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ABSTRACT 

The paper considers fluxes of brackish and ocean water out of and into an estuary as 
well as the depth of the halocline in the estuary. The discussion ignores the details of 
the mass distribution and circulations in the main body of the estuary (except for the 
halocline depth) and concentrates on determining the flow conditions and interface 
depths in the vicinity of the mouth. The flow there is considered to be frictionless and 
the pressure hydrostatic, and the first part of the analysis, which assumes strong mix- 
ing (and, therefore, a deep halocline) in the estuary, yields the same results as those 
of Stommel and Farmer for their “overmixed” state. Phenomena in this state are 
determined by a non-dimensional number Q proportional to  the fresh water influx 4,. 
On the other hand, the problem can also be solved when the mixing is zero. The two 
extreme cases suggest a dependence on a mixing number M for arbitrary mixing. 
This permits a complete solution for the ocean water flux, brackish water flux, depth 
of the interface at the mouth, salinity of the brackish water, depth of the halocline 
in the main body of the estuary and height above sea level of the free surface in the 
estuary, all as functions of Qfand M .  An interesting feature of all solutions is the main 
halocline depth which always becomes large for both weak and strong fresh water 
fluxes and therefore has a minimum at a value qtm which varies with M .  This behavior 
has been observed in Alberni Inlet in British Columbia and in a laboratory experiment 
by Welander. Comparison of theory with the Baltic Sea leads to some numerical re- 
sults and speculations. 

1. Introduction 

We are concerned here with flow and salinity 
patterns in  an estuary and near the mouth of 
an estuary. We have i n  mind a body of water 
like the  Baltic Sea, although t h e  model has  
variable parameters which permit application 
t o  almost a n y  estuary whose mouth has  a width 
small compared t o  the  general horizontal di- 
mensions of the estuary. A comparison is also 
possible with laboratory experiments designed 
t o  produce estuarine circulations. 

We have neither the  inclination nor the  com- 
petence to discuss at a n y  length the  practical 
importance of studies of estuarine circulations 
and  mass distributions. The problem of pollu- 
tion of waters near t h e  surface obviously de- 
mands attention, bu t  another problem of strong 
interest for the  Baltic and many fjord-type 
estuaries of Scandinavia is the  stagnation of 
the  deep water (Fonselius, 1962, 1967, 1969; 
Gade, 1970). This is associated with the block- 

ing effects of the  sill and other obstructions to 
deep water motion in  conjunction with the  
stabilizing effects of t h e  typical density in-  
crease with depth in  an estuary associated with 
temperature and salinity variations in t h e  ver ~ 

tical. The water motions are  very slow a n d  
therefore even exceedingly weak density in- 
creases with depth greatly inhibit vertical 
motions. The water stagnation implies very 
weak or zero turbulence in  the  deep waters and  
little turbulent mixing with the fluid above. 
This in  turn  cuts  off the supply of oxygen from 
the aerated surface water, and the  deep layers 
may ultimately become completely exhausted 
of oxygen. This has been a progressive develop- 
ment in  the deep Baltic over the past 75 years. 
One station in  the central Baltic shows an 
oxygen saturation decrease from 30 % t o  near 
0 %  during this period at a depth of 160 m 
(Fonselius, 1969). Fonselius has warned t h a t  
the Baltic deep water may soon become devoid 
of life. 
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Fig. 1. Model of an estuary. 

The complexities of real estuaries have been 
emphasized by many authors, e.g. Pritchard 
(1956), Fonselius (1969), Gade (1970) and We- 
lander (1974). The Baltic, for example, is con- 
nected to its source of salt water, the Katte- 
gat, by the Danish Belts and the Bresund. This 
in itself is a great complication compared to 
our model which is portrayed in part in Fig. 1.  
The model has a single connection to the ocean. 
When we compare the model and the Baltic 
we consider only the Great Belt which, in fact, 
is mainly responsible for the fluxes into and 
out of the Baltic. We take the minimum width n7 = 15 km for the Great Belt and a mean depth 
at  this section 5 = 18 m. In the model, the estu- 
ary waters and the flow a t  the mouth are divided 
into two layers by a thin interface, described 
as the halocline in the main portions of the 
estuary. This is not a bad approximation for 
the Baltic which has a permanent halocline of 
thickness 10 m at a depth D =  60 m, although 
there certainly are vertical and horizontal 
gradients of salinity above and below the 
halocline. For example, the salinity of the in- 
flowing water in the Store Belt is about 17.5%, 
compared to 1 1  %. in the Baltic deep water al- 
though the model ignores this and assumes no 
mixing as the ocean water pours into the basin. 
The salinity of the upper layer in the Baltic is 
about 7%,. The model assumes that the inflow- 
ing water is all ocean water; by way of com- 
parison, some of the outflowing Baltic water 
mixes with the Skagerak water and recirculates 
back into the Baltic. 

