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ABSTRACT

The lowest-order spectral model for barotropic, non-divergent flow on the sphere is studied both
in the forced and unforced case. It is found that the unforced, inviscid oscillations are typically
non-periodic, the periodicity of the spectra notwithstanding. Such non-periodicity is character-
istic of the spectral representation on the sphere, in the sense that typical solutions of the
equivalent plane model are exactly periodic. By an analytic treatment, it is also found that for
some triad configurations, the limit set of the corresponding non-conservative model with
axisymmetric forcing may contain a limit cycle together with the stable, zonal-flow state, while
only one attractor (limit cycle or zonal flow) is implied by the equivalent plane model. Numerical
solutions are reported which confirm the above analysis.

1. Introduction

Severely truncated forms of the spectral, baro-
tropic vorticity equation have been proposed by
Lorenz (1960) in order to elucidate the climato-
logically relevant aspects of atmospheric flows at
the planetary scale. In the inviscid case, the simplest
truncated model allowing for non-linear energy ex-
change among spectral components is obtained by
discarding all interactions except those involving
two coupled waves and an arbitrary number of
zonal-flow components. In spherical geometry, this
model has been studied extensively by Platzman
(1962) who showed that the time evolution of the
variables describing the flow configuration can be
expressed, in principle, in terms of elliptic functions.
Galin (1974) has determined the stability conditions
of the equilibrium configuration of the simple triadic
system, while Dutton (1976a) has shown that most
initial conditions produce periodic oscillations of
the triad’s spectrum, in the sense that aperiodic
time-behaviour can only be exhibited by motions
starting from points of a four-dimensional surface
of the five-dimensional phase space of the triad.
However, numerical computations reported by
Baer (1970) suggested that the phases might be
non-periodic, the periodicity of the spectrum not-
withstanding. Non-periodic time evolution of the
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triad motions was also exhibited by numerical
solutions reported by Galin and Kurbatkin (1975),
but Dutton (1976a) remarked that these comput-
ations must be affected by numerical errors, as
they violate the periodicity condition for the phase
difference.

In this paper we reconsider the problem of the
periodicity of the free oscillations of a rotating
atmosphere, as described by Platzman’s model,
which all previous works have left open to question.
Through a detailed mathematical analysis, we shall
shown that such oscillations are typically non-
periodic, although the spectra oscillate periodically.

Moreover, following more recent developments
concerning the study of the long-range time
evolution of atmospheric flows when forcing and
dissipation are taken into account (Lorenz, 1963;
Dutton, 1976b; Vickroy and Dutton, 1979;
Mitchell and Dutton, 1981), we have analysed
some properties of the limit set of the non-
conservative, triadic model when forcing is applied
to the zonal component. It is found that for most
triad configurations, when the zonal equilibrium
becomes unstable, the triadic flow tends to a state
of stable, periodic oscillation. This result is the
counterpart in spherical geometry of an analogous
result obtained by Mitchell and Dutton (1981) for
flows in the B-plane, except for a possible, non-
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symmetric position of the couple of bifurcation
points with respect to zero. However, for some
triad configurations of large zonal wavelength but
relatively small meridional wavelength, we find that
a stable zonal flow configuration may coexist with
a couple of states of periodic oscillation, one of
which is unstable. As shown by a preliminary set of
numerical computations, the unstable state exerts
a significant effect on the pattern of the basins of
attraction of the two stable configurations, and on
the time-scales of approach to such asymptotic
regimes.

