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ABSTRACT

The dsymptotic evolution of straight-crested internal solitary waves, from prescribed initial
conditions, in that parametric domain in which quadratic nonlinearity, cubic nonlinearity, and
dispersion are weak and of comparable significance is calculated through inverse-scattering
theory. An initially rectangular displacement, which presumably serves as an example of any
initial displacement of compact support, yields N solitary waves, where N > 1. The fastest of
these waves may resemble a bore (which, by definition, implies a net change in surface level
between upstream and downstream limits) but is evanescent in both the upstream and
downstream limits. An initial change of surface level of the right strength with a rise facing in the
direction of propagation is found to yield (asymptotically) a true bore, but the asymptotic
solution for an opposite facing rise does not comprise such a component. This last difficulty
suggests a problem of uniqueness for initial displacements that are not of compact support.

1. Introduction

1 consider here the asymptotic evolution of
straight-crested internal solitary waves, from pre-
scribed initial conditions, in that parametric domain
in which quadratic nonlinearity, cubic nonlinearity,
and dispersion are weak and of comparable
significance. Appropriate choices of the amplitude
and horizontal length scales a and / then yield the
Korteweg—deVries-like evolution equation [I(5.6)!
with o/ =9, #,=2,and 7, = 1]

= 24’7(1 - ”)’7‘ + 'I{u’ (1'1)

where ¢ is a dimensionless coordinate in a reference
frame moving to the left with the velocity of the
basic internal wave (of which there may be a
discrete family with different vertical profiles—see
I), 7 is a dimensionless, slow time, and # is the
dimensionless, vertical displacement of a reference
surface (e.g., the interface in a two-layer model).

It is evident that (1.1) is invariant under the
transformation

Ne=1—n (1.2)

However, the energy measure /%, #3 d¢ diverges if
I n*d¢ converges and conversely. The divergence

!'The prefix I refers to an equation in Miles (1979).
The present notation follows that reference except as
noted.
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of this integral implies that the corresponding
solution cannot be uniformly valid over the entire
domain —ao < € < oo, although it may represent a
useful approximation in some more limited domain.

A family of solitary-wave solutions of (1.1) is
given by [cf. I(3.15) after allowing for the present
scaling]

nEnu) = 1, =2u(1 + )" (cosh? § — u sinh? §)~!,
(1.3a)

where

O=xé+ 4Kt + A, k=244 + ), (1.3b, ¢)

4 is the family parameter, and 4 is a phase constant.
The solution (1.3) is formally valid for all 4 and 4,
but # is non-trivial, real, and bounded for —o0 < 8
< oo only in the parametric domain 0 < u < 1 (0 <
x < 1) with 4 real.

An isolated (in parameter space) solution of
(1.1) is given by?

& )=n=41+tanh §), 0=¢+4r+ A,

(1.4a,b)

2 This solution can be placed in the seemingly more
general form 5 = A(1 + tanh 8) {1 + (24 — 1) tanh 8},
where n = A at § =0, and 0 < 4 < I; however, this form
is equivalent to (l.4a) with & therein replaced by
8 — tanh~'(24 — 1), which is equivalent to a shift in the
phase.
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where A, is real. This solution evidently provides a
model of a nondissipative, forward-facing bore for
which » increases from O to 1 as 6 increases from
—o0 to co. The transformation (1.2) yields

4 = 4(1 — tanh 6), (1.5)

which appears to provide a model of a rearward-
facing bore. Note that both {2, n? d¢ and {2, 72,
dé&diverge.

My primary aim in the present paper is to
explore the possible evolution of the solutions 7,,
;. and #,, from an initial displacement 7, In
Section 2, I outline the asymptotic (as 7 * o)
solution of the initial-value problem for (1.1). In
Section 3, 1 consider an initially positive, rectan-
gular displacement, which presumably is represen-
tative of any #, for which ¥ = [% 5, d¢ s positive
and finite. The resulting asymptotic solution
comprises N terms of the form », with 1 > u; > u,
<+« >ty > 0and N > 1. The dominant term (u =
#,) may resemble the bore-like solution #, as V' t oo
with 6 fixed, but it vanishes exponentially as 8 —
+00 with V fixed.

In Section 4, I consider the initial displacement
7 = #(1 + tanh k¢) and find that the asymptotic
solution does comprise #, if k > 0 (so that the rise
of #, faces in the direction of propagation), and 7,
and # then exhibit the same increase, i.e. 1, between
¢ = —o0 and oo. I also obtain an asymptotic
solution for —1 < k < 0 (so that the rise in 7, faces
away from the direction of propagation), but this
solution vanishes at both { = —o0 and ¢ = +00 and
therefore does not exhibit the same decrease as 1,
i.e. —1. The difficulty appears to be connected with
the fact that n = #,, = 1, is an admissible solution
of the initial-value problem if k = 1; it suggests a
possible lack of uniqueness for the asymptotic
solution if #, is not evanescent at { = —oo.

