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ABSTRACT

A given axisymmetric potential swirling flow is bounded by a plane perpendicular to
the axis of symmetry. By the no slip condition, viscous effects will be important over the
plane and since the circumferential velocity must be zero on the axis of symmetry,
viscous effects will also be important in the core of the vortex. These two viscous regions
will overlap near the intersection of the axis of symmetry with the plane. Thus the flow
field can be divided into four regimes, the viscous core, the boundary layer on the plane,
a ‘stagnation point’ regime and the given potential flow which provides the outer
boundary conditions for each of the first two regimes. Such a model could be useful for
studying meteorological flow systems such as tornadoes. The viscous core regime has

already been studied (Rott, 1958, 1959; Bellamy-Knights, 1970, 1971).

1. Introduction

In this paper the existence of a boundary
layer regime is verified and analysed. By intro-
dueing a suitable similarity variable, the bound-
ary layer equations for the unsteady axisym-
metric flow of an incompressible fluid are reduc-
ed to two ordinary differential equations which
are solved numerically. When the radial velocity
in the outer potential flow satisfies certain condi-
tions, boundary layer solutions are possible.
These conditions are compatible with those
required for the existence of multicellular core
structures.

Certain meteorological flow systems, such as
tornadoes, have been modelled by a viscous
vortex core embedded in a potential flow with
constant circulation above a plane boundary;
such work has been reviewed by Morton (1966).
For example, Burgers (1940, 1948), Rott (1958,
1959) and Sullivan (1959) considered such a
model for a steady flow vortex core. For steady
flow to be possible, the reduction in circumfer-
ential velocity at any radius due to the diffu-
sion of the vorticity must be balanced by the
circumferential velocity increase resulting from
the inwards convection of fluid with higher
angular momentum. Hence the solutions of

Burgers, Rott and Sullivan have radial inflow
in the outer potential flow.

When the radial inflow ceases to be main-
tained the vortex core will diffuse radially out-
wards with increasing time and the flow will
necessarily be unsteady. Such unsteady core
flows have been considered by Oseen (1911),
Rott (1958, 1959) and Bellamy-Knights (1970,
1971) in the hope that they may help to explain
the eventual dissolution of such phenomena as
tornadoes.

All the aforementioned core solutions belong
to the class
uw=u(r,t), v=vrt), w=zW(t) (1.1)
where 7, 8, z are cylindrical polar co-ordinates
and u, v, w are the corresponding radial, tangen-
tial and axial components of velocity and ¢ is the
time. Thus it is seen that one weakness of these
solutions is their failure to satisfy the no-slip
condition on the ground, z =0. The purpose of
the present work is to obtain a boundary layer
solution for the unsteady flow vortex model. In
particular, a boundary layer solution on the
plane z =0 is sought for radii sufficiently large
for the flow external to the boundary layer to
be the assumed potential flow solution to which
the viscous core solution asymptotes for large
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Fig. 1. A meridian section through the vortex show-
ing the flow regimes of the mathematical model: (a)
is the outer potential flow, (b) is the viscous core,
(c) is the boundary layer regime, and (d) is the
stagnation point regime.

radius. As in earlier work on unsteady vortex
cores (Bellamy-Knights 1971), this outer poten-
tial flow is specified by the velocity components
u = —yr/2t, v=K/r, w=yzft

(1.2), (1.3),

(1.4)

where 27K, is the circulation and the parameter
y characterizes the magnitude and direction of
the radial flow.

The mathematical model for the entire flow
thus consists of four regimes as illustrated in
Fig. 1. First, there is the potential flow regime
described above. Secondly there is the viscous
core regime in which Bellamy-Knights (1971)
found that various core structures were possible
provided that —-1<y <. When y < -1, no
core solutions could be obtained and when
y >$% only two isolated solutions existed cor-
responding to one- and two-cell analytical solu-
tions. Thirdly, there is & boundary layer which
is the subject of this paper. Lastly, there is a
region around the stagnation point which has
yet to be studied. It may be noted that these
last three regimes will expand with increasing
time. For example, the core radius will increase
and the boundary layer thicken with time.

