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ABSTRACT 
Conditions under which stratocumulus cloud decks become unstable and break apart into patchy 
trade cumulus are investigated using observations made over the Pacific and a theoretical 
analysis with a mixed-layer model. That the criterion that cloud-top entrainment fluxes be 
turbulence-generating is sufficient for instability is found to be overstated: it appears from the 
observations either that solid cloud decks can support positive entrainment buoyancy fluxes or 
that the criterion is simply impossible to measure due to inherent uncertainties about cloud-top 
structure. The former conclusion is also supported by the model analysis. Other criteria for 
stratocumulus instability are sought, and it is concluded that further numerical experiments are 
necessary to establish certainty about the process. 

1. Introduction 

The persistent stratus and stratocumulus (Sc) 
cloud decks that occur on the eastern sides of the 
subtropical anticyclones over the Atlantic and 
Pacific Oceans in both hemispheres h i ~ e  been the 
subject of considerable research in recent years. 
Much of this research has been stimulated by the 
clouds’ r6les as radiatively active feedback mechan- 
isms in the global climate system. Positioned 
approximately astride the Tropics of Cancer and 
Capricorn, they reflect sunlight that would other- 
wise contribute significantly to oceanic heating. The 
cold water-relative to the zonal average at the 
same latitudes-off the west coasts 01’ North and 
South America and Africa is maintained at least in 
part by the presence of the cloud decks. Small 
Ocean temperature increases have been shown to 
cause the Sc clouds to act as a negative feedback 
mechanism by reducing ocean heating (Hanson 
and Gruber, 1982). since the clouds become thicker 
and more reflective. as long as the cloud deck 
remains solid. The break-up of a solid Sc deck, 
however, may change the sign of this feedback by 
allowing further Oceanic heating of warm 
anomalies. In particular, the size of the Sc decks 

must play an important r6le in the net heating of 
the subtropical oceans through this feedback 
mechanism. This paper concerns the processes by 
which the solid Sc decks break apart into partly- 
cloud-covered trade cumulus cloud fields at their 
downwind edges. 

The size of these Sc decks appears to be 
governed by an instability process that leads to 
their breakup toward the equator along trajectories 
around the eastern side of the subtropical anti- 
cyclones. During its passage through the Sc regime 
along such a trajectory, an air column is subject to 
increasing surface heat and moisture fluxes, due to 
increasing sea surface temperatures, and to de- 
creasing suppression by large-scale subsidence. 
Consequently, the Sc-topped boundary layer 
becomes deeper and warmer; eventually, the 
subsiding air above the trade-wind inversion 
becomes unstable (in some sense) with respect to 
the boundary layer air, and the solid deck breaks 
apart. In addition to controlling the size of the solid 
cloud decks and their r6le in climate, the nature of 
this instability process is important because there is 
some indication that the size of these Sc decks 
reflects changes in the large-scale trade-wind 
circulation (Kraus and Leslie, 1982). 
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Lilly (1968) suggested that this instability occurs 
simply as conditional instability; i.e., in the presence 
of an upward decrease of equivalent potential 
temperature at the cloud top, the cloud becomes 
unstable. Randall (1976, 1980) and Deardorff 
(1980) showed that including the effects of cloud 
water on buoyancy allows stability in the presence 
of small equivalent potential temperature decreases 
at cloud top, and they derived an instability 
criterion based on (various linear combinations of) 
the cloud-top changes of temperature and water 
substance. Randall's (1980) discussion of the 
process as a "conditional instability of the first kind 
upside down" showed it to be associated with 
cloud-top entrainment fluxes that produce tur- 
bulence kinetic energy (TKE) contrary to the 
usual case in which they produce potential energy 
at the expense of TKE. Deardorffs (1980) mixing 
diagrams illustrate the process clearly: during 
mixing of cloud-top and above-inversion air. the 
evaporative cooling of cloud droplets into the 
mixture can produce a parcel of greater density 
than the surrounding cloud-top air, and the parcel 
will therefore sink into the cloud before it becomes 
saturated. This is the basis of the instability 
criterion. Deardorff suggested that this will tend to 
break apart the solid cloud and referred to the 
process as "cloud-top entrainment instability". He 
also presented results from an integration of a 
fineresolution. three-dimensional planetary boun- 
dary layer (PBL) model in which the instability was 
forced to occur (by artificially cooling the air above 
the inversion) that showed a tendency for the cloud 
to break apart from the base upward. Moeng and 
Arakawa (1980) used a coarse-resolution two- 
dimensional model to investigate the development 
of the Sc-topped PBL in the aforementioned 
trajectories; in their results, the solid cloud was 
seen to break up toward the southwest in rough 
correspondence to onset of the instability criterion 
developed by Randall. Their horizontal resolution 
(10 km) was far too coarse. however, to yield 
insight into the actual process, which seems to 
occur on the scale of the cloud thickness. (This 
distinguishes, therefore, between unstable Sc decks 
and mesoscale cellular convection.) Moeng (1979) 
reported a linear stability analysis of a cloud- 
topped mixer-layer model in which basic states 
fulfilling Lilly's instability criterion were shown to 
be unstable to small perturbations. This is consis- 
tent with the corrected criterion. since she neglected 

liquid water effects on buoyancy in the linear 
analysis. She also showed the mechanics of the 
linear instability to correspond to the discussions of 
Randall and Deardorff. 

There is little doubt that when this "instability" 
occurs, the energetics of the PBL change. but it is 
not clear that the onset of the instability suffices to 
break apart a solid Sc deck. This was asserted by 
Hanson (1982a) who argued that the sinking of 
parcels into the cloud lop and their generation of 
TKE does not necessarily imply that the parcels 
must sink entirely rhrough the cloud. Evidence. 
unfortunately. is scant, because of inherent difficul- 
ties in measuring cloud entrainment directly and 
other complications. Mahrt and Paumier (1982). 
for example, discussed measurements of cloud-top 
instability taken during the air-mass transforma- 
tion experiment above broken Sc. They made four 
calculations of the cloud field's stability-based on 
Deardorff's ( I  980) analysis-from various por- 
tions of their turbulence record and an aircraft 
sounding: All four indicated instability, but the 
variability was large. On this basis. they doubted 
the usefulness of simple "jump" inversion criteria. 
Hanson ( 1984) discussed aircraft measurements of 
the solid Sc deck off California in which the layer 
was quite well-mixed. Despite the fact that the 
cloud was non-broken. both soundings and 
horizontal averaging runs discussed further in 
Subsection 2.2 below indicate a marginally stable 
cloud, with variability similar to that deduced by 
Mahrt and Paumier (1982) for "broken strato- 
cumulus". Other soundings through the California 
Sc deck presented in Subsection 2.3 also show an 
inconclusive correspondence between Deardorffs 
and Randall's instability criterion and the broken- 
ness of the cloud deck. 

