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ABSTRACT

Using three different distributions of potential vorticity, it is shown that the velocity field in the
equatorial undercurrent is not necessarily unique in an inviscid ocean. The uniqueness of the
velocity field is a function of both the thickness of the layer through which the undercurrent
flows and the distribution of potential vorticity. For the distributions studied here there is one
solution for a large layer thickness. As the layer thickness decreases, a second solution forms.
These two solutions then coalesce and vanish as the layer thickness reduces further. Increased
baroclinic behaviour qualitatively has the same effect as increased layer thickness. When two
solutions are present, the narrower of the solutions widens as the layer thickness decreases,

while the wider solution narrows.

1. Introduction

The eastward flowing equatorial undercurrent is
an important feature of the equatorial ocean. It is
typically about 300 km in width and 100 m in
depth, with a maximum speed of about 1 m/s. Non-
linear advective accelerations are generally thought
to be very important in the undercurrent. Never-
theless most of the theories that have been
developed are linear, although there are a few
examples of non-linear modelling. One such non-
linear model is that of Fofonoff (1954). In this
model Fofonoff studied the circulation set up in a
rectangular basin with a given distribution for the
potential vorticity. This led Fofonoff and Mont-
gomery (1955) to note that if friction is small, then
using the potential vorticity equation, it should be
possible to predict the vorticity of fluid particles in
the undercurrent from a knowledge of where the
particle originated. Fofonoff and Montgomery con-
sidered an example where the undercurrent on each
side of the equator originated from a specific lati-
tude on that side of the equator. Using the fact that
the undercurrent is zonal and so the zonal gradient
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of meridional velocity does not contribute to the
vorticity, they obtained the zonal velocity field. Un-
fortunately in their model, because particles either
side of the equator have different origins, there is a
discontinuity of vorticity at the equator. Ichiye
(1964) has pointed out that frictional forces can be
expected to smooth this discontinuity. He intro-
duced a new vorticity distribution without such a
discontinuity and studied the resultant under-
current. Despite this the new vorticity distribution
which he introduced does not give an undercurrent
of the form observed in field observations.

For the purpose of most studies of the equa-
torial ocean, it is generally assumed valid to neglect
the Lagrangian variations in the density of the
particles making up the equatorial undercurrent, as
they move eastward with the undercurrent flow.
Thus from the zonal variations in the density struc-
ture of the equatorial oceans (see for example
Lemasson and Piton, 1968, cited by Gill, 1975), it
appears that in both the Pacific and Atlantic
Oceans the equatorial undercurrent flows in a layer
which is thicker in the west than the east. The pur-
pose of the present study is to investigate the in-
fluence of changes in the thickness of layer through
which the undercurrent flows upon the under-
current. Because the meridional form of the under-
current is not represented well by the potential vor-
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ticity distributions of Fofonoff and Montgomery or
Ichiye, several new potential vorticity distributions
are considered here.

2. Formulation

The equatorial ocean is represented here by a
simple three-layer model. These layers correspond
to the mixed surface layer, the thermocline and the
body of the water below the thermocline. All layers
are taken to be of constant but different density.
The surface and lower layers are assumed to be
moving slowly compared with the centre layer.
This layer is assumed to contain the equatorial
undercurrent. A pressure gradient is maintained in
the surface layer by a constant zonal wind stress.
The entire system is taken to be frictionless and
steady. This study concerns itself with the centre
layer.

In any layer of a frictionless steady layered
ocean model, the potential vorticitiy, stream func-
tion and Bernoulli head are all conserved follow-
ing a streamline. Hence once a relation between
any two of these variables is known at one section
through which all streamlines pass, the relation
must hold at all subsequent sections. In the studies
mentioned in the introduction it was easier to con-
sider a relation between the potential vorticity and
stream function when studying the behaviour of the
layer containing the undercurrent. However, when
the layer thickness varies with the pressure in the
layer and the flow is geostrophic in one direction, it
is easier to use the potential vorticity and the Ber-
noulli head. Such is the case of the centre layer to
be studied here.

