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ABSTRACT

The present investigation deals with solar radiative transfer in horizontally stratified
clouds. The approach taken is based on the Eddington approximation of radiative
intensities applied to Chandrasekhar’s (1960) exact formulation of the radiative trans-
fer equation. All important physical processes such as absorption by water vapor and
cloud droplets as well as multiple scattering by the cloud droplets are taken into con-
sideration. Comparisons are made with results derived from the exaect solution of the
radiative transfer equation. The weakness of Eddington’s approximation is discussed
and an extension of the method is recommended.

1. Introduction

There are essentially two approaches to the
solution of the radiative transfer equation
(RTE). The first solution is based on an exact
formulation of the RTE introduced by Chandra-
sekhar (1960), which isextremely complicated but
achieves great accuracy. This approach was
initially used by Coulson et al. (1960) to solve
the Rayleigh scattering problem. Herman &
Browning (1965) developed a numerical scheme
to solve the exact form of the RTE which is
applicable to particulate as well as molecular
scattering. Yamamoto et al. (1966) and Korb &
Zdunkowski (1970}, among others, have used
entirely different approaches to solve the exact
form of the RTE.

The second approach represents a simplified
method originally introduced by Schuster (1905)
which is not based upon the exact form of the
RTE. Over the years, this method was subse-
quently improved by, among others, Mecke
(1921), Albrecht (1933) and again Mecke (1944).
These simplified methods enjoy great simplicity
at the expense of accuracy.

If radiative transfer processes are to be con-
sidered on a routine basis in conjunetion with
the dynamical equations of the atmosphere,
then one cannot use the exact solution of the
RTE due to present computer limitations.
Since the simplified equations are not based on
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the true physical concept of the multiple scat-
tering mechanism, it is necessary to look for
still another computational scheme of radiative
transfer. A system is required that is based on
the exact formulation of the RTE, yet it must
be simple and accurate enough to be employed,
for example, in prediction models of fog and
cloud dynamies.

A successful step in this direction is made by
Shettle & Weinman (1970} (later, simply referred
to as SW) who employ Eddington’s approxima-
tion to calculate radiative transfer through
turbid atmospheres of moderate optical thick-
ness. It is the purpose of this paper to extend
their analysis and to apply Eddington’s ap-
proximation to radiative transfer of solar energy
in clouds of varying optical thickness. Results
are then compared with exact solutions for the
identical model cases. The cloud model is due
to Best (1951) for a liquid water content of
0.1 g/m?3. Different droplet distribution func-
tions do not affect the conclusions.

Although SW give solutions of the RTE for
conservative as well as non-conservative at-
mospheres, their set of solution equationsisnot
complete. For particular positions of the sun
and some cloud models, their formulas yield
infinitely large fluxes. This resonance case is
treated in the present paper and special solu-
tions are given.

In addition, the Eddington approximation at
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times yields total downward fluxes near the
cloud top which increase with increasing optical
depth. This effect may represent real physical
conditions, as demonstrated by SW, if the lower
cloud section has a highly reflective property
or if the ground albedo is high. The same in-
crease is also produced by the Eddington ap-
proximation in case of zero ground reflection
and optically thin cloud layers for some solar
positions. It is shown that this particular
phenomenon is an undesirable property of the
Eddington approximation and does not repre-
sent real physical conditions.

2. Mathematical development

2.1. Solution of the radiative trinsfer equation

The analysis is based on the formulation of
the RTE as discussed by Korb & Zdunkowski
(1970) (hereafter, called KZ). For details, refer
to that paper. The basic terminology of KZ is
extracted, for convenience, and given below:

I,(v;, #, ¢) Radiative intensity at wave length
A, at optical depth 7, and directions
s

T,= — f ‘;’q(ﬁem.,/1 +K,;)dz. Optical depth in terms
of the droplet extinction coefficient
ﬁextl, and the absorption coeffi-
cient K; of atmospheric gases. z
stands for the height and H repre-
sents the altitude of the cloud top.

0, ¢ Zenith and azimuthal angles of the
scattered radiative intensity, with
u =cos 0.

0, ¢ Zenith and azimuthal angles of the
incident radiative intensity with
u’ =cos 0.

~ Kor do Direction of the parallell solar radia-
tion

J (71, #y ¢) Source function.

R{™ (u, 1), F{™ (1, po)- Series expression re-
presenting the phase function.