Operational use. whether for theoretical model- 
ing or forecasting purposes. requires an instability 
criterion that is directly linked to the breakup of a 
solid cloud deck and provides sufficiency for the 
break-up process. Therefore. this paper makes an 
attempt to distinguish between the breakup 
process(es) (which will be referred to as slruio- 
cumulus instability) and the TKE generating 
processes discussed by Randall (1980) and Dear- 
dorff (1980). In Section 3 of this paper. the 
criterion developed by Randall and by Deardorm is 
reviewed and several other aspects of the cloud 
stratification and its relationship to the cloud-top 
instability are discussed; this is accomplished in the 
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context of a mixed-layer structure. Then, the 
mixed-layer entrainment closure of Stage and 
Businer (1981a.b) is used with the thermo- 
dynamic budget equations to investigate the pro- 
cesses that can lead to an actual instability of an Sc 
deck. DeardorfT's ( 1980) numerical experiment is 
discussed at length. Section 4 contains a summary 
and a discussion of the need for carefully controlled 
experiments with a fine-resolution PBL. model. 

2. Data analysis 

2.1. Theoretical background 
The thermodynamic variables used here are 

based on water substance and moist static energy 
(an analog of equivalent potential temperature) in 
geometric height coordinates. Thus 

r = 9 + l .  (2.1) 

where 9 and I are the mixing ratios of vapor and 
liquid water, respectively, and I = 0 i f 4  < 9*. where 
9. refers to the saturation value. and 

(2.2) 

where T and z are temperature and height and the 
other symbols are defined in Appendix A. The two 
variables h and r completely describe the thermo- 
dynamic properties of an air parcel; they are also 
conserved during water phase changes. 

Following Randall ( 1980). it is  convenient to 
define a number of thermodynamic coefficients. all 
of which will be taken as constants in the 
theoretical analysis in Section 3. but will be allowed 
to vary in Section 2b: 

h = L 9  + c,T+ gz. 

molecular weight of dry air 

molecular weight of water vapor 

(2.3) 

I + ( I  + a c y  
Pe z 0.5. 

l + ) f  

Various relationships among these coefficients and 
physical quantities relevant to the analysis below 
will arise: for example. it can easily be shown that 

the moist adiabatic lapse rate is -aT/az = &/c, 
and the corresponding gradient of virtual static 
energy (an analog of virtual potential temperature 
8, ) is 

i 's,  /a2 = gl I - (I  + &&I( I - /?) = g'. (2.4) 

The criterion for instability of  an Sc deck developed 
by Randall and Deardorff is written here using 
Stage and Businger's ( I98 I a, b) notation as 

(2.5) 

Here ( ),, and ( ), values are just above the 
cloud-top in clear air and just within the upper- 
most part of the cloud, respectively. (The quantity 
Az/cp is the analog of the stability index used by 
Mahrt and Paumier, 1982.) This paper follows 
Deardorff's (1980) terminology and refers to cases 
of A, < 0 as cloud-top entrainment instability 
(CEI). Randall ( 1980) showed that 

A, z= AS, - AS:. (2.6) 

where As, = s,,, - s,, is the cloud-top virtual static 
energy jump and 

A, = P(h,, - h,) - U r l l  - rJ  < 0. 

(2.7) 

Randall calls this the "critical value" of  As,. which 
increases with decreasing relative humidity of the 
above-inversion air. If As, < As:, CEI occurs. 

Another relevant s, difference that will be 
important is 

which i s  applicable to discontinuous inversions 
between two clear layers; the notation ( IM will 
generally refer to mixed-layer values, but A, refers 
to a physical s, difference only if h, and rM are un- 
saturated. I n  an Sc-topped mixed layer with cloud 
base 5,. and cloud top zgr 

AS, = sV,, - s,~ = A2 + AS: = A, 
+ g'& - zJ* (2.9) 

(2.10) 

Physically. g'(z, - z( ) is the s, increase upward 
through the cloud deck and can be shown via the 
identities used above to be related to the cloud-top 
liquid water mixing ratio: 

(2.1 I )  

whence 

A, - A2 = g' (zB - zC)  + &* 

g'(2" - z,.) = I I - (I + 6)&ILIB. 
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Thus the s, increase through the cloud is related to 
cloud-top over-saturation, because In = rl) - 9:. 
Since &* is the s, dejicit of the above-inversion 
air relative to its saturation s,, it is proportional to 
the upper-air under-saturation. More generally, the 
definition of AI stems from the definition of s, in 
under-saturated air: 

s, = h - ( I  - &S)Lr = gz + cpT + 6d.r  ‘c cpqv. 
(2.12) 

2.2. Dqv 17811981 
The data set analyzed here was obtained in late 

June and early July, 198 I using a NOAA P-3. Day 
178 (June 27) is the day discussed in Hanson 
(1984); that paper also contains a description of 
instrumentation. I t  was shown that saturation point 
mixing lines on a tephigram implied marginally 
stable mixing; here a numerical analysis is perfor- 
med using a variety of assumptions. 