2. Conservative flows: fundamental
equations and periodicity condition

In spherical geometry, the truncated, spectral
vorticity field of a two-dimensional flow, including
a couple of waves and any number of zonal com-
ponents can be written
(=0PV+ TP+ LY + Y0 +cc, (D)

[ 4

where P! denote Legendre functions, and Y/ de-
note spherical harmonics; the zonal components,
{ and (3 are real functions of time, while the
wave components, {; and {, are complex functions
of time; c.c. signifies the complex conjugate of the
(complex) wave field. The conservative, baro-
tropic, vorticity equation for the truncated field of
eq. (1) leads to the following set of ordinary differ-
ential equations (Platzman, 1962):

L=K.M, (1a)
by =i(gy + hy2dy + i(a, + b2, (1b)
{,=i(g, + h,2), + ilay + bp2)lp (1¢)
where
L

Ka
8 =2 ol ~lw,,
a,= § (e, —c) Ko o vl

bn = z (C.—Ca)K:,
hx = Zl&wK:’

=400,

and the “structure” parameters c¢,, w,, I, are
defined as
1

¢, =———,
* o (n,+ 1)

' d
K=t f PP o)
I =1ﬂj' P

za 2 .

P (x)dx, ®)

: 9
‘dx
o, =w(l-2c),

w=4/3.

Clearly, the index x is equal to S or yin egs. (2) and
(3). By the selection rules, the interaction coeffici-
ents K, are non-zero for

ac {n,=n, +jij=413,.., 2n,—l},

while the advection coefficients I, , are non-zero
for

a€{2n,~j:j=1,3,...,2n-1)

so that, if we assume ny < n,, the dimension N of
the phase space for the truncated field in eq. (1) is
4 + n,, although there are only n, + 4 non-trivial
differential equations. {J, which is proportional to
the total angular momentum, is constant, and w is
the corresponding angular velocity of solid rotation
(Platzman, 1962). It has been shown by Platzman
(1962) that z(r) satisfies the second-order differ-
ential equation

F=qo+qz+q2t+qy2° )

with initial conditions z2(0) = 0, 2(0) = M(0),
where

90 = 8L(0) — a,Px(0) — a,P,(0),
q, = hL(0) — g* — 4aya, — byP4(0) — b,P,(0),
9, =—4gh — 3(agd, + a,by),

q;=—In* - 2bpbw ®
and

8=85—8&,

h=hs—h,

P,=2cs—c )% px=57
L=2c,—c)Re(( D =LO)—gz—4h*,  (6)

M= 2(c, - c,)lm((,(’:).
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Eq. (4) can be integrated analytically in terms of
elliptic functions, and it can be shown that z is
periodic for all initial conditions, except for an
(N — 1)-dimensional surface of the phase space,
where points initiate aperiodic z-motions (Dutton,
1976a). From the equations

Py=Py0) + 2a,z + b2,
P,=P,0) + 2a,z + by2?, 0

it follows that if z is periodic, then the spectrum is
also a periodic function of time. But, the periodicity
of the spectrum notwithstanding, the total wave
field (Y, + {Yi may be non-periodic, unless
the phases also turn out to be periodic (mod. 27).
Now, by the definitions given in eqgs. (2) and (6) we
find

g 44 M z
=L T Loz -z
where 4¢ = ¢, — ¢, is the phase difference. Accor-
dingly, denoting by T the period of z,

4917 = 27),

where j € {0,1,2} is the number of zeros of L(z) in
the range of the z-oscillation. Thus, 4¢ is periodic
(mod. 27), and the periodicity condition for the
wave-field (given the periodicity of z) is equivalent
to the periodicity (mod. 2n) for the sum of the
phases, 3¢ = ¢, + §,, that is

o9} = 27, (&)

where r is any rational number*. The differential
equation for d¢ can be deduced from egs. (1a, b)
and reads

®

; L
op= (g5 + &) + (hy + h)z + T-——(a,P,(0)

— ayPy0) + 2(b,P,(0) — byP5(O)). (10)

From eq. (10), the periodicity condition (eq. (9))
can be written

T
2mr=(gy+ g )T+ (hy + h,)f zdr
[1]