The water balance of the Baltic region in- 
volves a close equality of precipitation and 
evaporation so that the fresh water influx q, is 
equal to the river runoff which we take to be 
qr = 1.49 x 1010 cms/sec. The outflowing water 
has a flux ql which is about twice the magnitude 
of qr (Brogmus, 1952). 
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Estuarine circulations are usually very small, 
of order of centimeters per second or less, and 
this suggests a consideragle importance of 
friction. This has been confirmed by many in- 
vestigations (e.g. Pritchard, 1956) and the 
author has treated this theoretically (Long, 
1 9 7 5 ~ ) .  At a narrow mouth, however, speeds 
increase very considerably, inertial, pressure 
and gravity forces become comparable (Long, 
1975a) and friction beomes relatively much 
less important. In the present paper we confine 
attention to flows near the mouth and we 
neglect friction entirely in this region. 

As the fresh water enters the estuary, it  
tends to mix with the salt water from the lower 
levels. This mixing is caused primarily by 
turbulence near the halocline ( 1 )  arising from 
local shears imposed by tidal currents and cur- 
rents due to wind stresses applied to the water 
surface, or shears associated with the motions 
of the estuarine circulation, or (2) arising from 
a flux of turbulent energy from higher levels 
(energy flux divergence term in the turbulent 
energy equation), or (3) arising from convection 
due to local decreases of mean temperature with 
height. Turbulence in layers below the halocline 
will be much weaker and is ignored in the model. 

We relate the mixing to laboratory experi- 
ments designed to study turbulence in a stably 
stratified liquid. The first of these was by 
Rouse & Dodu (1955) and consisted of a vessel 
with two layers of liquid of different densities 
as in Fig. 2. A grid of metal bars was oscillated 
vertically in the upper layer with a small 
stroke a, and observations were made of the 
entrainment velocity, u,, or downward propaga- 
tion of the interface. In this and other figures, 
the interface is shown as a discontinuity of den- 
sity. Actually it is a thin layer of thickness 
1-2 cm. Some experiments (Moore & Long, 
1971; Long, 1973) suggest that the interface 
thickness is proportional to the interface depth 

Fig. 2. Mixing experiment of Rouse and Dodu. 
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D with a constant of proportionality of about 
1/6. This agrees well with estimates in the Bal- 
tic cited above. 

A number of investigators have studied ex- 
periments similar to that in Fig. 2 (Cromwell, 
1960; Turner, 1968; Brush, 1970; Wolanski, 
1972; Turner, 1973; Linden, 1973; Crapper, 
1973; Crapper & Linden, 1974; and unpublished 
observations by Claes Rooth). It is possible, 
for example, to obtain a statistically steady 
state by supplying fluid to the lower layer and 
by adding and subtracting fluid from the upper 
layer. This has an obvious analogy to an estuary 
with the influx of ocean water in the lower layer, 
and the influx of fresh water and the outflow 
of brackish water in the upper layer. 

In  these stirring experiments at large Rey- 
nolds and P6clet numbers (Crapper & Linden, 
1974), it appears that the entrainment velocity 
obeys a relationship 

where D is the depth of the mixcd layer, and 
u* =ou, where o is the frequency of oscillation 
of the grid. K ,  is a constant and Ah is the in- 
crement of buoyancy across the interface. 
Buoyancy is defined by 

where e is density, el is the density of fresh 
water and g is gravity. 

Several experiments have been constructed 
to introduce shearing currents in turbulent 
density-stratified systems in an effort to simu- 
late atmospheric and oceanic phenomena. The 
first of these of direct relevance to our discus- 
sion was that of Kato & Phillips (1969). The 
apparatus was a large circular annular channel 
filled with salt water with an initial linear den- 
sity gradient. A constant stress t = t ~ $  was ap- 
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Fig. 3. Experiment of Kato and Phillips. 
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Fig. 4. Wu's experiment. 

plied by rotating a flat screen at  the surface 
(Fig. 3). They found, for larger values of Ri,, 

where Ri,  is of the same form as in eq. (1) 
although u* has a different meaning. The same 
experiment with a lower layer of uniform den- 
sity is now being investigated by Prof. Phillips 
and L. Kantha a t  The Johns Hopkins Univer- 
sity. 