2. Inverse-scattering solution

The evolution equation (1.1) is reduced to the
Korteweg—deVries (KdV) equation [cf. 1(5.7) with
& = { after allowing for the present scaling]

C=1200+ ¢y (2.1)

through the transformation [cf. 1(5.8) with & = 5
and 2= {]

C=mn,+2n(1 —n), (2.2)
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by virtue of which solutions of (1.1) may be
obtained, at least in principle, through inverse-
scattering theory [Gardner et al. (1974); Whitham
(1974)]. But note that the substitution of #,, from
(1.5) into (2.2) yields { = 0, in consequence of
which the inverse of (2.2) may not be unique.

Let 1,({) and

L) = m( + 2ne(1 — 1)

be corresponding initial data for 7 and {; then the
asymptotic solution of (2.1) is dominated by a
discrete set of solitary waves (solitons):

2.3)

(~ 3 K sechi(e, €+ 4T+ ) (11 0),  (24)
n=1

where x, > x; > ... > xy > 0 are the discrete
eigenvalues of the Schroedinger equation

v Q)+ =1 + 26D =0 (-0 << o)
(2.5)

subject to the asymptotic boundary condition
(1)

and v, v, ... vy are constants (which are
determined by the full solution of the Marchenko
integral equation that is implied by the inverse-
scattering algorithm). A necessary and sufficient
condition for N > 1 is

[® 4, dE 0.

It also is necessary, for the existence of the solution
of (2.5) and (2.6), that this integral be bounded [see
Gardner et al. (1974) for further restrictions on the
inverse-scattering algorithm], which, in turn, re-
quires that either 7, >0 or n, » 1 as { - +oo.

It can be shown by direct substitution that a
solution of (2.2) and (2.4) is given by (super-
position is by virtue of spatial separation, not
linearity)

v~ et (26)

Q@7

N
n~ 2 né&ny,) (tto),

(2.8a, b)
n=1
where n(&t;u,) is given by (1.3) with
Ap=v,— 0 {(1 + u¥?/(1 — p¥®} 2.9

if x, < 1. If k, = 1 (x, is, by definition, the largest
eigenvalue, 7, must be replaced by 7, with 4, = v,.
If x, > 1, n, is singular, and (2.8) is not an
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acceptable asymptotic solution. The limit x, =1 —
€1t 1yields

= (1 =281 + (1 — o) + 4ee + O

(2.10a)
-1 + tanh ) = n,(&) (e40), (2.10b)
where
O=rKe+4K2T+ v, (2.11)

This limit is not uniformly valid, and the limit
@10 with ¢ fixed in (2.10a) yields #n—+0, in
contrast to (2.10b), which yields 7 —» 1.

It appears (although I have not proved) that
(2.8) is the required asymptotic solution if #,
satisfies appropriate null conditions at § = +oo, for
then n aiso must satisfy these null conditions,
which presumably render the inversion of (2.2)
unique. But the fact that n =7, satisfies (2.2)
with { = O suggests that the inversion of (2.2) may
not be unique in the absence of a null condition
at §{ = —o0.

3. Rectangular initial displacement
Consider the initial displacement
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where A > 0. (No solitons evolve if A < 0.)
The substitution of (3.1) into (2.5) through (2.3)
yields

—x?
v'+! pelv=0, 3.2)
K
where
kK=44(1-A)—x® 3.3)

and, here and in (3.5) below, the vertical ordering
corresponds to (3.1). The solution of (3.2) subject
to (2.6), a null condition at ¢ = —oo, continuity of y
across £ = 0 and ¢ = L, and the jump conditions
[obtained by integrating (2.5) across ¢ = 0 and ¢ =
L)

L+

—24y=0 ({=L),

L—

v

o+
+24y=0 (£=0)

0—

(3.4a,b)

is given by
e
v =eL{cos k(£ — L) — (x + 2A)k!

3.5

mO=g o2 ixD) ap  xsnk@E-D)
0 (<0 e L{cos kL + (x + 24A)k! sin kL }e*
T 1

X /Tr?

Fig. 1. The graphical solution of (3.7): x~/2 tan x*/2 (
212 and x, = $n2 (———), (¢) x, =47 and x, = —n* (-—-).
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whate k sdtisfied the eigenvalue equation

tan kL = k{2424 — 1) + k2}-1
x {44(1 — 4) — k2}12, (3.6)

The qualitative disposition of the roots 6f (3.5)
may be inferred from the graphical solution of (see
Fig. 1)

xV2tan xV2 = (x — x,) U (x, — x)V2=f(x), (3.7)
where

x= (L), x,=44(1—A)L?,
x, = 24(1 — 24)L2, (3.8a,b,¢)

Only the fedl Foots of (3:7), which lie in x < %,, are
significant Here in consequence of the requirement
K? = (x; — x)/L?* > 0 [see (3.3)]. The number of
these real roots is

N=1+[x,/n], (3.9

where [x,/n?] = the integral part of x,/n2 There is
at most one negative root [note that x~V2tan x2 =
(—x)~"2 tanh(—x)"2], for the existence of which x,
< 0 and x, < x2 are necessary and sufficient. The
numerical determination of the roots is
straightforward in principle, but it is more instruc-
tive to consider limiting cases analytically.