)
+ J; —3rs 1@,P,0) - a,P,0)
+ 2(b,P,(0) — b,P,O)ldr’, an

® When r = m/n is rational, repetition of the motion
occurs after n periods of z-oscillations.
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where r is any rational number and T is the period
of 2. It is clear that, as the right-hand side of eq.
(11)is a continuous function of the initial conditions
(except for the surface of aperiodic motions), for
generic values of the structure parameters, eq. (11)
can only be satisfied by points that belong to a
sequence of (N — 1)-dimensional surfaces of the
phase space. In the Appendix it is in fact shown
that the vanishing of the advection parameters w,,
I, is a necessary (and sufficient) condition for the
fulfilment of eq. (11) in the whole phase space,
apart from the surface of aperiodic motions.

It can be concluded that the inviscid, unforced
flows of a barotropic rotating atmosphere, as
described by the truncated set of egs. (1a, b, ¢) are,
typically, non-periodic, although the spectra
oscillate periodically.

3. Conservative flows: an analytic

example

As an example illustrating the effect of absolute
rotation on the periodicity of the free oscillations
in spherical geometry, we shall consider the case of
triadic truncation with 1, even, 4¢(0) = §n, {,(0) =
0, IC,(O)I = 1{ (0)l. By the selection rules, the
advection coefficients I, are zero and eq. (4) can
be easily solved analytically. We find

z2=2z,sn(vlm),

where sn is the elliptic sine function,

w
v="" 12
z‘
2 -
m=-1+ w_c_'), 13)
P
=
g2+ (by + byw — {lg? + (b, — bw]? + dbyb w}
2, ’
(19

and w = P,(O). The equation for the phase differ-
ence,

z
49 =g~ (— ;) :

implies that A4¢ is an increasing function of time,

(15)
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which is periodic (mod. 27), as 4T) = 4¢(0) +
27
The differential equations for the phases

h=8+ET b (16a)
. 1
=gy —g—————, 16

can be integrated analytically in terms of elliptic
integrals of the third kind (Abramovitz and Stegun,
1972). For the case bp-b, < 0 (that is ng > n, >
n,) we find

K
*plg = 4gp (:n) + 27(' 1 - Ao (Oplm)L (]7)

K
9,15 =4, %’ —2nl1 = Ay (6,im)), (18)
where

1—m. \"
sin Op', = (—ﬂ) (19)
1—-m
b

my, = —22 22, (20)

and A, is the Heuman’s Lambda function. By
the definitions of v, m, z,, (eqs. (12), (13) and (14)),
it is easily verified that m, my , v' g, are
monotone functions of the parameter ¢ = Iw/
iwld, which is a measure of the ratio of the angular
momentum of solid rotation to the angular momen-
tum of the wave-field. As K and A, are monotone
functions of their arguments, it follows that the
necessary (and sufficient) condition for periodicity
of the flow, that is ¢,If = 2ar, where r is any
rational number, can only be satisfied by a count-
able set of values of ¢, as long as w = 0. The
asymptotic limits of eqs. (16a, b) as ¢ tends to zero,
in the case b, + b, > O (the case by + b, < 0 leads
to the same results apart from an interchange of the
indices B,y), are given by

$sls =/ (o), (20a)
$,15 =—2n+f(e) (20b)

where f(¢) is of order ¢ as ¢ tends to zero. Egs. (20)
show that the periodic, standing oscillations per-
formed by the triad in the non-rotating case (¢ = 0)
(Lorenz, 1960; Galin, 1974) are “destabilized™ by

the introduction of a small field of absolute rotation
(0 < £ < 1), in the sense that one of the waves
acquires a finite zonal phase speed while the other
one remains nearly standing; moreover the entire
flow pattern becomes almost-periodic for most
initial conditions.