The mathematical procedure for considering
the boundary layer region is as follows. The
usual boundary layer assumption, that varia-
tions along the boundary are much smaller
than variations normal to the boundary, is
made. Then certain viscous terms can be
neglected. An order of magnitude analysis
shows that the axial momentum equation
reduces to 9p/éz =0, where p is the pressure.
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Hence, in the radial momentum equation for
the boundary layer, op/ér can be replaced by
its value in the outer potential flow. The afore-
mentioned solutions for the core region show
that only for large values of r2/vt does the flow
become approximately potential; » is the kine-
matic viscosity. Thus only for these large values
of r2/pt is the present boundary layer solution
valid as only then is the flow external to the
boundary layer given approximately by (1.2)-
(1.4). Moreover, in the present work it is assumed
that r%/vt is sufficiently large for the radial
momentum equation to be essentially independ-
ent of swirl velocity. (The required magnitude
of r?/vt will depend on the size of the tangential
Reynolds number K_/».) After making the above
simplifications, the radial momentum equation
can be solved for the stream function. Knowing
the stream function, the circumferential mo-
mentum equation can be solved for the circula-
tion function, K =rv.

It is found that for each value of y within the
range —1 <y <}, numerical solutions for the
boundary layer regime can be obtained. This is
precisely the same range of y in which various
core solutions were possible.

2. Mathematical formulation
of the problem

In cylindrical polar coordinates, the Navier-
Stokes equations for unsteady axisymmetric
flow of a viscous ineompressible fluid are

ou U ou v lop
—tu—tw———= —- —
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o fou u\ du
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ar\or r oz
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2.2)
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or oz g o2 or ror oz
(2.3)

and the continuity equation is
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(2.4)

where g is the density.

For a boundary layer flow along the plane
2z =0, gradients along the boundary are much
smaller than the corresponding gradients nor-
mal to the boundary. Consequently, in the
viscous terms in the above equations, deriva-
tives with respect to r can be neglected in com-
parison with derivatives with respect toz. Inthe
present investigation, we consider the boundary
layer flow at radii larger than the radius of the
diffusing viscous vortex core, i.e. at large values
of r2/vt for which the flow outside the boundary
layer is approximately given by (1.2) to (1.4).
Hence, if § is the thickness of the boundary
layer, then u changes from zero at z=0 to
—yr/2t at z=0 and v increases from zero at
z=0 to K,/r at z=6. Thus v? is of order Kj/r2.
Hence in (2.1), the ratio of v?/r to the remaining
acceleration terms is of order (K_/v)%(vt/r?)?
which is small provided that »2/v¢ is sufficiently
large. In this case the swirl term in the radial
momentum equation can. be neglected. In each
of the equations (2.1) to (2.3), the unsteady ac-
celeration term is of the same order as the con-
vective acceleration terms and the viscous terms
are assumed to be of the same order of magni-
tude as the acceleration terms. It follows that
the boundary layer thickness, J, increases as
the square root of the time. Moreover, since
r¥[vt is large, it follows that §2/r? is small. This
result is in accordance with the initial boundary
layer hypothesis.

Continuing the order of magnitude analysis,
it is found from (2.3) that op/dz is of order
(ép/or) 8. Hence the change in pressure across
the boundary layer may be neglected and the
term &p/or in (2.1) may be replaced by its value
just outside the boundary layer in the outer
potential flow. Then

(2.5)

Using the above results, (2.1) reduces to

ou  ou u ?

+ Yy 2) 4y (2.6)
—tu—tw—="— — .

¢ ar oz 4" Y o2

and (2.2) reduces to

ov ov v uwv v
—tu—tw—+—=9— (2.7)

at aor oz T oz
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To satisfy the continuity equation (2.4), Sto-
kes’ stream function, y, is introduced where

15
u= -~ 2, (2.8)
r oz
1
w--2 (2.9)
ror

Dimensional analysis of (2.6) and (2.7) suggests
a similarity variable, 5 say, where

n=%zVot (2.10)
the factor 1 being introduced for future con-
venience. Moreover, dimensional analysis sug-
gests that y can be expressed in terms of 5 by
the equation

11/t

o)== - (2.11)
r j/ k2
Then (2.8), (2.9) and (2.11) give
u- — ;ff'(n), (2.12)
v
w=2yl/t—f(77) (2.13)

where primes denote differentiation with respect
to . Equation (2.6) then reduces to
7 e 2f +y(fr -2 sy +2 (2.14)

It is now assumed that the circulation is also a
function of 7 only, i.e.

g(n) =rv/K, (2.15)
Hence (2.7) reduces to
g” +2ng —4yfg' =0 (2.16)

Thus the boundary layer equations (2.6) and
(2.7) have been reduced to two ordinary dif-
ferential equations. These are subject to the
following boundary conditions. On the ground,
z =0, the velocity components u, v and w are
zero by the no-slip condition. Hence

f(0) =0, f(0) =0, g(0) =0 (2.17), (2.18), (2.19)
Tellus XXVI (1974), 3
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As 2z~ oo, the velocity components in the
boundary layer regime tend asymptotically to
the values in the outer potential flow and there-
fore, as 7~ oo,

fn-C (2.20)
and
g1 (2.21)

where C is a constant.