Suppose the relation between the potential vor-
ticity and the Bernoulli head is
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where f, is a function to be specified, u and v are
the zonal and meridional velocities and H is the
layer thickness which is a function of the layer kine-
matic pressure (pressure divided by density), p. fis
the meridional gradient of the coriolis parameter
and y is the meridional distance from the equator.
Provided vertical accelerations are small the
depth of each layer may be determined by hydro-
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static balance. For the model as just described, this
enables the layer thickness to be written as

H:Hm+p-(i+i) Q)
g1z 8

where g,, and g,; are the reduced gravitational
accelerations between the upper and centre layers
and the centre and lower layers. H_, is the layer
thickness at the edge of the undercurrent where p is
arbitrarily chosen to be zero. H_ is a function of x
only and its variation with x is determined by the
zonal wind stress.

As discussed in the introduction, it has been well
established in the literature on the topic that the
undercurrent is strongly zonal; that is the zonal
velocity and distance scales are much larger than
the meridional velocity and distance scales. Also
the zonal velocity of the undercurrent is often in
geostrophic balance. Hence

1 op
U=——— 3)

By oy
Philander (1973) discussed the evidence for this

assumption.
These assumptions concerning the zonal

behaviour of the undercurrent enable eq. (1) to be
written as
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Apart from the dependence of H on x, this equa-
tion is independent of x. Thus for any fixed x, the
equation may be integrated to determine the mer-
idional variation of the kinematic pressure, p. Out-
side the undercurrent p is zero.

The flow between any two streamlines must be
conserved and this is embodied in eq. (4). To show
this, note that if # is the Benaulli head

on LV op [Of! op
o By oy (ﬁy (ﬂy 6y) " ﬂy) ©
and so eq. (4) becomes
0
By 2" = Hfyn) ©)
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Equation (6) is a form of an equation first noted in
Fofonoff (1954} which relates the potential vor-
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ticity, stream function and Bernoulli head. Using

eq. (3) it enables the flow between any two energy
levels (that is Bernoulli heads), #, and #,, to be
written as

1 op

n, ny
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Now given 1, and 1,, the right-hand side of eq. (7)
is constant. Thus the flow between energy levels 7,
and n,, which implies two given streamlines, is
constant.

It is necessary for later use to note the conditions
governing the development of reverse flow. If

Lo 0 ty+#0 (8)
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then eq. (5) implies
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provided the potential vorticity remains finite. The
occurrence of eq. (9) does not imply eq. (8) because
the zero of eq. (9) may be associated with a zero in
potential vorticity. In many examples such a zero
occurs only on the equatorial streamline and then
the converse argument holds away from the
equator.

3. Solution for different energy-vorticity
relations

It is useful to non-dimensionalize the problem
before proceeding further. Let the distance scale be
{ and the time scale be 1/, where { is some arbi-
trary distance. Equation (4) then becomes

o(1op 1 [op\?
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Once the form of fy is specified, the form of the
undercurrent can be determined. Two under-
currents (currents 1 and 2) are considered here and
another one (current 3) later. The undercurrents

(10)
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considered here are

current 1
1 Mo
fim=— [——1,  0<n<ny aan
HO
and current 2
1 Mo
fn(n)=§ In—, 0<n<n (12)

]

To simplify the problem, in both these under-
currents 7 is restricted to decrease monotonically
with |p|. Hence according to the argument relating
eq. (8) to eq. (9), no reverse flow occurs.

H, is a standardizing depth and can be chosen
arbitrarily. 7, is a measure of the intensity of the.
undercurrent and can also be chosen arbitrarily,
provided 7, is positive. (If #, is negative, the in-
equalities on the range of # need to be reversed.)
Here only undercurrents for which #, is positive are
considered.

It can be seen from eq. (11) and eq. (12) that
with both undercurrents that have been intro-
duced, when 7 is at its upper limit, #,, the potential
vorticity, is zero. This corresponds to equatorial
conditions. The contour 7 = 0 marks the stream-
line at the outer boundary of the undercurrent. For
currents 1 and 2 the potential vorticity is infinite on
this streamline. Truncation at an earlier streamline
(i.e. placing the boundary of the current where n #
0) where the potential vorticity is not infinite, is
considered later. However infinite vorticity, and
hence by eq. (3) infinite curvature in the pressure
profile, does not cause an infinity in the current
speed.

Suppose that the flow on either side of the under-
current is at rest. The boundary conditions on eq.
(10) are then

p=0 atn=0 (13)
on both sides of the undercurrent. Using symmetry
about the equator, the integration of eq. (10) need
only be carried out for y > 0.