4. Non-conservative triadic model: equili-
bria and periodic trajectories

The inviscid model discussed in the previous
chapters describes the time evolution of unforced
planetary components of flow whose dissipation
time scales are much larger than their intrinsic
periods. In the present section, we shall study the
asymptotic properties of the motions of the simple
triadic model when an axisymmetric field of vorti-
city generation is taken into account, together with
dissipation of the energy. Introducing the same
formal representation of the forcing and dissipation
terms as discussed by Mitchell and Dutton (1981),
the basic set of equations can be written

L= 2K, (= ) Im G = vabe + Lo
&y = il ppala + 8p) — ply + ile, — € IK ol (21)
§, = ilcy — K alols + lill,p0ls + 8) — 1,6,
where v,, vy and v, are (positive) dissipation co-
efficients, ZD,,, S P2 is the (real) field of vorticity
generation, g, = 2 . low fo/Vm — lode, and & =
Jwr/ v are the amplitudes of the non-interactive
zonal components that have already reached their
steady-state, forced regime. Non-linear interactions
only occur within the triad (a, 8, 7).

The equations for the mean square vorticity and
energy, respectively, can be written

d
- AR+ 1512 + 14,19

=-=2(v, 32 + vA,ICpI2 + 9,100 + £.40 (22a)
%("dﬁ"‘ cplGsl? + 181

==2(v,c ¥ + vpcplg,lz +0,0,10,1%)
+ cafa(a
By eqs. (22) we find

(22v)

%l(cp — eI + (e, — ), 1)
= —2[vp(cp — c;,,)l{,l2 + e, —e G (23)
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Eq. (22a) implies that all triad trajectories are
uniformly bounded, while eq. (23) implies that for
n, # (ny, n ), the wave-energy decays exponentially
to zero, and purely zonal flow is an asymptotically
stable state of equilibrium. This is in agreement
with a general result reported in the above-cited
paper by Mitchell and Dutton, which we shall
quote as MD in the following. We shall then con-
sider the case of intermediate forcing, that is n, <
n, < n,. Looking for exponential behaviour of the
couple of waves, that is letting

d
— (s §) = A &)
dr
we find
A=i(Ig, + @) — v+ {— (A1, + dg)
+4(cy — e )e, — c K2 + 4y
+ 2idy(AI, — A3, 29
where the overbar signifies average. and 4 the
difference of the quantities to which they apply. By

eq. (24), the local instability condition for forced
zonal flow (FZF henceforth) is given by

27 < | Re (square root term of eq. (24))1. (25)

A considerable simplification of the mathemat-
ical treatment is obtained by assuming v, = v, = ».
By this assumption, in fact, eq. (25) reduces to

4P + (AIf, + AgP — 4(c, - ¢,)

x (c5— ¢ )KL (2 <0, (26)
where we have to take {, = f,/v,. Now, let {{" and
¢ be the roots of the polynomial of eq. (26) and
assume (" < {2 (in the real case). Clearly, the
following three cases may occur:

(a) § = AP + 4(cy — c,)c, — ¢, )K% < 0; the
roots are real, {{-{® < O and the instability
range for FZF is the exterior of the interval ({{,
{@). In particular, the roots are given by

—dgdl + 2(Ag? + 4¥)c, — ¢,)
X (cp = ¢ )Ki— P42

S

() S > 0 and #* < ¥ = 4g¥c, — c,Mc, — ¢,)
KY/S; the roots are real, {-{® > 0 and the
instability range for FZF is the interior of the
interval ({\", {?). We distinguish the subcase
(b,), when (" > 0, and the subcase (b,), when
{¥<o.

{4 = { ¥1))
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(c) § > 0 and ¥ > ¥,, the roots are complex and
the instability range for FZF is void.