Two sets of averaging runs were conducted near 
the cloud top; each set consisted of a run within the 
cloud and a run just above the inversion, which was 
well defined and -50 m thick. Each of the four 
runs lasted - 5  min, covering -30 km. Other sets 
for which the two runs were at identical altitudes 
showed that this procedure sampled effectively the 
same air mass during each set; in the two sets 
discussed here (#’s 5 and 8 in Hanson, 1984). one 
run measured ( )* quantities and the other ( ),, 
quantities. Table I shows these averaged measure- 
ments. The last two lines in Table I contain water 

Table 1. Averaged measurements, day 17811981 

5a B 934.0 907.1 286.1 6.4 0.18 
5b U 979.7 902.3 293.3 2.8 0.0 
8a U 983.0 901.4 294.2 2.1 0.0 
8b B 921.2 907.1 285.5 6.8 0.18 
5a’ B 934.0 907.1 286.1 8.0 0.72 
8b’ B 921.2 907.1 285.5 8.0 0.92 

vapor and liquid water values corrected for the fact 
that runs 5a and 8b were within the inversion; this 
is clear from the profiles in Fig. 3 of Hanson 
( 1984). 

The cloud-top stability in terms of CEI on day 
178 is assessed in Table 2 using several calcula- 
tions of Az. Estimates I A  (ascent) and ID 
(descent) are made from runs 5 and 8 in Table I, 

respectively. The values of AJc,, indicate stability; 
however, when the variability of the measurements 
is taken into account (fifth column), it is seen that 
portions of the record must have been unstable. 
Estimates 2A and 2D use averages from the 
sub-cloud layer averaging runs for the ( values, 
implying a mixed-layer assumption. In this case, 
the variability is much lower, although the descent 
case may contain some instability. Estimates 3A 
and 3D use the corrected moisture values from 
Table I,  and the cloud is subject to instability. 
From these averaged measurements, assessment of 
cloud-top stability is ambiguous. Estimates 4 and 5 
in Table 2 utilize thermodynamic values taken from 
the vertical profiles presented in Hanson (1984); 

Table 2. Cloud-top stability, day 17811981 

I A  -1.21 
ID -226 
2A -1.87 
2D -3.96 
3A -5.16 
3 D  -5.22 
4A -3.97 
4 D  -4.07 
5A -3.2 I 
5 D  -4.09 

-3.78 
-4.88 
-5.93 
-6.83 
-5.92 
-6.82 
-6.46 
-6.66 
-6.20 
-6.70 

0.50 320  
0.28 2.08 
0.80 0.48 
0.10 0.49 

-0.81 - 
-0.62 - 
-0.23 - 
-0.19 - 

0.32 - 
0.08 - 

estimates 4 use inversion base values and 5 use 
mixed-layer values. These results are quite similar 
to estimates 3 and 2, respectively; it can be inferred 
that the relevant variability for the mixed-layer 
cases (as measured by a) is at least of the order 0.5 
K. The point of this exercise is two fold: first, it 
demonstrates the difficulty of obtaining precise 
values of Az (a point stressed by Mahrt and 
Paumier, 1982). and, second, it shows that using a 
mixed-layer assumption from profile measure- 
ments (i.e., estimates 5 )  provides a reasonable and 
somewhat conservative estimate of Az, compared 
to the other assumptions. 

2.3. Aircrajl soundings 
In addition to the “race track” flight of June 27, 

“trajectory” flights were made on June 26, 28 and 
July 4, 9, 1981 (Julian Days 177, 179. 185, 190, 
respectively). These flights consisted of a stair-step 
pattern of averaging runs at various levels with 
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smooth descents between sets. Further details are 
available in Hanson (1982b). These descents 
provide sounding information in a variety of Sc 
cloud situations. In addition the character of the Sc 
clouds-solid, broken, patchy-has been deter- 
mined from a combination of the on-board 16 mm 
films and observer logs. 21 soundings (including 
the 2 on June 27) are thus available for analysis; of 
these, 6 are clearly in the category oi“broken” Sc 
and two classify as ”patchy”. In Table 3, these 

Table 3. Cloud-top stability, EP0CS.I 981 profiles 

Prdle Cloud Ah (kJ kg-l) Ar(g kg-’) AJc, (K) 

1774 B 
1775 B 
1776 B 
1781 S 
1782 S 
1791 S 
1792 S 
1793 S 
1794 S 
1795 B 
1851 S 
1852 S 
1853 SIP 
1854 B 
1856 B 
1901 s 
1902 S/P 
1903 S 
1904 s 
1906 s 
1907 S 

-9.88 
-2.14 

-3.21 
-0.6 I 

-4.09 
1.65 
3.84 

-1.61 
-4.96 
-7.3 I 
-0.64 
-1.62 
-3.5 I 
-5.16 
-0.6 I 
-5.74 
-3.84 

0.25 
I .92 

-6.58 
-6.07 

-8.14 
-4.8 I 
-3.86 
-6.20 
-6.70 
-4.19 
-3.54 
-5.80 
-6.75 
-6.2 I 
-5.72 
-4.93 
-5.80 
-6. I 3  
-5.15 
-6.66 
-5.97 
-4.35 
-2.56 
-7.25 
-7.1 I 

-2.6 1 
0.30 
0.77 
0.3 2 
0.08 
2.06 
3.04 
0.76 

-0.76 
-2.25 

1.22 
0.4 I 

-0.40 
-1.17 

I .07 
-1.1 I 
-0.3 7 

1.36 
1.7 1 

-1.51 
- I  .20 

soundings are labelled with a 4digit number, with 
the first 3 digits being the Julian Day and the last 
the sounding number. In the second column, S 
means “solid” and B and P mean ”broken” and 
“patchy”, respectively. (The difference between the 
latter two categories is based on the scale of the 
clear areas. “Patchy” implies large, relatively flat 
cloud masses well-separated while “broken” refers 
to a relatively homogeneous-on the observer scale 
of several kilometers-cloud with holes through 
which the ocean was visible.) The two patchy cases 
in Table 3 consisted of what appeared to be 
mesoscale cellular convection, and the descent 
profile was made through a cloudy area. 