In eqgs. (11) and (12) the restriction was made
that » ranges from O to #, monotonically decreas-
ing as |y| increases. Suppose the integration of
these equations is started from y = 0, using the
starting value p = p,, then the integration can ter-
minate because either

. on
0] 8_y_0 (14)
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Fig. 1. The relationship between the half width and kinematic pressure at the edge of current 1. This was obtained
by integrating eq. (10) and eq. (11) for various values of the pressure at the equator. All values are dimensioniess.

reverse flow develops, # fails to decrease mono-
tonically; or
@) n=0
the outer streamline is reached.
Figs. 1 and 2 show the loci of the termination
point in (y, p) space as p, varies, for the various
currents. All integrations were carried out numeri-
cally by the Runge—Kutta method. Above the line
p = 0, these loci correspond to termination because
eq. (14) is satisfied. This can be seen by noting that
1/2y%- (8p/y)? and p must both be positive above
p = 0. Hence = 1/2y%- (dp/y)* + p must be posi-
tive and not zero, and so eq. (15) cannot be satis-
fied. According to eq. (8) and eq. (9), the solution
of eq. (10) would show reverse flow if integration
was carried on past a point on the loci. Below the
line p = 0, on the other hand, termination is caused
by eq. (15) being satisfied. To see this, suppose
on/dy = 0, then (1/y)(8p/6y) = O (see the note
after eq. (9) for conditions). Thus # = p. However p

(15)

is negative for points on the loci below p = 0 and so
n must be negative. Equation (15) restricts n to
being of the one sign, namely positive, and so there
is a contradiction. Hence the initial assumption that
on/dy = 0 at a point on the loci below p = 0 must
be wrong. Hence eq. (15), rather than eq. (14), must
be satisfied on the loci below p = 0. A solution
exists when p = 0 on the locus, as both eq. (14) and
eq. (15) are satisfied simultaneously. Hence boun-
dary conditions, eq. (13), are satisfied.

In the case of currents 1 and 2 which behave
very similarly to each other, it can be seen that two
currents can exist. Starting within the single-solu-
tion regime, as the depth decreases (that is H/H,
decreases), the single-solution regime becomes a
two-solution regime and then finailly a no-solution
regime, as seen from the number of intersections of
the locus with p = Q. When two solutions are
present, it is easy to see that one current narrows
and one current widens as the depth of the layer
changes. From eq. (7), it follows that both solu-
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Fig. 2. The relationship between the half width and kinematic pressure at the edge of current 2. This was obtained
by integrating eq. (10) and eq. (12) for various values of the pressure at the equator. All values are dimensionless.

tions convey the same mass flux of water within a
given energy range.

The behaviour of the undercurrent when there
are two possible solutions has an analogy in open
channel flow (Streeter, 1971). In open channel flow
there are two possible solutions for a given mass
transport. One of these solutions represents a deep
slow flow while the other solution represents a
shallow fast flow. If the width of the channel in
which this flow occurs is increased, the deeper flow
shallows while the shallow flow deepens. The anal-
ogous description for the equatorial undercurrent
when there are two solutions is that one of the solu-
tions represents a wide slow flow while the other
solution represents a narrow fast flow. If the depth
of the layer in which this flow occurs is decreased,
the wider flow narrows while the narrow flow
widens.

When the integration stops above p = 0, say at
p = pr > 0, it does so with dp/dy = 0, as discussed
in the paragraph after eq. (15). Such a zero gradient
in the pressure corresponds to a zero zonal velocity
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because ¥ = —(1/y)(&p/dy). This point can be
made to correspond to the outer streamline condi-
tions of a current by considering the far field to be
at a pressure p; rather than 0. This merely involves
changing the datum of the pressure. The range of
integration is then not from 0 < 5 < #,, but from
Pr € n < 1, This change of the energy of the ter-
mination point from 5 = 0 to # = p, means that the
current now terminates with a finite vorticity. It can
be seen from Figs. 1 and 2 that a single-current
regime with termination occurring when 7 = 0
often becomes a two-current regime when termina-
tion occurs at 7 = p,. With very high values of p,,