Equation (2.14), being independent of g, can
be solved for f subject to the boundary condi-
tions (2.17), (2.18) and (2.20) and then g can be
obtained by solving (2.16) subject to boundary
conditions (2.19) and (2.21).

The range of values of y for which solutions
may be expected can be found by considering
an asymptotic formula for f, valid for large
values of 7. This may be obtained by substituting
f=n-C+eF(n) (2.22)

into (2.14). Here ¢ is small and so quadratic
terms in £ can be neglected. Hence (2.14) reduces
to the following linear equation for F,

F” +[(2 —4y)n +4pC1F” +4(1 +y) F’ = 0 (2.23)
On putting

= —(1=2p)[n +2yC/(1 - 2p))*
and

$(x) = F'(n),

(2.24)

(2.23) reduces to the confluent hypergeometric
equation

4 dg_(Liv),
wdwz_l_(%—m)dx (1—2;/)4)_0

It follows that

1+
¢~D1F1(1_2y; %,”6)

where D is a constant and ,F, is the confluent
hypergeometric function. Now from the theory
of such functions (Morse & Feshbach, 1953), ¢
will tend to zero for large values of % only if

—l<y<} (2.25)
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This range of y is confirmed by numerical results
and is identical to that required for the existence
of families of core structures in regime (b) of
Fig. 1; see Bellamy-Knights (1971).

Similarly, an asymptotic formula for g can
be obtained by substituting (2.22) and

g =1+eG(n)

into (2.16) and neglecting quadratic terms in &.
This leads to the equation

G” +[27(1-2y) +4yC1G" =0
Hence integration yields
@(n) = E exp (z)

where E is a constant. In order that G >0 as
700, it is required that x <0 and so from
(2.24), ¥ <}. This is in accordance with ine-
quality (2.25).

Finally, the shearing stress, ‘“volume flow
thickness” and ‘“mass flow thickness” associ-
ated with a specified direction (Lighthill, 1958)
will be introduced since these quantities are
related to certain constants in the boundary
conditions. The shearing stress in the direction
of » increasing, 7, say, is given by v, = u(84/82),.,
and so (2.10) and (2.12) give
7, = —1yr(on/t*)}f7(0) (2.26)
The radial volume flow thickness, §, say, and
the radial mass flow thickness, 0, say, are de-
fined by

5,=f (1-w/U)dz (2.27)

0

and

97=f (1-2/U)(u/U)dz (2.28)
0

respectively, where U is the radial velocity
just outside the boundary layer. Then C in
(2.20) is related to 4, by the equation

8,=2VunC (2.29)
The radial momentum integral equation redu-
ces to

1+ 44
6.+ —”)6,= —2—)5
3y yr/e

(2.30)
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Hence, (2.26), (2.29) and (2.30) give

6, = — Vot 2(1+y)C +1"(0)}/3y (2.31)

In a similar manner, the shearing stress and
volume and mass flow thicknesses associated
with the circumferential direction can be ob-
tained. These two thicknesses are also propor-
tional to the square root of the time.

3. Numerical solution of equations

The two-point boundary value problem of
solving (2.14) and (2.16) subject to boundary
conditions (2.17) to (2.21) is expressed as an
initial value problem. This method of solution
has been described in an earlier paper (Bellamy-
Knights, 1971) and so will receive only a brief
description here.

Two tentative boundary conditions are in-
troduced at 7 =0 in place of the two boundary
conditions at infinity. Shooting techniques are
used to obtain values of the tentative boundary
conditions for which the numerical solution is
found to satisfy the boundary conditions at in-
finity. For example, (2.14) is solved subject to
the boundary conditions

1(0) =0,

where the constant A4 is related to z, by (2.26).
Numerical values of A, for which boundary
condition (2.20) is satisfied, are obtained itera-
tively. Having obtained f, a solution of (2.16)
subject to boundary conditions (2.19) and (2.21)
can be obtained in closed form, i.e.

70 =0, /7(0)=4

n B s
g=N eXP[—82+4yf f(q)dq] ds,
0 0
where
1 0 s
- = exp[—sz+4yf f(q)dq] ds.
N 0 (1}

For numerical convenience, however, g is solved
simultaneously with f subject to the boundary
conditions

9(0) =0, g¢’(0) = 1.