The last column of Table 3 gives values of AJc,, 
from mixed-layer measurements for the in-cloud 

values as in estimates 5 of Table 2. Table 4 is a 
contingency chart showing averages and standard 
deviations from Table 3 for the four possible 
categories. Although there is agreement with the 
general precept that larger, positive values of A, 
occurred in solid clouds and larger negative values 
in broken clouds, the “anomalous” cases (i.e. A, > 
0, broken and A, < 0, solid) make it difficult to 
believe that A* < 0 is a sufficient criterion for Sc 
break-up. The last line of Table 4 reassigns the two 

Table 4. Averages from Table 3. by category, 
showing # of cases [average A2/cp (K); s.d. (K)1 

S B 

A& > 0 9 (1.22i0.95) 3 (0.7 1 ; 0.39) 
A,/c, < 0 6 (-0.89; 0.50) 3 (-2.01: 0.75) 
(seetext) 3 (-1.16;0.38) 5 (-1.36; 1.04) 

S/P cases (profiles 1853 and 1902) to “B“: this 
only increases the uncertainty. Whether this in- 
sufficiency is because of physics or observational 
uncertainty is unclear. The next step is to investi- 
gate the physics, since the uncertainty is endemic. 

3. Theoretical analysis 

3.1. Mixing of two parcels 
Since h and r are conservative for water phase 

changes, constant height mixing produces parcels 
with (h, r) values intermediate to those of the two 
parcels being mixed (Hanson, 1981). Mixing 
between above-inversion air and mixed-layer air 
thus produces intermediate parcels 

(hl, r l )  =ftl(hv, ru) + f M ( h W  rM). (3.1) 
where fu and f M  are the fractional amounts of upper 
and mixed layer air in the intermediate parcel; it is 
assumed that fL, + fM = 1. so that 

(h,, r , )  = (hM. r M )  +fu(Ah. Ar). (3.2) 
Now, mixing diagrams constructed by Deardorff 
(1980) and Hanson (1981, 1982a) show that 
during this cloud-clear air mixing, the parcels with 
lowest s, (i.e., highest density) occur just at 
saturation. Therefore, attention is restricted to these 
just-saturated cases: h, = L:; r, = 4: and fu is the 
fraction of upper air in such a just-saturated 
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mixture. Since ( ), is just saturated, its s, difference 
with the sub-cloud air is 

- s,,, = (h, - h M )  - ( I  - E@L(T, - rM) 

= fUAI' (3.3) 

Clearly, if s,, - sIM < 0, the cloud will indeed be 
unstable as the intermediate parcels will be capable 
of sinking all the way to the surface. Within the 
cloud, 

(3.4) S, ( 2 )  = s,,, + g' ( 2  - q), 

s,, - sv(z) =.I& - g'(zB - zcK 

so that 

(3.5) 
where 2 I ( L  - zr ) / ( zB - z C )  is a non-dimensional 
height within the cloud. 

In so far as ( ), is just saturated, its s, difference 
with the cloud-top air can be written (following 
Randall, 1980): 

s,, - sVR = B(h, - h,) - &L(r, - r,) = fuA2, (3.6) 

where the last equality follows from the mixed-layer 
assumption that h, = h,; rB = rM. Suppose a 
neutral level within the cloud (or above it, along its 
extrapolated s, structure) is defined such that 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.1 I )  

(3.12) 

Hence, larger values of As: (drier upper air) are 
associated with lower values off,,, since the ( ), 
parcel requires more water (cloud air) to become 
saturated. Thus, 

A neutral level wifhin the cloud, 0 < w < I 
therefore implies 

A2 < 0 < AIt 

and such a level "above" the cloud implies 

0 < A2 < A,. 

The CEI discussed by Randall (1980) and by 
Deardorff (1980) occurs when w < 1. As suggested 
above, w > 0 is required for static stability of the 
upper air with respect to the sub-cloud layer. It also 
seems quite likely that As, > 0 is required for cloud 
stability (so that the upper air and upper part of the 
cloud do not overturn); this restricts A, and A2 
such that 

A1 > g'(zB - zC), (3.14) 

A, > -AS:, 

and also produces the compact result that, for 
stability, 

w >A,. (3. IS) 

Table 5 .  "Unstab1e"proJile data 

Profile g(z, - rJ (kJ kg-3 s: (kJ kg-') JU 

1774' 0.53 12.22 0.04 0.69 
1794 1.72 10.85 0.14 0.85 
1795. 1.24 8.45 0.13 0.72 
1853'. 0.79 10.68 0.07 0.86 
1854' 0.52 10.74 0.05 0.79 
1901 0.52 11.59 0.04 0.79 
1902" 0.54 11.16 0.05 0.84 
1906 1.07 11.95 0.08 0.78 
1907 0.98 11.98 0.08 0.79 

w 

* Indicates broken stratocumulus. 
** Indicates patchy stratocumulus. 

Table 5 shows values of g'(z, - zc), As:, w and 
$I, for the A2 < 0 aircraft soundings of Table 3. It 
can be seen, by comparison with Table 3, that the 
broken cases are stable in the sense that As, > 0 
(i.e., fu < w). This occurs because As: % g'(zB - 
zc); Le., the under-saturation of the upper air is far 
larger than the over-saturation (in the form of 
liquid water) of the cloud-top air (see eqs. 2.7 and 
2. I I). 

3.2. Mixed-laver model anaksis 
3.2.1. Model. This analysis investigates two 
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specific processes that could lead to stratocumulus 
instability in the simplest possible mcldel; the first of  
these is the possibility of runaway entrainment, i.e., 
we -. cc. Of course, the Sc-topped mixed-layer 
model cannot adequately describe partly cloudy 
situations, so stratocumulus instability in the model 
implies a condition in violation of a model 
assumption. This will be discussed in (3.2.4) below. 

The form of the mixed layer model used here 
stipulates surface turbulent fluxes, the cloud-top 
radiative flux and all advections. The surface-flux 
dependence on mixed-layer quantities is a negative 
feedback (damping) mechanism (i.e., for example, 
an upward moisture flux moistens the layer which 
in turn would tend to decrease the flux) so no 
instabilities will be submerged by this procedure. 
Accordingly, 

d 
- rM = i, = (weAr + Fq)/zn.  
dt 

(3.16) 

where FR is  the cloud-top radiative flux. Fh. F, are 
the surface moist static energy and water vapor 
fluxes and we is the entrainment rate. The simplest 
form of  radiative flux distribution will be used-a 
jump from zero to FR just below cloud top- 
without loss of qualitative generality. The surface 
fluxes will be stipulated via the moisture flux and a 
Bowen ratio, so that Fh = LF,(I + Bo). The 
budgets above will be treated in Lagrangian form to 
avoid the complication of horizontal advections; 
the alternative interpretation is, ol' course. the 
assumption of horizontal homogeneity. 