~a no-current regime is encountered according to

Figs. 1 and 2. Thus the double current structure is
not directly related to having a large potential vor-
ticity streamline at the outer boundary as in
currents 1 and 2. The double current structure is
tied closely with the particular distribution of
potential vorticity with stream function or energy.
In Figs. 1 and 2, C? has been specified as
H_/(1/g,, + 1/g,;). C? is thus a measure of the
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Fig. 3. The relationship between the half width and kinematic pressure at the edge of current 3. This was obtained by
integrating eq. (10) and eq. (16) for various values of the pressure at the equator. All values are dimensionless.
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Fig. 4. The relationship between the kinematic pressure and meridional distance from the equator for the low and
high pressure currents of form current 1 when H = H,. Note the smooth behaviour of the solutions. Both of these
currents have the same zonal mass flux associated with them.

baroclinic response of the system. When C?is large
the model behaves barotropically. When C? is
small the model behaves baroclinically. It can be
seen from Figs. 1 and 2 that baroclinic behaviour
moves the loci upwards, thus effectively increasing
the value of H_/H,, hence H. This result can be
inferred for an eastward flowing undercurrent (p is
positive in such a current) from eq. (2) and the defi-

nition of C2. If the current were westward flowing,
p would be negative and H would be decreased.

It is constructive to consider one other function,
Jg giving a third current. The function for current
3is
(16a)

rope kB, 1
B(”)—‘HO 7’*’ ¢_ ’
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where ¢ is given by the root greater than or equal to
1of
¢tn—93C,—2Ci=0 0<n<n,=Ct+C,
(16b)

with # again decreasing monotonically with |y| so
as to avoid reverse flow by eq. (9). This relation-
ship defining f; may seem needlessly complicated,
but it has in its favour that it admits the solution

% an
p= s '

yi+1

when H = H, for all y. By eq. (7), this current is
transporting the same flow as any other currents
which result from eq. (16). By eq. (3) this flow is
—ho/ (1/y)(8p/ 8y)dy on each side of the equator.
Substituting eq. (17) to eliminate p gives the flow in
terms of C, and H,. The resulting integral, when
evaluated by contour integration around the upper
half of the complex y-plane, gives this flow as
(n/2)C, H, on each side of the equator. It can be
seen from eq. (17) that for the current given by eq.
(16), the distance scale, {, is the distance at which
the pressure falls to one half of its equatorial value.
As before in Figs. 1 and 2, the locus of the ter-
mination point is plotted in (y, p) space, Fig. 3. The
behaviour is similar to that of currents 1 and 2.
However when H = H,, the locus distorts to
include the solution of eq. (17). In the region of
high p, the curve truncates at low y because an in-
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flection point develops in the p profile and this ulti-
mately gives reverse flow, as discussed below.

Two further points are worth noting. Firstly, in
order to obtain a similar behaviour, discussed
above, from the various currents, the values of C,
(defined by 5, = 2C? + C,) are much higher for
this current, current 3, than for currents 1 and 2.
All these three currents have the same range of
vorticity.

For C, > 0.4696, there is a range of vorticity for
which the function, f;!, associated with current 3
is not single-valued. Thus rather than increase
monotonically with |y|, the vorticity decreases over
part of the range of |y|. The effect of this on the
undercurrent pressure profile can be seen in Fig. 4
and Fig. 5 as a strong inflection where there is only
a low velocity in the high pressure solution of
current 3 which is lacking in current 1. This may
explain the high value of C, required by this current
to obtain a similar behaviour to currents 1 and 2.

Secondly, the solution corresponding to eq. (17)
fails to exist for H # H,. This is explained by con-
sidering the flow in which a small finite variation,
O0H, in H occurs within a finite change in x. This
suggests a variation in y following a particle of dy =
y(6H/H) at large |y|, so that the potential vor-
ticity, which is approximately fy/H at large |y|,
remains constant on streamlines. Hence v ~
uy(9H/6x)(1/H), which for large |y| contradicts

0 05 10 15 20 25 3-0

35

DIMENSIONLESS MERIDIONAL DISTANCE, y

Fig. 5. The relationship between the kinematic pressure and meridional distance from the equator for the various
forms of current 3 where H, = H_ and C, » o or C, = 1. Note the distortion of the high pressure current. All of

these currents transport the same zonal mass flux.
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the assumption of strong zonal behaviour. Hence
the derivation of eq. (4) breaks down. This does not
mean that a current of the form eq. (17) cannot
exist. It merely means that the theory presented
here is invalid in studying such a current.