From eq. (24) we can also deduce that the basic
system (21) allows for solutions in the form of
forced, periodic oscillations (FPO). In fact, if {, is
one of the (real) marginal values {{, then A is
imaginary and the following is a solution of egs.
1)

s §,) = (§(0), £,(0)) exp (ia0), (28a)
el + 8, — iV
{,0) = _—_(c, KL $(0), (28b)
J, c,—¢,\ v,
1,00 ={=— =)=
e fezfze o
o=1I{ +& (28d)

Eq. (28d) implies that, denoting by FPO, , the
periodic solutions corresponding to {{?, respec-
tively, FPO, (FPO,) is a meaningful solution if
Jo/Ve > 2 (< L), for case (a); for case (b) both
FPO are meaningful when f,/v, > (& (in subcase
®y) or f,/v, < ¥ (in subcase (b)), but only
FPO, (FPO,) is meaningful when { < f./v, <
{®. For case (c) there is no FPO, and FZF is
unconditionally stable. We note that in egs. (28),
the phase of one of the two waves is arbitrary, so
that the FPO’s cover a two-dimensional circular
torus of the 5-dimensional phase space of the triad.
We can conclude this section by saying that, besides
purely zonal flow, the limit set of the basic system
(21) contains one or two tori composed of periodic
orbits, depending on the value of the bifurcation
parameter /_ /v, and of the dissipation coefficient ¥.

4.1. Stability of periodic oscillations

In order to study the stability of the FPO’s, we
have to determine the asymptotic behaviour of
triad motions starting in a neighbourhood of such
periodic trajectories. Fortunately, this problem can
be reduced to one of stability for critical points,
which is much easier to solve. In terms of the
variables A and B, defined by 4 + iB = {{} =
131 15,1 exp (id¢), the system of egs. (21) can be
written

{o=2K (cs—c)B - vl + /o

A =—(4I{, + 4g)B — 274,

B =(41{, + 49)4 — 2B — l(c, — c I,
+(c5— )11 P1K L,

(29)
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The assumption v, = v, = v allows for direct inte-
gration of eq. (23), which gives

W = W(0) exp (—2w),

where W = (¢, — c.,,)l(pl2 — (cy — c)1{,12 1t follows
that, asymptotically, W = 0 and the triad motion
satisfies (approximately) the following third-order
system of equations

{o=2K,(cp—c)B— vl + /o

= —(41{, + 48)B — 24,
B = (41, + 49)A — 2B
— 2K |(c, — ¢, ey — e N2 (A + BY2,

The mean square vorticity equation can be written

(30)

d
Elmﬁ (Az + Bz)m| = _2;,(/41 + Bz)m_ vﬂa

+fobe

or

dle,—¢, -

—_—]— + 1,12 | = =201
dtlcy—c, Kar 16 b
cﬂ

31

-c
+ ([ — vallla -

c—c
It is clear that the amplitude stationary motions
described by egs. (28) become critical points of
the approximate system (30), which can be written
as

Al{a + 48 vaca _fa
2 2K,(c5—c)

(C,.,A, B) = (cas -

vaca _fn
2K, (cs—¢,) ’

where {, is at the marginal stability boundary of
the equilibrium zonal flow. Thus, the stability
analysis of the FPO’s reduces to the stability
analysis of the critical points of eqs. (32) for the
reduced system (30). After some algebraic manipu-
lation, we find that the linear variational system
(Cronin, 1980) of system (30) relative to the
equilibria of eq. (32) is stable if

32)

(f—“ - c,)(sc,, + 41 4) < 0. (33)

Va

For triads of class (a) (S < 0) it is immediately

(e}

B [ By 4

[ by b

u-..oo..-.-n-"oz
Fig. 1. (a) Bifurcation diagram for triads of class (a). (b)
Bifurcation diagram for triads of class (b). FPO = forced
periodic oscillation; FZF = forced zonal flow. Dotted
lines denote unstable equilibria; continuous lines denote
stable equilibria.

seen, via eq. (27), that eq. (33) always holds; for
such triads, as the bifurcation parameter f /v,
crosses one of the bifurcation points (¥ from
the interior of the interval ({{", {{?) a new stable
periodic solution appears, while the zonal flow
becomes unstable (supercritical Hopf bifurcation).
The corresponding bifurcation diagram is depicted
in Fig. 1a.