The entrainment closure of Stage and Businger 
(198 la, b) hypothesizes that the generation of TKE 
by positive buoyancy fluxes is balanced by the sum 
of potential energy generation and dissipation. For 
the Sc-topped mixture layer, this balance can be 
written as 

we = Fly, (3.17) 

where the forcing F has contributions from the 
surface fluxes and the cloud-top cooling: 

F = 5(2 - C)AIFl + ( I  - C)*AzFz 

+ 15' + @ ( I  - C2)IA,FR, (3.18) 

where 

€= ZJZ",  

F, G Fh - ( I  - &8)LFq = LFq(Bo - ~ 8 ) .  

Fz G @Fh - ELF, = LF,(BBo + B-  E), 

(3.19) 

and 

(3.20) 

with ( I  - A )  % 0.8 the dissipation. 
The denominator of  eq. (3.17) represents essen- 

tially an overall layer stability, 

't' t 2 A l  + A'(  I - C2)AZ. (3.2 I )  

with 

(3.22) 

Thus, CEL. occurring when Az < 0, contributes to 
the entrainment rate by decreasing V. The unboun- 
ded increase of  we (i.e., runaway entrainment) 
occurs as 't' -. 0. In  terms of  the inversion jumps, 
this occurs for 

Ah + LArIu, (3.23) 

where 

It2 + A'(1 - €*)BI 
a =  

C2( I - c8) + A'( I - C2)&* (3.24) 

for € = 0.5, u = 0.9. I n  contrast, A, + 0 as 

Ah -, c/@LAr. (3.25) 

From eq. (3.24) it can be seen that Az = 0 implies 
runaway entrainment only for a fog layer. t = 0. 
When the cloud base is elevated, TKE conversion 
to potential energy in the sub-cloud layer allows 
substantial negative values of A,, in Stage and 
Bussinger's (198 la, b) closure (See Deardorff, 
1980, Section 5 for further discussion of this point.) 

3.2.2 Stability analpis. Stability tendencies 
can be examined using the behavior of  't'. The 
analysis in Appendix B shows the derivation of  a 
dimerential equation for V for specified surface 
fluxes, radiation and cloud geometry: 

't' = F(r, - 'f')/('f'Zn) - FJZ,. (3.26) 

The steady-state value, 

'Po = re/( I + FJF), (3.27) 

Tellus 36A (1984),4 
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allows this to be re-written as 

I- I, i = - 5 E  
ZH 

(3.28) 

This can be integrated analytically to give I as a 
transcendental function of I; it is sufficient for the 
present purpose, however. simply to examine the 
differential equation above. Since r, and F are 
both positive. it becomes apparent that, for Y; > 0, 
I; is a stable attractor for all positive initial I. 
and, conversely, for Y i  < 0, Y -. oo with time. This 
is illustrated in Fig. 1. Hence there is no possibility 

9; -------- ---- ----- 
Fig. O r  1. Schematic behavior ofeq. 3.28 for positive (solid) 

and negative (dashed) steady state values Yw Y; is an 
attractor and Y; is a repellor of Y(t). 

of runaway entrainment, in the sense that Y -. 0. 
although a very small. positive Yo could lead to 
large entrainment. In particular, from the limits on 
A, and Az found previously in eqs. (3.14). if 

0 < vo < g‘(z, - z$* - S:( 1 - C’)A’, (3.29) 
the attraction of I, will cause the system to pass 
through a statically unstable state and this, while 
not constituting runaway entrainment per se, may 
be considered a stratocumulus instability. How- 
ever, for all of the broken cases of Table 5, As: is 
large enough to make the right-hand side of eq. 
(3.29) negative. This mechanism seems not to be at 
work in the 1981 data. 

Nor does it appear to be involved in Deardorff’s 
(1980) results. This numerical experiment forced 

CEI and subsequent stratocumulus instability by 
an artificial cooling of the above-inversion air (the 
physical analog of which is a sudden cold-air 
advection above the inversion). Within the frame- 
work of the present mixed-layer model, this is 
represented by the H, term in eq. (B.1). and it 
enters the criterion above by reducing drastically 
the value of F1 and hence Yw Unlike the 1981 
profile data, which is incomplete insofar as simul- 
taneous values of the surface fluxes, radiative 
cooling, upper air vertical gradients and advections 
are unavailable, Deardorff’s (1980) results allow 
calculation of values of As: and Yo before and 
after the upper-air cooling and beginning of Sc 
break-up. Using Deardorff‘s profiles I and 6 for 
“before” and “after”, respectively, numerical values 
from his Figs. 3,4,7 and 8 for fluxes and inversion 
values (there was no radiative flux in his experi- 
ment), and an average upper-air cooling of -3.3 K 
h-’ gives Ywwc - 0.55 kJ kg-I and Yo,, - -0.74 
kJ kg-I. This change of sign indicates the ovec- 
whelming strength of the imposed cooling. At the 
same time, A2 decreased from -2.20 to -4.24 kJ 
kg-I, indicating CEI, but As: decreased from 
-2.47 only to -1.16 kJ kg-I. Hence Deardorff’s 
result is stable in the sense of eq. (3.29). 
3.2.3. Time-scale comparison. Deardorff (1980) 

suggested a comparison of cloud moistening/ 
drying time scales as a comprehensive criterion 
for instability. This can be examined analytically 
with the mixed-layer model. Given a freeconvective 
velocity scale. 