4. Discussion

Fofonoff (1954), Fofonoff and Montgomery
(1955) and Ichiye (1964) have all carried out in-
vestigations of the flow pattern generated by a
given distribution of potential vorticity with stream
function. By choosing a linear distribution of
potential vorticity, they solved linear equations to
obtain a unique flow pattern. Here it has been
shown that for a given distribution of potential vor-
ticity with stream function or Bernoulli head, the
flow pattern is not necessarily unique.

Depending on the distribution of potential vor-
ticity, the layer thickness and the extent of baro-
clinicity, two solutions for the equatorial under-
current may be possible. As the layer thickness
decreases, the narrower of the two solutions
widens, while the wider of the two solutions
narrows. Eventually some critical depth is reached
at which the two solutions coalesce to give a single
solution. This solution then vanishes with further
decreases of the layer thickness. This behaviour is
in some ways analogous to open channel flow, as
discussed earlier. An increased baroclinic
behaviour effectively increases the layer thickness.

The width of the observed equatorial under-
current does not vary greatly along the equator,
but remains constant at about 300 km + 100 km.
However, the model given here suggests the width
is sensitive to the thickness of the layer containing
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the undercurrent. This implies that either there is
little zonal change in the layer thickness (assuming
the continuously stratified ocean can be validly
approximated by a layered ocean) or the equatorial
undercurrent is dominated by friction. Based on
observations of the persistence of the high velocities
in the undercurrent, especially in the Atlantic and
Pacific Oceans, it seems unlikely that the latter is
true although it cannot be totally dismissed as a
reason for the breakdown of the model.

The thickness of the layer through which the
undercurrent flows does, however, decrease
towards the east was noted in the introduction.
This provides a dilemma. A possible explanation
of the dilemma may be that the density of a particle
in the undercurrent does not remain constant and
so the changes in the density structure of the equa-
torial ocean do not indicate whether vortex lines
are being compressed or stretched. In addition such
density changes may enable a meridional circula-
tion to be established—as is found in most homo-
geneous models of the undercurrent (Gill, 1975).
Such a meridional circulation may also influence
the structure of the undercurrent.

The non-linear behaviour of the equatorial
undercurrent is extremely complex. This study
highlights the complicated behaviour which can be
obtained from non-linear models of the equatorial
undercurrent.
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YTOHBUIEHUE 3KBATOPHAJIBHOI'O

ITyTeM ucCnoONb30BaHHS TPEX PA3IMYHBIX pacrpenese-
HYl NOTEHUHANbHOTO BHXPSA IOKA3aHO, MTO MOJiE
CKOPOCTM B JKBAaTOPHANBHOM TINIyOMHHOM TpO-
THBOTEYEHMH oONpelelaeTcs HeoaHo3HayHo. Ea-
HMHCTBEHHOCTb M0JIS CKOPOCTHABISAETCS PyHKLMEHK KaK
TOJIUIKHLI CJIOSA, Yepe3 KOTOPbI NPOXOOMT TEYeHHUE,
TaK M pacnpefe/ieHdss MOTEHUHATbLHOro BHXps. s
pacripelieicHd}, HM3YyYaeMbIX 30eChb, MMEETC OOHO
peiieHue Ana Goboi TomuuHel cios. IMo Mepe
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I'’TYBUHHOI'O TTPOTUBOTEYEHUA

yObIBaHUS TONLIMHBI clos  (opMupyeTcs BTOpOe
pelieHue. JTH ABa PELIEHUS 3aTEM CIHBAIOTCH U
HMCYE3aloT M0 Mepe JajbHedIlero yMeHbLIEHHsS
TOJMIUHHBL C0A. PocT 6apOKIMHHOCTH Ka4YeCTBEHHO
[IPUBOSUT K TOMY %Ke 3(GeKTy, 4TO U POCT TOJIIHHEI
cinosa. Korja mpucyTCTBYrOT HBa pelieHHs, OoJiee
y3KOe pelleHHe PAaCUIHPAETCA MO Mepe yObIBaHHA
TOJNIUMHBI CJIOfA, TOTAA KaK GoJiee WHUPOKOE pellicHHE
cyxaercs.



