoustic mode filter 

A global model based on the non-hydrostatic 
equations (2.1H2.5) has never been constructed. 
At the present resolutions of global models 
(n < 200), it is clearly not a priority. However, 
with the current rate of increase in computer 
power, global models with n > 400 will be feasible 
in a few years and the relaxation of the hydro- 
static constraint will become an important con- 
sideration. A simple procedure for integrating 

such models efficiently could be based on the 
analysis of Sections 3 and 4. 

Daley (1980) described several procedures for 
integrating the spherical hydrostatic (primitive) 
equations efficiently. These procedures were all 
based on dividing the inertia-gravity modes up 
into a fast set and a slow set. For a given 
timestep, the fast modes were those which would 
have a Courant number greater than one, if 
integrated explicitly. The slow modes were the 
remaining modes. All procedures discussed in 
Daley (1980) projected the model state variables 
onto the fast modes to obtain the fast mode 
amplitudes. The various methods differed only in 
how they treated the fast modes. 

The procedure of interest here is method A, in 
which the fast gravity modes were filtered or 
excised completely from the model. This method 
was numerically stable with a long timestep. As 
applied in Daley (1980), method A took into 
account the full horizontal and vertical structures 
of the fast gravity modes. These structures were 
different for each mode and changed with the 
vertical structure. Despite this complexity of the 
projection procedure, method A was highly ef- 
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ficient, comparing favourably with competing 
semi-implicit procedures. 

The acoustic mode filter is essentially the ap- 
plication of method A to the acoustic modes. It 
will be assumed, in the lack of any evidence to 
the contrary, that acoustic modes do not play any 
significant role in the atmospheric dynamics of 
interest. Thus, they can be excised completely 
from the model. However, it will be necessary to 
excise all the acoustic modes, not just a subset. 
Although there are more modes to treat in the 
non-hydrostatic problem, the very simplicity of 
the acoustic mode structures is an enormous 
asset. In the isothermal case, the modes have 
universal vertical structures and all acoustic 
modes have single spherical harmonic horizontal 
structures for z, P, w, and 0, together with the two 
adjacent spherical harmonics for t,b. Thus, each 
acoustic mode is represented by 6 degrees of 
freedom per vertical level (4, if the irrotational 
approximation can be made). The use of a re- 
alistic basic state temperature does not change 
the horizontal acoustic mode structures, but only 
permits universal vertical structures for n 5 400. 
When non-hydrostatic effects become important, 
different vertical structures must be used for each 
horizontal wavenumber. This last condition does 
not make the method any more costly, but may 
require more storage. 

In a model based on a spherical harmonic 
expansion; projection onto the acoustic mode, 
excision, and re-projection into real space, would 
require virtually no overhead. Thus, it should be 
possible to take long explicit timesteps by excis- 
ing the acoustic modes every timestep. As a by- 
product, the technique could also be used as an 
initialization procedure for eliminating the acous- 
tic modes at  initial time. 

It cannot be guaranteed a priori that an acous- 
tic mode filter will work in practice. Time inte- 
gration methods that circumvent a strict CFL 
limit, such as the semi-implicit or split-explicit 
methods, generally divide the terms of the 
governing equations into two groups. The largest 
group of terms (mostly non-linear and forcing) is 
treated explicitly, but a small group of terms 
thought to involve high frequencies, are specially 
treated. In the case of the semi-implicit method 
this second group is treated implicitly, while in 
the split-explicit method it is integrated with a 
short timestep. In most cases, the separation of 

the high frequency terms is not perfect; there 
remains high frequency terms (usually non-linear) 
which are treated with the explicit group. Models 
can be stably integrated with these techniques as 
long as the major part of the high frequency 
terms are especially treated. Similar arguments 
apply in the case of the gravity mode filter 
(Method A) discussed by Daley (1980). The div- 
ision into fast and slow modes was defined with 
respect to a linearization about a simple basic 
state a t  rest. The fast modes that were excised 
were only approximations to modes defined with 
respect to more complex basic states. However, 
most of the high frequency behaviour of the 
model projected onto these approximate fast 
modes and hence the method was stable. 

The acoustic normal modes derived in Section 
3 are also approximate. After eq. (2.5) the 
“shallow” approximation is made, the vertical 
Coriolis terms are dropped and the equations are 
linearized about a simple state of rest. In Section 
3, the “high frequency” approximation is made. 
In principle, a t  least, it should be possible to 
derive normal modes of eqs. (2.1)-(2.5) under 
much less restrictive assumptions. However, it 
seems likely that the major part of the high 
frequency acoustic wave activity in global non- 
hydrostatic model would be projected on the 
approximate acoustic modes of Section 3. The 
circumstantial arguments of the previous para- 
graph suggest that in this case, the acoustic mode 
filtering technique should be stable when applied 
to the integration of (2.lk(2.5). 

The present analysis has been very prelimi- 
nary. Many aspects remain to be examined. 
Orographic effects obviously cause complications 
in the non-hydrostatic equations. Treatment of 
this problem by transformation to terrain follow- 
ing coordinates has been discussed by Miller and 
White (1984). Other potential problems are the 
parameterization of physical processes and 
the treatment of small-scale explicitly resolved 
gravity waves which play a role in convection. 
No model based on the spherical non-hydrostatic 
equations, exists a t  this time, so the ideas pre- 
sented here cannot yet be tested. However, the 
time when such a model will be required might 
be only a few years off, so it is not too early to 
start thinking about these equations. The next 
step is to build a global model based on eqs. 
(2.1)-(2.5) and test the acoustic mode filter and 
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other possible integration schemes. 
A final comment can be made concerning 

hydrostatic (primitive) equation models. In the 
application of normal mode initialization to these 
models, considerable storage space is required for 
storing the horizontal structures of the high fre- 
quency inertia-gravity modes. The problem gets 
worse as the horizontal resolution of the model 
increases. The present analysis suggests that the 
horizontal structures of the highest frequency 

modes can be approximated quite accurately by 
single spherical harmonics (two harmonics in the 
case of $). For a model based on a spherical 
harmonic expansion (or even one that is not), a 
simplified horizontal structure implies enormous 
potential savings in storage space. It is also 
conceivable that WKB methods could be used to 
generate simplified horizontal structures a t  some- 
what lower frequencies. 
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