(3.30) 

with C, = 2.5, the timescale for mixing within the 
cloud is r, = ( z ,  - +)/we. The tendency for 
drying out due to entrainment of dry air above the 
inversion can be measured by the time scale z, = 
(2, - zc)lB/(-weAr), and the ratio of these is 

(3.31) 

Now, the entrainment closure used here is based on 
the vertically-integrated buoyancy fluxes, and the 
integral in eq. (3.30) is particularly simple. Limiting 
consideration to cases with F,.2.R > 0, 

2 a@- 

-I ZB (3.32) 

l ’ ~  - = % ( I  rm +?). 
rd w* 

W‘S: dz = F/A - we IC2Al + (1 - C2)AzJ. 
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Usingeqs. (3.17) and (3.21), this is 

ID- I - A  F 
A Y  

w'st dz = -. - 

(3.33) 
A ' - A  

x t2A1 + - [ I - a  

the time-scale ratio is then 

(3.34) 
A ' - A  e3 <'Al + - [ I - A  

Using eqs. (3.13) and defining 

( I  +y) (3.35) 

gives 

T = CJ C2y - A'( I - e2)( I - w ) I - ~ ' ~  

I. J 

where 

A t =  (""I].  (3.37) 
I.>I 

Fig. 2 shows T/C2 as a function of w for < = 0.5. In 
Deardorm's ( 1980) numerical experiments. C, 

I .  I 
i 
I 
I 
I 
I 

I 
I 

I 

I 

I 

I 
I I  I 1 

V 0.5 1.5 2 ;. 
Fig. 2. Normalized time-scale ratio ' C K ,  versus w 
showing increased drying for w < I (A, < 0). 

Tellus 36A (1984). 4 

varied from 1.2 - lo-, to -6 - lo-' (profiles I and 
6, respectively). The function T/C, shown in Fig. 2 
varied correspondingly from -0.4 to -5.0 so T 
increased from -4.8 - 10 to - 3 .  lo-'. In con- 
trast, using the flux data in Hanson (1984) and the 
profile data in Subsection 2B above (with an 
additional term in F to account for solar heating) 
gives an approximate value of T 2r 3.5. 10 for the 
Day 178 data. The fact that T < I for DeardorR's 
profile 6 (an unstable one) is less important than its 
nearly order of magnitude increase over these two 
stable cases. 

The physical basis of this time-scale comparison 
can be understood from the perspective of the 
steady-state internal circulation of the well-mixed 
Sc-topped boundary layer. As first discussed by 
Schubert ef al. (1979) and recently examined in 
some detail by Betts (1983). this circulation. in its 
simplest form. consists of approximately equal-area 
up- and down-drafts with the updrafts' transport of 
heat and moisture from the sea surface balancing 
the downdrafts' relatively dry and cool (due to the 
cloud-top radiation) transport. Since the water 
content varies more strongly than the temperature. 
the upward circulation branch is associated with a 
lower cloud base and the downward branch with a 
higher cloud base than the mean zc. (see Betts, 1983 
Fig. I). This bi-modal cloud base has a basis in the 
I98 I observations discussed in Section 2: "scud" 
was observed below the main stratocumulus deck 
in many of the cases of a deep layer (21 km) which 
was nonetheless fairly well-mixed. Defining the 
descending-branch cloud base as q.,,, it is straight- 
forward to show that (q,, - zc.) is directly 
proportional to T. Clearly, if L,.,, > L,,, the cloud 
cannot exist as a solid entity and stratocumulus 
instability occurs. I t  thus appears that the com- 
parison of time scales may provide a useful 
diagnostic tool for stratocumulus instability, and 
the potential for a predictive criterion also exists on 
this basis. 

3.2.4. Decoupling. One of the most significant 
aspects of Deardorm's (1980) numerical experi- 
ment was the decoupling of the cloud and sub- 
cloud turbulence after the onset of CEI. This is seen 
clearly in the water flux profiles (his Fig. 8) and, as 
pointed out in that paper, the non-linearity of these 
profiles implies that the layer can no longer be 
modelled as well-mixed. The analyses of the 
previous two subsections have conveniently neglec- 
ted this fact; those analyses were intended to be 
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qualitative in nature. and the main conclusions are 
not likely to be changed. In particular, the 
non-linear fluxes increase F significantly for profile 
6. further increasing T in that case. The nature of 
this decoupling is basic to the problem of strato- 
cumulus instability. and the following discussion 
raises issues which can be addressed quantitatively 
only by detailed modeling. 

The addition of TKE-generating processes at the 
top of a neutrally-stratified mixed layer is 
analogous to an increase of  wind-stirring at the top 
of the oceanic mixed layer and results in enhanced 
turbulence levels throughout the layer and greater 
entrainment. In the case of  the Sc-topped mixed 
layer, however, the increased TKE generation at 
the top can be impeded by the stratification lower 
down where &,Ilk > 0. In  this case, a second, 
quasi-mixed layer could tend to form in the upper 
part of the cloud just below the inversion and 
"entrain" its way downward in the (less turbulent) 
cloud below. Stratocumulus instability would then 
result from this new layer's deepening completely 
through the old cloud layer. This heuristic descrip- 
tion is supported by the water flux profiles in 
Deardorff (1980): during the later stages of  the 
integration. two quasi-linear flux regimes can be 
seen. one below andLthin the lower part of the 
cloud. where a/&( w'r') i s  relatively unchanged 
throughout the integration, and one in the upper 
part of the cloud, where it is relatively constant 
with height and much larger than below. The 
question raised here is: does the onset of cloud-top 
entrainment instability and the growth of this new 
mixed layer necessary lead to stratocumulus 
instability? (In Deardorffs experiment, it did, of  
course.) 

Two types of mixing from above may be 
distinguished: if A2 < 0 due to cooling of  the 
above-inversion air. as in Deardorff's experiment, 
then the mixture will be saturated very near the 
cloud top and proceed to mix down into the cloud 
along the same stratification (gradient) as before 
but at lower values of  s,. In this case, there is 
nothing to stop the new mixed layer from eroding 
all the way through the cloud. The other possibility 
arises when A2 < 0 because of  increasingly dry 
upper air. Then, the mixing proceeds downward at 
cotismit s,, and. if it reaches its neutral buoyancy 
level before saturation the stratification becomes a 
factor. These two cases are schematically illu- 
strated in Fig. 3. 