P, Expansion coefficient of the phase
funetion.
Ey, Intensity of solar radiation at the

upper boundary of the cloud.

k, Total absorption coefficient divided
by the total extinection coefficient:
absorption quantity.

If the phase function and the radiative inten-
sity are introduced into the RTE as series ex-

W. G. ZDUNKOWSKI

pressions (egs. 2, 3, 4 and 5, KZ), the RTE splits
up into m components, i.e.

dI'™ (7, u)

___I(M) 2
dr (= p)

(]. . k) +1
=) I @) B ()
-1

(L-F)  _
= @= 8o, m) — Bo e P (s )

1)

The subscript 4, indicating monochromatic
radiation, is omitted for simplicity. Integration
over the spectral interval is carried out as ex-
plained by KZ. For the computation of fluxes,
only the component m =0 is required. Next in-
troduce the Eddington approximation

I(m=0) (T, l") = Iﬂ(’r) + !,le("") (2)

into (1). To the resulting equation, apply the
operators j'ﬂ du and Ifi udu. As demonstrated
by SW, one obtains two simultaneous differen-
tial equations for I, and I,. In the notation of
KZ, these assume the forms

arl ()
o
3 +1 +1
) Iy(2) f dp f By (u,p') dp’
-1 -1
3 +1 +1
1 (1-k)I,(7) f du f w By, w)dp’
-1 -1
3 +1
5.1 -k)E, e"”""f Fiwp)du  (3)
7T -1
dl(z)
- o

3 +1 +1
—. - k) Iy(z) f . udp f . B, (u, p') dpt’

3 +1 +1
—, 4 —k)I,(r) f . uduf . w Biu, p') dp’

+1

3
~ (l—k)Eoe“”""f uF (s o) A (4)
7T 1
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Egs. (3, 4) simplify by observing certain orth-
ogonality relations and by introducing some
abbreviations.

+1 +1
a1=J ld/"f 1R1(/"l4,)dﬁ‘/=4

(5.1)
(1-%)
6 =3|1-"——"a,| =3k
+1 +1 :
%=f ldﬂf 1R1(/"’,u'/)/",d:u/=0
(5.2)
3
¢= = (1-k)a,=0
+1
a3=f 1F1(/"l‘o)dﬂ=2
(5.3)
3 3
6= g 1=k Byay= =~ (1-k) B,
+1 +1
a4=f luduf IRl(u,u')du’=0
(5.4)
3
Cy= —Z(1~k)a4=0
+1 +1 4
“5=J udﬂf W Bpo i) A’ =00,y
-1 -1
(5.5)
3 P
=1-S(1-k)g,=1-"(1-
6=1-7 (1-k)a=1-" (1-F)
+1 2
as=f 1#F1(/"/‘o)dﬂ= "51’1/‘0
(5.6)

3 E,
Co= —gl(l——k)E’oas=(1—lc)zz,uogo1

Egs. (3, 4) now assume the following forms

arl
'dl—(-t') —e Iy(t)=¢, e e (6)
T
al
do(‘t') — ¢ Il(r) = ¢, e—'rl/lo (7)
T

As pointed out by SW, the solutions to eqgs.
(8, 7) cannot in general be given due to varia-
tion of meteorological and radiative attenua-
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tion parameters. However, by subdividing the
atmosphere into homogeneous layers, it is pos-
sible to write down analytical solutions for each
layer. For k<0 one obtains on the requirement
that uh+(c,c5)?

I,(x)=B,¢aa7 1 B, e—Veitst

(€305 1o — )

+ B
1 “H%Q C5) °

g~ (8)

c — ¢ S
IL(x)= ‘/_1 B, e/t10s7 — ‘/__1 B,e Veiost
c5 c5

{e. ¢, »‘:o ~Gg) . o= (9)
(1-pde,cy)
The arbitrary constants B, and B, for each
layer are obtained from continuity of intensities
I,, I, at the interface of the homogeneous layers
and from the boundary conditions.

For some cloud models and a particular
choice of p,, the third R.H. terms however may
become infinite. This resonance effect requires
separate solutions which are not given by SW.
Employing the method of variation of para-
meters with u? =1/(c,c5) one obtains

2
I,(z)=B, gl B, o~ T _ (cs Ho +4ca Cs ,uo) L)
+ (cs —C3Cp /‘o) Te—f/ﬂo
2

Bz e—t/uo _ (cﬂ + Cy 65 :u'o) e—‘rlyo

(10)

B
L) = e

Ho Gy Mo Cg deg
Ce—C, C
. ( s — O3 5//‘0) Te—‘[//lu (11)
T .