Then, since (2.16) is linear in g, the numerical
results are normalised in order to satisfy bound-
ary condition (2.21).
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Fig. 2. J is plotted as a function of y.

4. Discussion of results

It has been found (Bellamy-Knights, 1971)
that values of y leading to one, two and three-
cell core solutions lie in the range -1 <y <j.
This is in accordance with the range of y ob-
tained in section 2 by considering the asymp-
totic form of f. Hence solutions of the present
boundary layer equations are sought in this
same range. The numerical results show that
for each value of y in the range —1<y <4,
various values of A give permissible solutions
of (2.14) and (2.16), that is solutions which
satisfy the outer boundary conditions (2.20) and
(2.21). It is not clear what additional criterion
should be adopted to render the solution unique.
This may be determined by matching this
boundary layer region of the flow to the other
regions (see Fig. 1). However, a solution for the
stagnation point regime, satisfactory for this
purpose, has still to be obtained. In the absence
of a better criterion, we adopt the condition
used by Hartree (1937) when solving the
Falkner-Skan boundary layer equations, that
is the condition that as 5~ oo, f’(n) shall tend
to 1 as rapidly as possible. This condition ex-
cludes solutions in which the radial velocity
profile overshoots its asymptotic value. The
value of A which gives this unique solution
will be called J. Referring to (2.26) shows that
A, and hence J, is proportional to the shearing
stress in the radial direction.

Fig. 2 shows the variation of J with y. The
curve cuts the ¢ axis when y = —0.538 =y, say.
Negative values of p correspond to external

Tellus XXVI (1974), 3
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Fig. 3. Radial velocity profiles.

flows which are radially outwards; see (1.2).
Normal unseparated boundary layer profiles
occur when J >0, i.e. when y <y,. The separa-
tion profile, J =0, is obtained when y =y, When
¥ >ys J is negative and so there would be
reversed flow in the boundary layer. Solutions
of this type involving separated flows will not
be considered further. The following discussion
will therefore be limited to flows for which
—1l<y<y,

In Fig. 3, radial velocity profiles are shown
for several values of y in the above range. When
y = —0.6, there is a point of inflexion near
n=0; see Fig. 3. As y -y, this inflexion be-
comes more pronounced as the separation profile
is approached. On the other hand, as y decreases
from —0.6 to —1, the inflexion will become less
pronounced; see Fig. 3. The values of J corre-
sponding to y = —0.538, —0.6 and —0.9 are 0,
0.206 and 0.856, respectively.

The behaviour of the functions f(z) and g()
are qualitatively similar throughout the range

4 . . ~
,
- z /'
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p
2F Ve -
/l,
P
y
s
1= // 9
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/ . w(t
yd - 2[E
0 1 2 3 4

Fig. 4. The axial velocity profile for y = — 0.6 (solid
line). The profile f =7 is also plotted (broken line),
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Fig. 5. The circulation profile for ¢ = — 0.6.

—1 <y <y, Inanearlier paper, Bellamy-Knights
(1971), detailed results were presented for the
outer flow at one particular value of y, namely

"y = —0.6, yielding a typical three-cell structure

in the core region of the vortex (i.e. regime (b)
in Fig. 1). The present results when y = —0.6
are also fairly typical and will be desecribed
further below. This will facilitate the correlation
of the results presented here for the boundary
layer flow with those presented earlier for the
core flow.

When y = —0.6, Fig. 4 shows f(n), which is
proportional to the axial velocity component.
The curve f =7 is also shown in broken lines. It
is seen that these curves become parallel for
large values of n where the horizontal displace-
ment between the two curves is C; see (2.20).
Fig. 5 shows the circulation function g¢(5).

When y = — 0.6, the corresponding value of J
is 0.206. Inserting these values into (2.26), the
shearing stress in the radial direcion is

7, = 0.031 r(guft®)?

The numerical results give ¢ =0.652 and so,
from (2.29), the radial volume flow thickness is

s, = 1.303 Vot

Hence from (2.31), the radial mass flow thick-
ness is

9, = 0.404 Vot

5. Conclusions

In the present work it has been shown that
boundary layer solutions on the plane z =0 are
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possible when the outer flow consists of a
potential vortex and an unsteady radial flow
of the type given by (1.2}, provided that r2/vt is
sufficiently large; the required magnitude of
r2/vt depends on the size of the tangential
Reynolds number, K /». Thus a weakness of
certain earlier work on viscous vortex cores is
partially removed in so far as there exists a
boundary layer solution for the external poten-
tial flow to which the core solutions asymptote.
This leaves only the region (d), around the
stagnation point, needing further attention.