Also of interest is a recent experiment by 
Wu (1973), shown schematically in Fig. 4, in  
which the source of the shear was a current of 
air blowing over a vessel containing a two-fluid 
system. Wu also obtained eq. (2). 

The experiments with and without shear ap- 
pear to be governed by different laws, but the 
author (Long, 1975b) has offered a unified 
theory which may be expressed as 

(3) 

where u, is the rms horizontal turbulent veloc- 
ity near the interface and I is the integral 
length scale. It is reasonable to assume that I is 
proportional to the depth of the mixed layer 
and we therefore adopt the form 

(4) 

where we estimate K ,  -0.093 from experi- 
ments (Long, 1975~) .  Eq. (4) is used in the 
discussion of the halocline depth in an estuary 
in the sections below and we avoid, thereby, 
the need to introduce eddy-diffusion coeffici- 
ents. 

It is instructive to compute the entrainment 
velocity for two choices of the quantities in 
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Fig. 5. Conditions near the mouth in a vertical 
section. 

eq. (4). In the Baltic, for example, if we use 
the salinity difference of 4%,, we get Ab - 3 . 2  
cm/seca. The turbulent intensity is very un- 
certain and u, is sensitive to its value, but if 
we use an estimate a,, = 1.4 cm/sec suggested 
by a discussion near the end of Section 4, and 
D = 60 m, we get u, = 1.1 cm/day. This suggests 
very slow adjustments to changes in fresh water 
supply and turbulent intensities. In estuaries 
in which tidal effects are large a, may be much 
larger. If we use a,=10 cmlsec, D =15 m, 
Ab = 10 cm/seca, more appropriate, say, to 
estuaries in British Columbia (Pickard & 
Rodgers, 1959), we obtain u , = 5  m/day and 
adjustments to changes will be very rapid. 

2. Analysis of flows and interface 
depths near the mouth €or deep 
halocline 

Fig. 5 is a picture of conditions near the 
mouth. The plane z = O  is taken at  the average 
level of the bottom of the channel at the con- 
trol section, and f l  is the height of the free sur- 
face of the open ocean. Elsewhere the free sur- 
face has a height f l  + AH(x ,  y .  t )  where AH is 
very small and negligible in the analysis except 
where it contributes to horizontal pressure 
gradients. In the main body of the estuary (as 
x +  - co), AH = AHo where AHo is constant. 
The equation of the interface is z =&x, y ,  t )  
and we picture it in Fig. 5 after the initial in- 
stant at which time we assume that both fluids 
were at rest, separated by a partition a t  the 
control section with a free surface elevation f l  
for x > O  and h + A H o  for x 40. In the actual 
estuary the elevation AHo is directly related to 
the fresh water influx qr and, perhaps, to some 
measure of the mixing, but these relationships 
may be ignored in the analysis of conditions 
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near the mouth. Fig. 6 shows a horizontal sec- 
tion with width B and a minimum width W .  
AverEges of these vertically are denoted by B 
and w. 

Let us now write down a complete statement 
of the initial-value problem. We will neglect 
friction and diffusion and use the Boussinesq 
and hydrostatic approximations and the as- 
sumption that AH is small. The last three as- 
sume 

AQ ?? AH0 
--tl, p, - - < I  f l  
el 

where AQ is the density difference between the 
two fluids and 1 is the longitudinal length scale, 
say a typical radius of curvature for the bot- 
tom profile in a plane y =constant for a smooth- 
ed bottom topography. Using ( (2 ,  y )  as the 
height of the bottom above z = 0 ,  the problem 
is determined by 

-+u,>+v,-= av, av av, -9- a(AH)  
at ax ay ay 

a& I a(ulh1) I a ( v 1 4 )  
at ax ay 

au, au, au, a (AH)  + Ab el - + u,- + vo- = - g- 
at ax ay ax ax 

- 0  

avo avo avo a (AH)  + Ab a& 
at ax ay aY ay 
- + u o - + v o - =  -9- 

f 

Fig. 6. Conditions near the mouth in a horizontal 
section. 
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At z = 00, u0 = v0 = U ,  = V, = 0, AH = 0 

At z = - 03, u0 = v0 = U ,  = v1 = 0, AH = AH,, 

(12) 

A H = A H 0 , x < 0 ;  A H = O ;  2 2 0  

Interface has equation x = 0 (13) 

In the equations above, uo, vo, ulr v, are in- 
dependent of z. This follows from the hydro- 
static assumption and the assumption that the 
fluids in the main body of the estuary and the 
open ocean are at rest. The latter is a good ap- 
proximation if speeds in the vicinity of the 
mouth are considerably larger than in the ocean 
and the estuary. 