For & =0, the conservative case, the solution is
more simple and is given by
Io(z) = Ag + s Ay 7 + age” "M (12)
I(zr) = A, + a e (13)

The quantities A4,, 4, are arbitrary constants
to be found from boundary conditions and
oty, Oy Are given by

otg = = polCs 0ty + Cg), 0y = — C3lp

The net flux of diffuse radiation is defined by
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Fro(t) = (1) + Fyfx) (14)
where

Fy(v) = nly(z) + §nly(7) (15)
Fy(r) = —alo(7) + §nly(7) (16)

The direct still parallel solar radiation is not
included in the diffuse downward flux F, but
is accounted for by an extra term. Also note
carefully that numerical values of F, and F,
normally differ in sign.

Next, proper boundary conditions must be
supplied. For simplicity, it is assumed that the
diffuse illumination at the cloud top is zero and
that the cloud base is illuminated by the uni-
formly reflecting ground of albedo A4, With T
referring to the total optical depth of the cloud,
the boundary conditions are:

Fy(0)=0

Fy(T) = Ay~ Fo(T) + o Boe™ ") (17)
These simple boundary conditions are sufficient
for the purpose of comparison. Absorption above
and below the cloud can be taken into account
by obvious modification.

2.2. Some remarks on Eddington’s approximation

(1) Eddington’s approximation strictly con-
serves energy for k=0, i.e. the total net flux,
which includes the parallel solar radiation, is
constant.

(2) For a small solar zenith angle, in some
cases the total downward flux near the cloud
top increases with z. This is a realistic feature
for optically thick clouds or strongly reflecting
ground surface as pointed out by SW. When
the total optical thickness is small and ground
albedo is zero, this increase near the upper
cloud boundary should not ocecur, but never-
theless, is predicted by Eddington’s approxima.-
tion. This is easily demonstrated for k = 0, the
case of no absorption.

Differentiate the equation for the total down-
ward flux {diffuse plus parallel) with respect to
7 and set the result equal to zero. This gives

1 ( 0, 4 ) (18)
Tmax= — Mo I0 |5 7——

‘max Ho (Eo/z)(l_%luo

which is the optical depth to which the total
downward flux increases. From boundary con-
ditions and A,=0, one obtains
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Table 1. Total optical thickness T of clouds as
function of solar zenith angle for which the total
downward flux increases throughout the cloud,
A =1.01 microns

o 100 095 090 0.85 0.809
0 0° 18°  25°  32°  36°
T 0.609 0.483 0.341 0.171 Approx. 0

o1 —e” Ty By (L+ ™ ity

A= fie,T
3
==k,
3u
oc1=Z;°E'o (19)

In certain cases, the total downward flux in-
creases throughout the cloud. To find the total
optical thickness 7' of such clouds, set T’ equal
10 Tyex in eq. (18) and solve for T. The result
is shown in Table I. When p, < 2/3, the argu-
ment of the logarithm in eq. (18) becomes nega-
tive and the total downward flux cannot in-
crease with optical thickness.

3. Discussion of results

The Eddington approximation is used to
evaluate the distribution fo solar radiation
fluxes within clouds of various thicknesses and
for different solar zenith angles. In one selected
caso, the fluxes are used to obtain the trans-
missivity within the cloud. In all cases con-
sidered, the cloud base is taken at 500 meters
above the ground and the cloud depth is counted
from the cloud top. To facilitate comparison
with exact computations, no attenuation is
assumed above the cloud so that the incident
solar flux at the cloud top is parallel radiation.
This simplification does not affect the conclu-
sions at all.

Temperature and pressure distribution is
taken from the US Standard Atmosphere
Tables. The relative humidity is taken as 709%
below the cloud, 1009 within. The liquid water
content of the model clouds is assumed to be
0.1 g/m3, a typical value for stratus clouds and
fogs. The cloud droplet distribution formula for
all computations is due to Best (1951). The
cloud attenuation parameters and the phase
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Fig. 1. Comparison of radiation flux components with exact computations (dashed lines) for a 50
meter cloud and solar zenith angle of 78.5°. F,, Fy, F, and F,; denote the upward diffuse, downward
diffuse, parallel, and total downward fluxes, respectively. A =0.92 microns.