In particular, for each value of  in the range
-1<y< -0.538 a unique solution may be
determined by stipulating that f/ > 1 as rapidly
as possible as 7—oco. In this range the flow
outside the boundary layer is radially outwards
and the separation profile is obtained at that
extremity of the range for which the radial
velocity is lowest, namely y = -0.538. The
above range includes values of y for which
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three-cell core structures can be obtained in the
core region (b) of Fig. 1; see Bellamy-Knights
(1971). Other mathematical solutions were found
throughout the range —1 <y <} but these were
not considered because they corresponded to
separated flows or because f’ did not tend to
unity sufficiently rapidly.

For a steady outer potential flow as in Bur-
gers’s (1940, 1948) or Sullivan’s (1959) core
solutions, it was found that a boundary layer
solution of the present type could not be ob-
tained. Such a solution would correspond to a
value of y greater than } and in this case the
outer boundary conditions cannot be satisfied.
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OCECIMMETPUYHOE PEIIEHNE TUIIA IIOTPAHUYHOTI'O CJIOA OJA HECTA-
OMUOHAPHOTO BUXPA HAL IIJIOCHOCTBIO

OcecuMMeTpUYHOEe MOTeHIUANBHOE BHXpeoOpas-
HOe TeueHHe OrPAHHYEHO HIOCKOCTHIO, MEepIeH-
JUKyIAPHON och cuMMerpuu. Bemepcrsme ycio-
BMA NPWINNAHUA BPPEKTH BABKOCTH UIPAIOT
CYINEeCTBEHHYI0 POJEL BOIMBK IIOCKOCTH, M TAK
HaK TpaHCBEPCATHHAA CKOPOCTH ROJ#HA obpa-
WAaThCsi B HYIb HA OCH CHMMeTpHU, PHerTH
BABKOCTH TaK#e CYUISCTBEHHBI B LEHTPaNbHOM
4YacTH BUXDA. OTH JiBe BsBKHMe 006macT mepe-
KpPHBaWTCA BONM3M IepecedeHMA OCH CHM-
MeTPUH C ILIOCKOCTBIO. TaruM o0pasoM, molxe
TeYeHUs MOMKHO DA3MeNNTh HA YeTHIPe PerKuMa:
BABKY0 IEHTPANBHYI0 YaCTh, IIOTPAHUYHBIN
CIIOM HaJ MIOCKOCTBIO, PERUM (TOYKM BACTOSY W
TMOTeHI[MANbHOe Te4YeHde, KOTopoe obecumeyn-
BAIOT BHENIHWE TPaHUYHble YCJIOBHS OJIA KaiK-
JZOr'c M3 ABYX HEePBHIX peXuMoB. TaraA MOTenb
MoxieT OHITBH IIOJIE3HA IIPH UBYUYEHNU MeTeopoiIo-

rUYecKUX TedeHWH THUIA TOpHA®o. PemmuM Bss-
ROM IeHTpaJbHOH uHacTu y;me mayuauca (Porr,
1958, 1959, Bemmamu—Haiire, 1970, 1971). B
JAaHHOH CTaTbe MOATBEPKIAETCA H aHAJUBH-
pPyeTca CYNIeCTBOBAHHE DEAUMA IOTDAHMYHOrO
ciod. Ilyrem BBemeHUA M3 coobpaskeHU momo-
Ousi COOTBETCTBYIOUISl HepeMeHHOM ypaBHeHNH
MOTPAHUYHOrO CJI0A NIA HecTallMOHAPHOTO oce-
CHMMETPUYHOTO TEYCHUA HeCHKUMAeMON Hun-
KOCTH CBOAATCA K ABYM OGHIKHOBEHHBIM IH(-
(epeHUATBLHEIM YPAaBHEHHAM, KOTOPHE pe-
WATCH YHCHeHHO. Holma paguaibHAs CKO-
POCTBE BO BHeIIHeM IOTeHINAJBHOM TEUYeHUH
YIOBIETBOPAET ONPENEJIeHHBIM yCIOBUAM, BO3-
MOIKHBI PEIIeHNA THUIA NMOTPAHUYHOTO CIOA. OTH
YCJIOBHA CXOAHBI C TeMH, KOTOpHe Tpebyloorcs
IJIA CYIIeCcTBOBAHUA MHOIOAYENCTON CTPYKTYPBE
HeHTPAJIBHON YaCTH.
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