Let us now introduce non-dimensional quan- 
tities as follows:1 

wr 
ul = (A&)”’ u:, V, = ( A b 6 ) ” ” ~  ~ 1 ,  

A 

w ,  
u0 = (AbL)”’ u;, v0 = (Ab6)”2 - V O  

1 

<=A<’, h l = 6 h : ,  A H = A H o A H ,  x=Ax’, 

I t  ’ 
(Ab6)’12 

- 
y/=f17yg t = - -  

Eqs. (6)-( 13) become 

a 4  ,au;  AH') 
- +%-, - +,2, at’ ax 

aui avi 
ax‘ ay‘ 

_ -  - + - (20) 

Interface has equation 2’ - 0 (22) 

where 

and where we have assumed, in addition to eq. 
( 5 ) ,  

Because of eq. (24), AH,  and the depth of the 
interface depend only on x and t .  Notice also 
that eq. (24) and the assumption of irrotationality 
permit the neglect of au;/ay’ and auilay‘ in 
eqs. (15) and (18). Notice also that we have 
neglected any influence of the depth of the 
halocline in the estuary. If the depth is D,  we 
are, in effect, now assuming 

h 
-<1 
D 

As a result of the approximations in eq. ( 5 ) ,  
(24) and (25), the flow depends on only on0 non- 
dimensional number 8. We will see that /l is of 
order one (actually l/2) even when AH,, -0. 

After some time, conditions near the mouth 
will become steady and, reverting to dimen- 
sional notation, we obtain the two approximate 
Bernoulli equations 

4 
- + gAH = gAHo 
2 

Although does not occur explicity in eqs. 
(6)-( 13), i t  occurs implicitly in the expression for 
5(G Y). 

4 
- 2 + g A H - A b h , = O  (27) 
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where we have assumed the behavior h, - 0 as 
x - 00. Eliminating gAH and introducing the 
constant fluxes q,, and ql ,  we obtain 

where we ignore the difference in mean channel 
width in the two layers. The quantity 8, is the 
depth of the lower fluid averaged over a sec- 
tion. Differentiating eq. (28), we obtain 

dhl a 1 d B  
d x  d x  B dx 
- (E+B’ i - l )=  - E -  + 2(h1-/?A)= - 

where the Froude numbers are defined by 

where [ is the elevation of the bottom above 
z = O  averaged across the section. At the con- 
trol section, by definition, the water depth is 
constant or a minimum and the channel width 
is a minimum, so that the rhs of eq. (29) is 
zero there. Let us assume, tentatively, dh,/ 
dx = 0 a t  the control section. Differentiating 
eq. (29) again, we obtain an additional equation 
at the control section, 

d’ f 1 d ’ B  o =  -e-+ 2(h,-BA)= - 
dx‘ B dx’ 

where we have put dBhl/dxB = O  because, on 
physical grounds, h, should be neither a maxi- 
mum nor a minimum at the control section.1 
Eq. (30) is highly unlikely because we would 
not anticipate that the velocities and the inter- 
face depth are sensitively dependent on bound- 
ary curvatures. We conclude that dh,/dx$O at 
the control section and that 

The situation is different from water flow over 
an obstacle in a stream in which the slope of the 
free surface can be zero at the obstacle crest. In 
the present case the light brackish fluid spreads 
laterally as it enters the ocean and the interface 
should rise sharply. The heavy ocean water moving 
into the estuary also contributes to a strong slope 
of the interface. 
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Eq. (31) is the critical conditions of Stommel & 
Farmer (1952, 1953) and we adopt it here. 

If we combine eqs. (28) and (31), and denote 
by qA the height of the interface above z =0, 
we obtain 

Ft = 3 ~ j  - 2  +2B (32) 

In  view of eqs. (15)-(22), fi ,  E“, and 7 are all 
functions of /? only. 