Fig. 2. Comparison of radiation flux components with exact computations (dashed lines) for a 100
meter cloud, solar zenith angle of 60° and A =0.92 microns.

functions used in this study are based on this
droplet distribution function as tabulated by
Zdunkowski & Strand (1969). The ground al-
bedo is assumed to be zero, except where noted

otherwise.

The investigation pertains to two sub-inter-

1.03 microns, and (2) the interval from 0.85-0.99
microns (4 =0.92) containing the complete gor
water vapor band. In order to test the accuracy
of the method, comparisons are made with

vals within the solar spectral region: (1) the 45 T T T T T
non-absorbing interval centered at 1 =1.01 and 0 For _
extending over the wave-lenghts interval 0.99— T —
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Fig. 3. Comparison of radiation flux components
with exact computations (dashed lines) for a 100
meter cloud, solar zenith angle of 45° and 1=1.01

microns.
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microns.

CLOUD DEPTH IN METERS

Fig. 4. Comparison of radiation flux components
with exact computations (dashed lines) for a 100
meter cloud, solar zenith angle of 0° and 4=1.01



366

W. G. ZDUNKOWSKI

FLUX (CAL/CM2~MIN}X 10-2
[

20 T T T T T T T T T
1.8
R
16 .
AR -
Fp = ~—
Y14 7 2 ~—
|o K / - \\\ .
14 E \ ~—
bl 2 ~ Fer ~——
z 12|\ Ag = Er]
E -
o \ \\\\ \~ =I5
3 1P ~—— <
~ \\ =0
4 . e~
e sl \ \\\ -
> = .
X \ ~——
z ~\ 250
s ‘\ F e
. \_\ -
\‘:IS
25 2 \
0
I | I [ { L [ I {
0 40 80 120 160 200 4] 40 80 120 160 200
CLOUD DEPTH IN METERS CLOUD DEPTH IN METERS
Fig. 6

Fig. 5

Fig. 5. Comparison of radiation flux components with exact computations (dashed lines) for a 200
meter cloud, solar zenith angle of 60° and A =1.01 microns. The ground albedo A =0.15.

Fig. 6. Comparison of the components of the radiation field determined by the Eddington approxima-
tion for a 200 meter cloud, solar zenith angle of 60° and A = 1.01 microns. The ground albedo is variously

0 {solid line), 0.15 (broken line) and 0.5 (dashed line).

available exact calculations using the method
of KZ. Only the magnitudes of the fluxes are
depicted without regard to sign. To facilitate
discussion, similar figures are grouped to-
goether: Tigs. 1 and 2 compare the distri-
bution of solar fluxes in Region 2 for the Ed-
dington approximation and the exact case
for a 50 meter cloud (g, =0.2) and a 100
meter cloud (z, = 0.5). Note that in the upper
layers of the cloud, where the parallel radia-
tion is rapidly diminished, there is a large dis-
parity with the Eddington approximation
which is consistently low for both the upward
and downward diffuse fluxes. The difference is
markedly decreased for the 100 meter cloud
where u, is larger. Fig. 3 gives the same com-
parisons for a 100 meter cloud with 4 =1.01 and
1o = 0.707, For this particular zenith angle, the
error is much lower and is nearly minimal for
this type of approximation. These findings are
qualitatively the same for different spectral
intervals and cloud thicknesses, therefore, re-
sults are not shown. A superficial inspection of
Fig. 4 reveals an apparently anomalous situa-
tion: for u,=1, the total downward flux in-
creases within the upper layers of the cloud

implying a solar transmission greater than one.
These values do not violate the principle of
conservation of energy, since the net flux is

4.5 T T
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o 4 8 12 3 18

CLOUD DEPTH IN METERS
Fig. 7. Components of the radiation field deter-
mined by the Eddington approximation for a 17.26
meter cloud, solar zenith angle of 0° and 1=1.01
microns.
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Fig. 8. Transmissivity for 17.26, 50, 100 and 200
meter clouds as a percentage of the total optical
depth of the cloud. The solar zenith angle is 0° and
A =1.01 microns.

precisely constant in the non-absorbing band.
In fact, for all bands, the sum of the transmis-
sivity, reflectivity and absorptivity are precisely
equal to one at any level within the cloud. SW
suggest that this increase is due to multiple
reflections within very deep clouds, or moder-
ately thick clouds with a high ground albedo.
For this case, however, the ground albedo is
zero and the cloud is of moderate thickness. A
comparison with the exact case verifies that
this unrealistic increase is due to the Eddington
approximation which confirms the discussion of
Section 2.2.