(At

The points x, and x, are both negative and
converge on x = (—2AL)? as also does the single
root (N=1for 4 > 1), as 4 * 0. A perturbation
solution of (3.3), (3.7) and (3.8) yields

K, ~tanh (2AL) (A t o). (3.10)

If AL is held fixed in this limit, #, ~ ALJ(x);
however, (3.10) is asymptotically valid for all L. If
AL 1 oo, x, * 1, and the limiting form of # is given
by (2.10).
()Lt

If AL is beld fixed in this limit (so that 4 { 0),
both x, and x, are large and positive, and the roots
of (3.7) tend to (nm)%, n = 1, 2, ..., N, and to
an additional root that is contiguous to x,. This
remains true for 0 < 4 < 4, but if 4 > 4 the
dominant root (n = 1) is negative. A perturbation
solution then yields

Ky~ 1—4(2—A"1)2e204-0L (24 — 1)L 1o,

3.11)

and 7, is given by (2.10). Note that #, is the
complete asymptotic solution (N = 1)if4 > 1.
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4. A singular example

Consider the boreé-like displacetnerit

No=#%#1 +tanhk&) *k>0,~c0<é< ), .1)
the substitution ef which into (2.3) yields
G =41 + &) sech? k& @.2)

The solution of the eigenvalue problem posed by
(2.5), (2.6) and (4.2) is given by Landaii and
Lifshitz (1958) and yields

Ky=1—(n—Dk *,>0,n=12,..,N), 43)

where N is the largest integer for which x, > 0.
Note that: () x, = 1, so that the asymptotic
solution obtained by substituting (4.3) into (2.8)
comprises 7, and (like 7,) has the limiting value 1
at ¢ = oo; (ii) N = 1 and (2.8) reduces to # ~ #, for
k > 1; (iii) n, > H() (Heaviside’s step function)
and § - (&) for k t o0

Now suppose that —1 < k < O in (4.1) and (4.2).
The solution of the eigenvalue problem then yields

K,=l+nk (-1<k<0,n=12,...N), (44

all of the components of (2.8) vanish as ¢ - +o0,
and hence # (unlike 7,) vanishes at & = —oo. There
are no eigenvalues (N = 0), and (2.8) is empty, if k¥
< —1. But = #y = 7, if k = —1, and this suggests
that the failure of # to reduce to 5, at { = —oo is
associated with the aforementioned non-uniqueness
of the solution of (2.2).
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O BHYTPEHHUX YEAWHEHHBIX BOJIHAX. 11

Metonom oOpaTHOH 3ama4Yd TEOPHM paccesHus
HafiAeHO acCHMNTOTHYECKOE MOBEACHHE OAHOMEPHBIX
BHYTPEHHHX YEAHHEHHBIX BOJIH, POXOAIOLIMXCA M3
JaHHBIX HAYanbLHLIX YCIOBHA, B TOH obiacTu mapa-
METPOB, TAe KBaApaTAYHAS MM KyOHUHAs HeJIuHeH-
HOCTH M [JHCHEPCHS HMEIOT OOMHAKOBBIA MNOPALOK
ManocTH, U3 HavansHOro cMeuleHHs PAMOYTOabHOR
dbopmMbI, KOTOpOE anmpoKCUMHpyeT moboe Haya-
JIBHOC CMCLLICHHE ¢ KOMIIAKTHBIM HOCHTEJICM, TTOJIy4ya-
erca N yenunenunix Bon ¢ N> 1. Camana 6wicTpas
M3 O3THX BOIH HamoMHHaeT Oop (xoropsiit, mo
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ONpeeNicHHIo, NPeacTaBnseT coboi mepenan MexIy
YPOBHSIMM TNOBEPXHOCTH BBEDX H BHH3 MO TEYEHHIO),
M HcHe3aeT Ha OeCKOHEYHOCTH BBEPX M BHH3 IO
Teuyenuio. TIony4eHo, YTO U3 HAYAJILHOTO H3MEHEHHSA
NOBEPXHOCTH YDOBHS, NP KOTOpDOM HOABEM OO-
pallleH B CTOPOHY paclpOCTPRHEHHs BOJIHBI, aCHMI-
TOTHYECKH MOJydYaeTcsi Hacroawwit 60p, a B NpoTH-
BOMOJIOKHOM Cllyyae aCMMNTOTHYECKOE pellcHHe
6opa He comepXMT. DTa NOCMEAHAA TPYAHOCTH
TpebyeT peweHus NpobneMel €IUHCTBEHHOCTH IS
HAYaJIbHBIX JAHHBIX ¢ HEKOMIAKTHEIM HOCHTETIEM.