Let us now investigate the form of eqs. (15)- 
(22) in a somewhat simpler geometry in which 
the bottom is level near the mouth, the chan- 
nel widens indefinitely for 1x1 = 03 and the 
width is symmetrical about x =O. We use the 
transformations 

BAH(x‘ ,  t’) - h;(x’, t’)  =BAH*(x*, t*) -,!I 

hi(x’, t’) = - h:(x*, t * )  + 1 

G ( X * ,  y’, t’)  = - U?(X* ,  y*, t * ) ,  

w;(xr, y’, t’)  = w?(x*, y*, t * )  

zGi(x’, y’, t ’ )  = -u:(x*, y*, t * ) ,  

v:(x’,y‘,t’) =?&x*,y*,t*) 

In  terms of these starred variables, the equa- 
tions and boundary and initial conditions are 
identical to those in eqs. (15)-(22) (after setting 
5‘ = 0) provided =Be = ), and the invariance 
may be used to show that 7 = ). Obviously 
this corresponds to small q, and using eqs. (32) 
and (33) we may write 

Ft - E = +, 7 = +, B = + for small q, (35) 

Although the model is somewhat simplified, we 
assume that (35) holds in the general case. 

On the other hand, let q, increase to a value 
qfC at which q just becomes zero. We picture 
the situation in Fig. 7. To the right of the inter- 
face the velocities are zero, and differentiating 
eq. (28) in the region x 0 , we get at the con- 
trol section 

dh 
dx 

(P;-l)--’=O 
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Fig. 7. Conditions near the mouth when basin fills 
with fresh water. 

Thus 

FT = 1, F: =0 ,  77 = 0 ,  f i  = $  for qfc (36) 

We will now assume simple linear forms for 
F: and Fi as functions of f i  (or 77) satisfying 
the extremes in eqs. (35) and (36), namely, 

Fy = 1 - 7 ,  Fi = r l ,  f i  = 8  2( 1 - 4  377) (37) 

There are several consequences of the assump- 
tion in eq. (37). If we differentiate eq. (29), at 
the control section, we obtain 

1 d2B 
B dx’ 

+ 2P(1-)7-/9)= -- 

(38) 

We see from eq. (37) that the left-hand side of 
(38) vanishes whereas the right hand side is 
non-zero of order h2/A2. In view of the ap- 
proximations made in the development, we 
conclude that a consequence of eq. (37) is that 
the slope of the interface at  the control section 
is much larger1 than h/A. It follows from eqs. 
(35), (36) and (38) that the interface slope is 
large when q, is small and large, and the 
likelihood that it is true for other fluxes est- 
ablishes the plausibility of the assumed forms 
in eq. (37). 

The equations for the Froude numbers in eq. 
(37) are identical to those found by Stommel & 
Farmer (1952, 1953) and we should discuss the 
relationship of their approach to that of the 
present paper. They argued that for weak mix- 
ing the fresh water should flow directly to the 

Since the interface slope is much greater than 
the bottom slope, we justify a posteriori the neglect 
of the bottom slope in deriving (35). 

This follows below from eq. (46). 

mouth in a layer of finite thickness over a 
stagnant body of ocean water. As mixing in- 
creases, the salinity s, of the outflowing water 
increases. I f  we combine the critical condition 
and mass and salt conservation, we may write 

(39) 

where A S  =(So -S,)/S, and So is the salinity 
and b, the buoyancy of ocean water. If at  a 
given Qf, AS is a minimum for variations of 7, 
i.e., if 

we obtain 

and this is easily seen to be equivalent to the 
results in eq. (37). This extreme state was 
called “overmixed” by Stommel & Farmer. 

Let us now attempt to establish this result 
in terms of the approach in this section. In 
the general case of arbitrary mixing the prob- 
lem is determined by two parameters Q f  and 
a parameter involving the turbulent intensity. 
We will define this parameter in the next sec- 
tion as 

where A is the area of the estuary and K ,  and 
u, appear in eq. (4). When the mixing is zero, 
M is infinite. We may presume that the “over- 
mixed” state corresponds to M = 0. In our 
present version of the problem, we find2 that 
D - 03 as M -0, and therefore variations in 
A S  become insensible as M -0, i.e., 

(43) 
d(AS)  d(AS)  dM 
-=__  -+O as M+O 
dD dM dD 

where we keep Q, fixed. Since 7 is a function 
of M ,  we may also write 

d(AS)  d y  dM 
- - - + O  as M+O 

d y  dM dD (44) 
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If it were possible to establish that dq/dM and 
dMldD are finite and different from zero as 
M + 0, then Stommel & Farmer's assumption, 
d(AS)/dq =0, would follow from the more 
physical assumption in (43). The author has 
been unsuccessful in establishing this behavior 
of dqldM and dMldD; indeed in the deter- 
mination of the problem in the next section, 
all three derivatives in eq. (44) tend to zero as 
M +O. The condition d(AS)/dq = O  and the 
Stommel & Farmer theory seem well established 
on the basis of the close agreement with labora- 
tory experiment and we will accept eq. (37) for 
M + 0 in the next section. 