0 
s'w s." S V  sv 

(0 )  (b) (C) 

Fig. 3. Virtual static energy profiles, illustrating (a) 
relationships among cloud stratification, inversion 
strength and A, (this is constructed such that A2 = 0); (b) 
s, profile (dashed) of a new saturated mixed layer 
forming under the inversion when A2 < 0; (c) s, profiles 
of new unsaturated mixed layers when saturation occurs 
(i) above and (ii) belpw neutral buoyancy. Case (cii) is 
potentially stable. 

Fig. 3a shows the relationships derived in 
Section 2a. Here, A, = Asv - As: = 0. Fig. 3b 
illustrates the mixing of saturated parcels to form a 
new mixed layer on the cloud; since the mixing 
produces values of s, < s,(z) i t  then proceeds 
unimpeded. This corresponds to Deardorff's 
(1980) experiment. Fig. 3c shows two possible 
results of  mixing in unsaturated parcels. If they 
saturate above their neutral buoyancy level they 
can proceed unimpeded (case (i)), but if they cross 
the existing stratification before saturation (case 
(ii)), further mixing produces potential energy and 
they may not be enough TKE available to erode 
entirely through the pre-existing cloud. It should be 
remarked here that the zero-buoyancy levels in 
Figs. 3b and 3c are not related to the discussion of  
Subsection 3.1. That case referred to a layer 
well-mixed from the surface to the inversion; this 
case pertains to a secondary mixed layer forming 
below the inversion. 

4. Conclusion 

This paper is concerned with distinguishing 
between cloud-top TKE generation associated with 
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entrainment fluxes (DeardorfT‘s (1980) “cloud-top 
entrainment instability” and Randall’s (1980) 
“conditional instability of the first kind upside- 
down”) and processes or conditions that are 
sufficient to lead to the break-up of a solid 
stratocumulus deck, which is called here “strato- 
cumulus instability.” The motivation for making 
this distinction is two-fold. First, diagnosing and 
forecasting stratocumulus instability correctly are 
necessary both for climate and weather modelling 
and for operational use. Second, the data and 
model analyses presented here show that cloud-top 
entrainment instability may not necessarily lead to 
stratocumulus instability. 

Problems associated with diagnosing strato- 
cumulus instability as measured by inversion jumps 
of thermodynamical variables were discussed in 
Section 2. and the conclusion of Mahrt and 
Paumier (1982), that small-scale variability and 
uncertainty in measurements makes such diagnoses 
imprecise, was corroborated with a larger data set. 
Large negative values of the stability parameter Az 
(see eq. 2.5) do indeed correlate with broken 
stratocumulus, as do large positive values with solid 
stratocumulus, but, from the data in Section 2, it 
could not be determined at what point the switch- 
over occurs: anomalous cases represented -43% 
of the total. 

The most obvious physical mechanism for 
stratocumulus instability is the generation of TKE 
by the entrainment fluxes in such a manner as to 
cause ever increasing entrainment rates (“runaway 
entrainment”). A simplified mixed-layer model, 
with the entrainment closure developed by Stage 
and Businger (1981a. b), was used to investigate 
this process. The simplest possibility for runaway 
entrainment is that the overall layer stability (Y) 
vanishes; in this entrainment closure, this coincides 
with the onset of cloud-top entrainment instability 
(A, < 0)  only when the cloud base occurs at the 
surface. Elevated cloud bases require substantially 
negative values of Az for Y to vanish, in agreement 
with the closure of Deardorff (1976). Befor Y 
vanishes, the inversion may become statically 
unstable (As, < 0 in eq. 2.8). however, and 
examination of the behavior of Y as deduced from 
the thermodynamic budget equhions shows that 
this is indeed a candidate for stratocumulus 
instability. It does not, however, explain the results 
of Deardorff’s (1980) numerical experiment or the 
unstable cases in the 1981 data. Otherwise, the 

behavior of Y (for fixed cloud geometry) is 
intrinsically stable. 

The most appealing explanation of strato- 
cumulus instability based on the results presented 
here was first suggested by Deardorff ( 1980). and 
concerns competition between drying out of the 
cloud due to entrainment of drier air from above 
and moistening due to mixing of wetter air from 
below. The mixed-layer model was used 
analytically to investigate the ratio of the time 
scales for these processes and its was found that the 
drying becomes increasingly dominant for values of 
A* < 0 ( w  < I in Fig. 2). However. for slightly 
negative Az+ the behavior is not much different 
from slightly positive values. This behavior is 
consistent with Deardorff’s ( 1980) calculations and 
with the data in Section 2. It is also consistent with 
the internal circulation processes of an Sc-topped 
mixed layer. It appears that this comparison of time 
scales could be used to diagnose stratocumulus 
instability and that it may have forecasting 
potential. 

An important aspect of the numerical experi- 
ment by Deardorff (1980). that the vertical fluxes 
are no longer linear with height after the onset of 
cloud-top entrainment instability and hence mixed 
layer models are no longer valid. raises several 
questions that require further numerical modeling 
to answer. The heuristic explanation of the flux 
profiles given here provides a physical basis for the 
design of future experiments. The onset of cloud- 
top entrainment instability raises the TKE level in 
the upper part of the cloud layer and results in a 
sort of secondary mixed layer atop the pre-existing 
one. Whether or not this new layer penetrates 
through the cloud (causing stratocumulus insta- 
bility) or not depends on the cause of the cloud-top 
entrainment instability. In Deardorff‘s (1980) 
experiment, it was caused by cooling of the above 
inversion air; thus, the new “mixed layer“ was 
saturated and could erode the old cloud (Fig. 3b). 
A useful experiment would force the cloud-top 
entrainment instability by drying the upper air. 
Would this then cause stratocumulus instability? It 
would also be useful to carry out an integration 
until a quasi-equilibrium has been re-established, 
i.e., until the new “mixed layer” reaches some 
steady state. Could stratocumulus instability be a 
temporary, intermediate adjustment stage between 
two stable Sc regimes? 