For triads of class (b) we find that eq. (33) holds
for FPO, (FPO,) when f, /v, > { (< (), butit
is not satisfied by FPO, (FPO,) when f,/v, > {&
(< M), thus, in subcase (b,), the original system
(21) undergoes two Hopf bifurcations, a super-
critical one at {{", and a subcritical one at {2
The corresponding bifurcation diagram is depicted
in Fig. 1b, which also represents class (b,) after
interchange of the indices 1 and 2, and reflection
with respect to the origin.

We notice that triads with 5, even belong to
class (a), the advection parameters being all zero
in this case. The vanishing of advection in truncated
models for flows in plane geometry implies that
only case (a) occurs in such a geometry, as long as
we maintain the zonality of forcing. Our case (a)
corresponds in fact to triads which are called of
type I in MD.

Numerical simulations confirming the above
analysis are reported in the next section. We
conclude this section with a few considerations
which will be helpful for the interpretation of the

Tellus 36A (1984), 1
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qualitative properties of the trajectories to be
reported later.

If we consider the set {({,, 1{s!, 46): 0 < 4¢ <
27} as the phase space of the reduced system (30),
it is clear from eq. (31) that the equilibrium states
belong to the elliptic cylinder, say C,, of equations
G =0, 0 < 4¢ < 27, where G is the function on the
left-hand side of eq. (31). The triad trajectories
enter the region bounded by the elliptic cylinder,
say C,, which is a tangent on the exterior to Cy;
subsequently, they proceed towards the origin from
points inside C, and recede from the origin, from
points outside C,, while crossing the surfaces of the
equation

c,—c,
2_r 22 _cte.
cg—c, 2

V=151 +

Typical projections on the ({,, () plane are
sketched in Fig. 2a, for the case v, < v, and in Fig.
2b for the case v, > w. It is clear that the way a
trajectory approaches one of the equilibrium
points on C, depends on the transversality of the
family of surfaces V = cte. with respect to the
surface G = 0. We expect very low approach
velocities for trajectories crossing a neighbourhood
of the point where C, touches C,, as confirmed by
numerical solutions to be reported below.

4.2. Examples of triad trajectories

As an example of a triad configuration belonging
to class (a), we have chosen n, = 3, ng=2,n,= 4,
1 = 2. The angular velocity of solid rotation, w, has
been taken to be 1, and the dissipation coefficients
v, = v = 0.05, which corresponds to a dissipation
time scale of about 20 days.

The computed values of the structure parameters

are I,, = —0.189, I,,, = —0-268 and K, = 6.546.
All passive zonal components have been assumed
to be zero, so that g, = ~lw,; the computed values
of the stability margins of FZF are {{’ = —0.78
and (¥ = 0.62. For f,/v, < —0.78, the corre-
sponding FZF is unstable and FPO, is stable. The
value of || corresponding to FPO, is 0.28.

The projections on the ({,, 1{,!) plane of two
trajectories starting at {, = 0.01, 1| = 0.025, for
two values of the bifurcation parameter (f,/v, =
—0.43 and f,/v, = —1.48) are reported in Fig. 3.
Also shown in the same figure is the projection of
the cylinder C, for the second value of f,/v,.
Apparently, the first trajectory tends, aperiodically,
to FZF, while the latter spirals towards FPO,,
following the qualitative behaviour predicted in
Section 3. Other computations not reported here
suggest that for triads of class (a), the stable equili-
brium state (FZF or FPO, depending on the value
of £,/v,) is globally attracting.