3. Solution for arbitrary mixing 
and fresh-water influx 

We have the behavior of eq. (37) as one ex- 
treme: 

F;=(l-q), p = - -  1 - - q  :( 3 
as M-tO (45) 

When the mixing is finite, AID is no longer 
small and we have the additional eq. (4) which 
may be written 

or 

(47) 

Let us consider the opposite extreme of o,, + 0. 
Then M-DO, q o - O ,  f l - 0 ,  F i - 1  andeq. (32) 
yields 

B ' ; = I ,  F :=O,  @ - E ( l - q )  88 M - c o  

(48) 

If we now compare the expression for /I for the 
two extremes corresponding to M = 0 and 
M = 03, we may attempt to construct an expres- 
sion for as a function of 7 and M for the 
general case. A simple form which satisfies the 
two extremes, ,!l -&l -q) as M * DO and 
B = & I  -:q) as M + o  is 
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(49) 

where a and s are constants. There are addi- 
tional requirements which must be satisfied, 
however. Thus aa a,, - 0 it follows from eqs. (27) 
and (48) that 

The result Dlh, =! has been derived by Binney 
(1972). Eq. (47) indicates 

A combination of eq. (33) and eq. (49) yields 

According to eq. (46) 

As a,, - 0, all other quantities remain finite and 
we see that 8 = 2. Now consider h + DO, h, -+ DO. 

Then M --t DO. Since all other quantities remain 
finite, eq. (51) cannot be satisfied. We may 
overcome this by replacing (aM)P by (aM)*( 1 - 4)' 
and the two extreme forms for p are still 
satisfied. We now notice that eq. (51) should 
be correct as a,+O no matter what the depth 
h, is because the lower fluid comes to rest. This 
is not possible, however, and accordingly we 
replace ( a M ) a ( l  - q ) e  by (aM)'(l -7)*q4. Since 
D-Zh,, Ab-b,, as 0,-0, eq. (51) yields a = &  
With these choices, the problem is now deter- 
mined by the equations 

1 3 q [16+ 27Ma(l  - q)*q4] 

[4+9Me(1-7)P74] 

(AS)*(l-  q)'[4 + 9M*( 1 -7)' q4 - aq] 
[4 + 9M*( 1 - q ) * q 4 ]  

Q; = (53) 

4?14 (1 - AS)' = 
(1 - q)'[4 + 9M'( 1 - 7)' q' - 4q] (54) 

(55) 
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\AS 
0 I I I ! 1 
0 I 2 3 4 5 6 

M ‘  
Fig. 8 .  Interface and halocline depths and salinity differences for an infinitely deep estuary. D; and h; are 
defined in eq. ( 5 7 ) .  

4. Discussion and numerical results 

The simplest example of a solution of eqs. 
(52)-(55) is an estuary with an infinitely deep 
sill, i.e., A- 03. The solution then depends on a 
single non-dimensional number 

Using the definitions 

Db;:3 p,a b l , 3  p 3  
0; = h ’ - L ! - -  

9;‘3 ’ - 9;’:’ (57) 

We get 

Results are shown in Fig. 8. The depth of the 
interface at the mouth h, and the halocline 
depth D increase monotonically as M‘ decreases 
(mixing increases). D is about twice as large as 
h, for larger M’ over most of the range of M’. 

The salinity of the outflowing fluid increases 
monotonically as the mixing increases and the 
fresh water flux decreases. The flux of the out- 
flowing fluid changes very slowly with M‘ over 
most of the range, ql/qr = l / A S  increasing from 
1.0 to 1.5 as M decreases from infinity to 
M’ 2 1.  Below M’ = 1 ,  ql /qf  increases more rap- 
idly but only begins to exceed 2.0 when M‘ 
drops below M’ = 0.1. 