The analysis in Section 3 with the fixed-geometry 
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mixed-layer model subject to fixed surface fluxes 
cannot be considered quantitative. Stage and 
Businger's (198 la, b) entrainment closure is attrac- 
tive, due to its analytic tractability in the form used 
here, but other closure formulations are available 
and may produce different results. The inapplica- 
bility of a mixed-layer model to the post-cloud-top 
entrainment instability physics makes some of the 
analysis above even more suspect. Problems and 
expense of data acquisition make it questionable as 
to whether field experiments to investigate strato- 
cumulus instability are justifiable at this stage. It 
would therefore seem that numerical experiments 

6. Appendix A 

HANSON 

are mandated to further understanding of this 
important aspect of boundary layer mechanics. 
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Symbols 

Symbol 
A 
A'  
B 
Btl 
C 

CP 

F R  

Fl.*(Fl.*..) 

fU.M 

8' 

Hl.2 

' h . q  

F 

8 

Hh. I 

h 
I 
L 
I 
M 
4 
r 

$8 ,  

T 
T 
I 

we 

w* 
z 

Meaning 
fraction of turbulence not dissipated 
A associated with positive cloud-top buoyancy flux 
as subscript, value just below inversion base (at cloud top) 
Bowen ratio 
constants or unspecified functions; as subscript, lifting condensation 
level (cloud base) value 
specific heat of air at constant pressure 
surface flux of h, 4 
cloud-top radiative flux 
entrainment forcing function 
linear combinations of F S  (F's) 

mixing fractions; fu + f, = I 
gravitational acceleration 
?sJ& in cloud layer 
upper air advective terms for h, r 
linear combinations of H,, 
moist static energy 
as subscript, intermediate parcel value 
latent heat of condensation 
liquid water mixing ratio 
as subscript, mixed layer value 
water vapour mixing ratio 
total water mixing ratio (4 + r) 
virtual static energy (analog of virtual potential temperature) 
temperature 
ratio of cloud-top moistening/drying time scales 
time 
cloud-top entrainment velocity 
mixed-layer convective velocity scale 
height 

Introductory 
eq. no. 

(3.20) 
(3.2 1) 

(3.19) 
(2.5) 

(2.9) 

(2.2) 
(3.16) 
(3.16) 
(3.17) 
(3.18) 
(B.2, 8.4) 
(3.1) 
(2.2) 
(2.4) 
(B. 1) 
(B.2) 
(2.2) 
(3.1) 
(2.2) 
(2. I ) 
(3.1) 
(2. I )  
(2.1) 
(2.4) 
(2.2) 
(3.3 1) 
(3.16) 
(3.16) 
(3.30) 
(2.2) 
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non-dimensional height in cloud layer 
ratio of LArlAh for runaway entrainment 
thermodynamic coefficient (ratio of moist/dry lapse rates) 
linear combination of yh,, 
thermodynamic coefficient (proportional to aq*/aT) 
above-inversion a(h, r)/& 
inversion jump (Ah =: h, - h,, etc.) 
Linear combinations of Ah, Ar 
"critical value" of As,,, below which A, < 0 
virtual temperature correction factor 
thermodynamic coefficient 
virtual potential temperature 
reference potential temperature 

moistening, drying time scales 
overall layer stability 
steady-state Y 
zero-buoyancy level for ( ), parcel 
saturation value 
Lagrangian time derivative 
linear combinations; e.g., 

ZC/% 

F l = F h - ( I  -&b)LFP 
F2 = BFh - ELF, 
F* = C'F, + A'( I - t2)F, 

7.  Appendix B 
Derivation of eq. (3.25) 

The first-order, non-linear differential equation 
for Y, eq. (3.25). involves various definitions and 
two main assumptions. Since an explicit solution is 
not attempted, the full system of equations for Y, 
I,, and zc is not considered. 

The above-inversion moist static energy and 
water vapor are assumed to vary according to 

where the above inversion gradients are given by 
yh., and where the second terms are horizontal 
advections such as that imposed in Deardorffs 
(1980) numerical experiment. 
Defining 

rl = ( Y h  - ( I  - CG)LY,)Z,. 

r2 = (BY/# - &Ly,)z,, 
H I  = Hh - ( I  - &6)LH,, 

H2 =BHh - A H , ,  (B.2) 

(3.5) 
(3.23) 
(2.3) 
(B.2, 8.4) 
(2.3) 
(A.2.I) 
(2.6) 
(2.5). (2.8) 
(2.7) 
(2.3) 
(2.3) 
before (2.4) 
(3.30) 
(3.18) 
(3.3 I )  
(3.17) 
(3.27) 
(3.7) 
(2.1) 
(3.16) 

F, = F ,  - FR - z , H ,  

F, = F2 - BFR - 18 H,, 

the mixed layer budgets and the entrainment 
closure may be combined with eqs. (B. I )  to give 

. F  
A, = - (rI - A J  - FJZ,. 

VZD 

and 

With the obvious additional definitions 

t-. = <2rl + A'(I  - p)r,, 
F. C2Fl + A'( I - t')FZ, (8.4) 

these combine to give eq. (3.25) of the text: 

* F  
(B.5) 

It should be noted that, while eqs. (B.3) form a 

Y = - (t-, - Y )  - F,,/z~. 
ZDY 

Tellus 36A ( 1984). 4 



368 H. P. HANSON 

closed set (given zI and zc), eq. (B.5) does not 
because A'  depends on A2 alone. The explicit 
steady-state values in the main text are chosen from 
the set of 2 values of (Yo, A,, AJ calculated 
using A'  = (A, 1.0) based on consistency with eq. 
(3.22) in the text. I n  any case, choosing A' = 1.0 
and using only eq. (8.5) in a search for instabilities 
implies physically, that the TKE generated by 
cloud-top entrainment instability is all used for 

potential energy generation elsewhere (none is 
dissipated). 

In eq. (B.5). the forcing F is positive definite; this 
is the TKE generation by surface fluxes and 
radiation. On the other hand, it can be Seen from 
the definitions (8.3) and (8.4) that F* can be 
positive or negative according to the relative 
strengths of the imposed fluxes and advections. For 
realistic upper-air profiles, the stability, Tr > 0. 
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