¢ b (o) ()
N
a \‘ ;
. a
N
\
\\
\\
. \
-
*~, \
C. Y
1 %
", \
\ 5 4 - -
‘zF .\ \‘ o ‘ZF L T T —
[} t-~. .
N \ [ S
\ . . [
T\ V& s G
VAN ST Y C .
N v 1 3 0 N
L. 3\ ! e e Y :
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. . ~
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Wi SR [ PN S’
oy ! ' . SR Y
RIS P . s ST oLt
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v 1 ! ( --‘5:‘ :\'. S
[ N . LN
[ ] L R -~ £
' [ TR | N
e v
4 A
L
RER ' %
N

Fig. 2. Sketch of the family of ellipses I = cte (——-), of the ellipses C, (~--) of the ellipses C, (

) and of the

projection of sample trajectorics on the ({,, 1{,!) plane (¢ #4), for two different geometrical configurations ((a), (b)).
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LX)

- \
) N
A te

*, .
% . .
. .
- .
. .
.

<0V El - 2 <) ';i

Fig. 3. Projection of the computed trajectories for the
triad n, = 3, n, = 2, n, = 4, | = 2. Parameter values are
v,=9=005w=171/v,=—043 (see)and [ /v, =
—1.48 (e09). (@) denotes stable equilibria. Time unit
is 10 days.

va

] 2 3 .;’|
Fig. 4. Projection of sample trajectories (¢ @) for the
triad n, = 5, ny = 4, n, = 8, I = 1. Parameter values are
w=1v, =005 v=003,//v, = 0.484. (O) denotes
unstable equilibrium. (——-) denotes C,. Time unit is 10
days.

Triad configurations of class (b) are more rare
than those of class (a) and most of them correspond
to the smallest values of the zonal index (I = 1,2).
An example is offered by n, = 5, n, = 4,n, =8,
1 = 1, provided that v is small enough to make the
roots of eq. (26) real. Choosing v, = 0.05, » =
0.03, w = 1, and zero values for all passive zonal
components, the instability range for FZF is
(0.242, 0.433); accordingly, if 0.433 < f./v,, the
limit set contains the stable FZF, the unstable FPO
and the unstable FPO. A sample of the computed
trajectories in the case f,/v, = 0.484 is reported
in Fig. 4, together with the projection of C, on the
(Sas 145)) plane. It is evident that the stability pro-
perties of the three critical points agree with the
analysis of Section 3; moreover, as predicted there,
the form of the basins of attraction is largely
influenced by the presence of the unstable critical
point, which is in fact attractive for distant states
and weakly repulsive locally. It is also clear that
the upper part of the ellipsis C,, is nearly paraliel
locally to members of the family ¥V = cte, so that
many trajectories are attracted by it; as they
cannot cross this curve, nor recede from it, these
trajectories spend a long time in a very small
neighbourhood of C, before reaching one of the
two attractors.

5. Conclusions

It has been shown that the free oscillations of a
rotating, barotropic atmosphere, described by the
lowest-order truncated model in spherical geometry
which allows for triadic interaction, are typically
non-periodic, although the spectra oscillate period-
ically. It is found that such non-periodicity is due to
advection of the waves in the field of the zonal flow
components and to absolute rotation; as this effect
is absent in the analogous model written in plane
geometry, we can say that flows in spherical geo-
metry show time evolutions with qualitative
features not shared by plane flows, given the same
level of truncation.

Some properties of the limit set of the forced,
dissipative triadic model have been studied in the
case of axisymmetric forcing. Asymptotic regimes
in the form of periodic oscillation have been found
and their stability properties analysed. For most
triad configurations, the zonal flow is the only state
of equilibrium for small forcing values, but it
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becomes unstable at suitably large forcing and a
periodic attractor enters into play. Numerical
simulations suggest that such asymptotic regimes
are globally attracting. For this class of triad con-
figurations, we find in fact the same qualitative
properties shown by the analogous triadic model in
plane geometry (MD).

However, for other triad configurations,
characterized by low zonal indices and somewhat
large meridional indices, stable zonal flow may
coexist with a periodic attractor, in a convenient
range of forcing values. Numerical simulations
confirm the above analysis and suggest the exist-
ence of surfaces of the phase space which can act
as “weak” attractors for certain open sets of states.
Generalization of the results obtained in this work,
both in the inviscid case and in the forced case, to
higher-order models is in progress.