When the sill depth is finite, eqs. (52)-(55) 
reveal a common behavior for all values of M ,  
namely that the halocline is very deep for both 
small and large values of the fresh-water flux 
qr, with a minimum a t  a value of Qrm deter- 
mined by M .  The quantity Qrm decreases with 
M ;  for example Qfm =0.244 a t  small M ,  Qfm = 

0.08 a t  M = 100 and Qrm =0.03 a t  M = 1 000. 
The behavior of D ,  as a function of Qr is 
shown in Figs. 9 and 10 for smaller and larger 
values of M ,  respectively. When M exceeds 
100 or so there is little change in the behavior 
over most of the range of Qr except near Qrm. 
There the halocline depth continues to decrease 
strongly as M gets still larger. 

Fig. 11 shows an experiment by Welander 
(1  974) similar to the model of this paper. Data 
are lacking to permit a careful comparison but 
M = 8 seems a good choice. Constants were 
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0 0.1 0.2 0.3 0.4 0 . 5  0.6 0.7 0.8 0.9 1.0 

O f  

Fig. 9. Halocline depth as function of fresh-water 
influx for smaller values of M. 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
Of 

Fig. 10. Halocline depths as function of fresh- 
water influx for larger values of M. 
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0 4 8 12 16 20 24 

q f  (crn3/sec) 

Fig. 11. Halocline depths in Welender’s experi- 
ment. 

chosen to force agreement near the minimum 
point. The agreement is quite good except for 
small values of qr where entrainment velocities 
are very small and the experiments may not 
have been in a steady state. An additional fac- 
tor is the decreaae of a, near the interface as 
D increases and the interface gets further and 
further away from the source of energy (stir- 
rers). This effect is not included in the theory 
and would tend to reduce D. The tendency for 

1000 2000 3000 4000 
q f  ( f t 3 / s e c )  

Fig. 12. Observations of halocline depths in Alberni 
Inlet. 
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- 
0.6 0.7 0.8 0.9 

T m o x  

Fig. 13. ?inlax as a function of M .  

a minimum depth of the halocline has been 
observed by Tully (1949) in Alberni Inlet as 
we see in Fig. 12. The theoretical curve cor- 
responds to M = 0. 

We have seen that q has a maximum value 
of 112 in the case M = 0  when the fresh water 
influx decreases to zero. The computations 
reveal that qman increases with M ,  as we see in 
Fig. 13, tending to qmax = 1 a t  very large M .  

0 0.1 0.2 0.3 0.4 0 5  0.6 0.7 0.8 0.9 LO 
Q f  

Fig. 14.  Variations of B with Q and M .  

- M = O . l O  

4 M = 1 0 0  

u 
5 0.6 0.7 0.8 0.9 1.0 

f 

Fig. 15. Variations of ocean water flux with fresh 
water influx. 

The quantity B varies with Qr and M as 
seen in Fig. 14. It is interesting to note that 
B A S  a AHo/A varies very little with M .  Indeed, 
one would anticipate that this quantity would 
vary more sensitively with Q,. 

The influx of ocean water is negligible for 
M > 100 or so. As mixing increases, Qo, defined 
by 

qo Q =-- 
0 by pi" 

increases. Qo rises with increase of Qr; reaches a 
maximum and then decreases. Examples are 
shown in Fig. 15. The curves for M < 3 or so 
do not differ very much from the curve shown 
for M =0.10. This typical behavior of Qo ap- 
pears in other theories of estuaries, for example 
Kullenberg (1955). 

The salinity of the outflowing fluid increases 
as the fresh water influx decreases. This was 
also pointed out by Kullenberg. Fig. 16 shows 
the curves for two values of M .  Decreases in 
mixing intensities accompany decreases in 
salinity, as expected. 

An estimation of M for various applications 
is important but M is extremely sensitive to 
a, and uzL is difficult to estimate. We may make 
the following computations for the Baltic Sea: 
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Fig. 16. Salinity of brackish water as a function of 
fresh water influx. 

Fonselius (1969) gives the ratio qJq, 2. We 
may compute &, from eq. (28) using the data 
of Fonselius of q, = 1.49 x 10" cm8/sec and width w = 15 km, depth A = 18 m for the Great Belt. 
The appropriate value of b, corresponds to a 
salinity in the lower layer of 17.5%, or bo = 14 
cm/sec*. This leads to Q, = 0.0348. Finally D/L 
for the Baltic is 60/18 or 3.33. If we use the 
last two figures, we obtain close agreement for 
a value of M =12. The computations yield 
&, -0.0346 and D/A = 3.45. The value of a&,, 
however, is 3.29 which is considerably too 
large. The value of M = 12 permits us to com- 
pute a, using A = 3.1 x 1016 cm*. We obtain a, = 

1.4 cm/sec which is, perhaps, reasonable. 