Fig. 5 compares the exact with the Edding-
ton case for a 200 meter cloud and a uniform
ground albedo of 159%:; the same type of be-
havior is found as for the previous situations.
Next, consider Fig. 6 which compares the Ed-
dington results for the same cloud and solar
zenith angle of gy = 0.5 for ground albedos of
zero, 15 and 509%,. Fig. 7 depicts a 17.26 meter
cloud whose total optical depth 7' =0.609 coin-
cides with the predicted maximum of the total
downward flux as discussed in Section 2.2.
The region is non-absorbing so that the net
flux remains necessarily constant throughout
the cloud. Morever, the ground albedo is zero
so that the net flux at the cloud base equals
the total downward flux. Recall that normally
F, and F, differ in sign, with 7, less than zero.
However, in this case, the total downward flux
increases (negatively) throughout the cloud
which requires, to keep the net flux constant,
that F, and F, have the same sign. To point
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out this physically unrealistic result more clearly,
the upward flux is shown as a negative quan-
tity.

Fig. 8 depicts the transmissivity within a
17.26, 50, 100, and 200 meter cloud for u,=1.
The abscissa is scaled as a percentage of total
cloud depth. This type of graph clearly out-
lines the limitations of Eddington’s approxima-
tion.

4. Conclusion

The Eddington approximation makes it pos-
sible to determine very economically radiative
solar fluxes not only at the cloud boundaries,
but also at any level within the cloud. Uniform
ground albedo can be easily accounted for. For
the case of zero absorption (purely conservative
atmosphere) a special solution is obtained. For
non-zero absorption the basic equations may
yield infinitely large fluxes for certain atmos-
pheric models. Therefore, additional equations
are given to handle the case of resonance.

The great simplicity of the Eddington ap-
proximation results in a loss of accuracy which
is particularly severe near the upper cloud
boundary. Nevertheless, Eddington’s approxi-
mation is still a useful tool since, with the ex-
ception of optically thin clouds, the emerging
fluxes at the cloud base are in reasonable
agreement with the exact results. The down-
ward flux arriving at the earth’s surface is of
particular importance since it is required in the
boundary statement of the heat conduction
equations of the soil and the air layer near the
ground. Furthermore, if the solar zenith angle
is near 45 degrees, the Eddington approxima-
tion gives good agreement with more accurate
solutions even within optically thin clouds.

It is recognized that the Eddington’s ap-
proximation represents the leading terms of the
Intensity expansion into a series of Legendre
polynomials. Taking only two additional terms
into account improves greatly the accuracy of
the approximation. The extension of the method
results in a rather involved analytical solution
which is still capable of rapid evaluation. Re-
sults are in preparation for publication.
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UCCJIEJIOBAHUE IIEPEHOCA COJIHEYHOTO U3JIVYEHUA B OBJIAKAX C
NCIOJB30OBAHUEM NPUBJMAHEHUA STOINHTTOHA

B nacroAmem ucciegoBaHMH PACCMAaTPUBACTCA
NepeH0C COJHEeYHOr0 NBJNYy4YeHHA B TOPH30H-
TAJbHO CTPATHGUIMPOBAHHLIX o0jgakax. Bm-
OpaHHBI IONXON OCHOBAH HA MCIOJB30BAHUU
npuOnumeHnsa OATUHITOHA MAJNA HHTEHCHBHO-
creit B cTporoil opmyauposre UaHAapacerapa
(1960) ypasHeHusa mepeHoca usxydenusa. Ilpu-
HATHL BO BHUMAaHMe BCe BasKHBEIE (UBNYECKUE

TPONECCH, TAaKuWe KAaK IIOTNOUIeHHEe BOILAHBIM
napoM #u O00NAYHBIMH YAaCTULAMI, a TaKke
MHOFOKpaTHOE paccesHye Ha o6IavyHEX KAIJIAX.
TIpoBoguTcs CpaBHEHWE ¢ PE3YIHTATAMM, HOIY-
YeHHBIMU I[yTEM TOYHOIO pelleHWs ypaBHEHUHA
nepernoca usnydeans. O0CyKIaTCA HELOCTATHE
npubauMenus IIAUEITOHA M NAITCA PEKOMe-
HJAIMHA 10 PA3BUTHIO 3TOTO METOHd.
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