6. Acknowledgements

Dr. A. Speranza has discussed with us many
aspects of the problems covered in the present
work. Professor J. A. Dutton has substantially
helped us in a revision of the original manuscript.

7. Appendix

Let us denote by A the surface of the phase
space whose points initiate aperiodic z-motions and
let P be the complementary set with respect to A
(see text). The periodicity condition (eq. (11) of the
text) is identically satisfied at P (an open set) if and
only if the continuous function on the right-hand
side of eq. (11), say y, is constant at P. We show
below that, unless all the advection parameters w,,

I,... x = B, yare zero, this function is not bounded
in P, as it tends to infinity when its argument
approaches the boundary surface 4. In fact, as the
initial condition tends to A, the period T of the z-
oscillation tends to infinity and the motion becomes
asymptotic to an amplitude stationary oscillation
(Dutton, 1976a). Accordingly, 7-! S¢lJ (see text)
is asymptotic to a constant value, say 57, given
by

&vi, y &PP 8

S¢=§p+§,+—i—’ (A1)
where the overbar signifies the value taken at an
amplitude stationary motion. On the other hand,
the equations defining the subset of initial con-
ditions giving rise to an amplitude stationary
oscillation, which can be derived from eq. (4) of the
text by letting 2(0) = #(0) = 0, are

@ — &)L — (@yPy+a,P) =0, (A2a)

M=0. (A2b)
From eg. (A2a), eq. (A1) becomes

54 =2 T 8hF) (A3)

dﬂp (3 &rP 14
It is now clear that, unless g, = g, = 0, §§ # 0 at

some point, which implies that S¢ is not bounded.
But the equations

&= ;lmc‘,’,— lw, =0,

g,=>1,0-1lw,=0,

are identically satisfied only when all the coefficients
Tp50s pas Wps @,, are zero.

REFERENCES

Abramovitz, M. and Stegun, 1. 1972. Handbook of
mathematical functions. New York: Dover Publ.,
561-607.

Baer, F. 1970. Analytic solutions to low-order spectral
systems. Arch. Meteorol. Geophys. Bioklim. Al9,
255-283.

Cronin, J. 1980. Differential equations. New York:
Dekker, 95-113.

Dutton, J. A. 1976a. Aperiodic trajectories and stationary
points in a three-component spectral model of atmos-
pheric flow. J. Atmos. Sci. 33, 1499-1504.

Tellus 36A (1984), 1

Dutton, J. A. 1976b. Recurrence and limit properties of
thermally forced and unforced flows. J. Atmos. Sci.
33, 1432-1453.

Galin, M. B. 1974. Mechanism of non-linear interactions
in the atmosphere for the case of a three-component
system. Jzv. Atmos. Ocean. Phys. 10, 455-466.

Galin, M. B. and Kurbatkin, G. P. 1975. Three-
component analysis of non-linear interactions in the
atmosphere. Jzv. Atmos. Ocean. Phys. 11, 675-680.

Lorenz, E. N. 1960. Maximum simplification of the
dynamic equations. Tellus 12, 243-254.



20 R. LUPINI AND C. PELLACANI

Lorenz, E. N. 1963. Deterministic non-periodic flow.
J. Atmos. Sci. 20, 130-141.

Mitchell, K. E. and Dutton, J. A. 1981. Bifurcations
from stationary to periodic solutions in a low-order
model of forced, dissipative barotropic flow. J.
Atmos. Sci. 38, 690-716.

Platzman, G. W. 1962. Analytical dynamics of the

spectral vorticity equations. J. Atmos. Sci. 19, 313-
328.

Vickroy, J. and Dutton, J. A. 1979. Properties of the
solutions to a spectral model of forced dissipative,
non-linear quasi-geostrophic flow. J. Atmos. Sci. 36,
42-52.

Tellus 36A (1984), 1