. 
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IIEPEHOC MACCbI I? COJIM I? I’JIYBMHA rAJIOKJIklHA B YCTbE PEIC 

B C T a T b e  PaCCMaTPMBaIOTCR IIOTOKM COJIOHOBB- 
T O a  M O K e a H C K O a  BOA M3 YCTbR M B H e r o ,  a TaK?Ke  
rny6ki~a raJ IOKJIMHa B YCTbe .  B 0 6 c y x n e ~ a n  

BOHbI B Y C T b e  (38 HCKJlIO’ieHMeM rny6nsb1 Pa-  
JIOKJIMHa), a BHkiMaHMe K O H q e H T p M p y e T C f l  H a  

BepXHOCTH pa3AeJIa B ~ J I M ~ M  YCTbR. T e s e H M e  

H r H o p H p y m T c R  A e T a n M  p a c n p e A e n e H m  M a c c e  

o n p e A e n e H n M  ycnoa~f i  T e s e H m  M r n y 6 ~ ~ b 1  no- 

p a c c M a T p m a e T c R  6e3 T p e H m ,  n a m e m e  ranpo- 
C T a T m e c K M M  A B n e p B o f i  sacm a ~ a n m a ,  rne 
n p e n n o n o x e H o  c m b H o e  n e p e M e r u m a H H e  (II, 

HJIR MX ( c c m b H o  n e p e M e u I a H H o r o s  COCTORHMR. 

n p a T o K y  n p e c H o l l  BOAM q,. C npyrofi CTOPOHH 
sanasa T a K x e  M o x e T  6 b I T b  perueaa, K o r R a  nepe- 

sari npennonaram ~ ~ B M C M M O C T ~  OT wcxa  m e -  

IIOBTOMY, r ~ 1 y 6 o ~ ~ f i  YaJIOKJIMH), I I O J I y s e H b I  T e  
*I? P e a y J I b T a T b I ,  9 T O  y CTOMMeJIa  EI @ a p M e p a  

H B J I e H M R  B 3TOM COCTORHUM OnpeAeJ I f l IOTCf l  6e3- 
p a 3 M e P H b I M  4MCJIOM &,, n p O n 0 p q M O H a J I b H b I M  

MeILIMBaHHe p a B H 0  HYJIIO. A B a  I I p e A e J I b H b I X  CJIy- 

w e H m  M M AJIR cnysarr n p o m ~ o n b ~ o r o  nepe- 

pemewe ,  onncbIsamqee n o T o K  o K e a H c K o f i  BORN, 

BORH, rny6aay r a n o K n m a  B O C H O B H O ~  M a c c e  

MeLUMBaHMR. 3 T O  n 0 3 B O J I H e T  I IOJ IysMTb n O J I H O e  

IIOTOK COJIOHOBaTOfi BORbI, rny6nay I I O B e p X -  
HOCTA p a 3 A e J I a  B YCTbe ,  COJleHOCTb COJIOHOBaTOfi 

B a A b I  B Y C T b e  H BbICOTy CBO6OAHOl  IIOBepXHOCTM 
H a n  Y P O B H e M  M O P R  B Y C T b e  - BCe B BMAe G Y H K -  
Ullf i  OT &r M M .  I ?HTepeCHOf i  OC06eHHOCTbIO B C e X  

KJIMHB, K O T O P a R  O K a 3 b I B a e T C R  6onbruofi KBK AJIR 
cna6or0, T a K  M CMJIbHOrO IIPMTOKOB C B e W e f i  
BOAbI I4 n 0 3 T O M y  O H a  MMWT MMHMMYM IIpM H e -  
K O T O P O ~  B e n m I I H e  q,m, M e H R m q e l c H  c M .  T a K o e  
n o B e A e H a e  H a 6 J I ~ g a J I o c b  BO G b O p R e  A J I ~ ~ ~ H H  B 
S p M T a H C K O f i  K O J I ~ M ~ H U  H B J l a 6 0 p a T O p H O M  
3 K C n e p M M e H T e  B e n a H a e p a .  n p H M e H e H U e  T e O p H M  
K EaJ ITk i f iCKOMy MOPIO B e R e T  K HeKOTOPbIM 
YMCJIeHHbIM p e 3 y n b T a T a M  M C I I e K y n R q M H M .  

p e u r e H n t l  R B m e T c R  rny6uaa r n a B H o r o  rano- 
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