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ABSTRACT

The spectral distributions of turbulence, as generated by the gravity waves on the
interface between two fluids, are investigated. Both stable and unstable surfaces are
considered. An unstable surface refers to the early development of turbulence from
the Taylor instability. A stable surface may refer to the sea-surface. A repeated-
cascade method is used to close the hierarchy of correlations at their fourth order,
and to determine the eddy transport property through a memory chain of eddy
relaxations. The production, inertia and dissipation subranges of spectral distributions
on an unstable surface with friction are found to follow the laws k~2, k=3, and k2
for the kinetic energy, and k=35, k-1, and k=% for the surface elevation. The inertia,
eddy dissipation by gravity, and molecular dissipation subranges on a stable surface
with friction are found to follow the law %~3 for the kinetic energy, and the laws
L=, k=% and k~% for the surface elevation, respectively. The effects of surface tension

are also investigated.

I. Introduction

The gravity turbulence can appear on a stable
or an unstable surface, which separates a heavy
liquid below or above a light one. For example,
the sea surface is a stable surface. For the tur-
bulent motions on a stable surface to be main-
tained, an external exciting agent, e.g., a sur-
face wind, may be required. On the other hand,
an unstable surface has its own source of energy
supply, and may eventually develop into singu-
lar fingers, broken boundaries and droplets,
which cease to constitute a continuous surface.
Therefore, the gravity turbulence on an un-
stable surface can only refer to the early stage
of its development.

In view of the complexity of the hydrodynam-
ie equations of turbulence, dimensional methods
had been used to predict the spectral structure
of turbulence in & homogeneous fluid (Kolmo-
goroff, 1941; Heisenberg, 1948} and in a strati-
fied medium (Shur, 1962). With the use of the
acceleration of gravity g as a parameter in his
dimensional analysis, Phillips (1966) proposed
the following formulas of turbulent spectra in
the spaces of wavenumber &£ and frequency w
on a sea surface:
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(i) The spectrum of kinetic energy is

F = const gk (1)
and (ii) the spectra of surface elevation are

H(k) = const k3 (2)
H(w) = const g2w—° (3)

in the spaces of wavenumber k and frequency
w, respectively.

It is obvious that the spectral structure could
not be equally valid on both stable and un-
stable surfaces. Since the dimensional analysis
only recognizes the parameter g, it is not able
to distinguish between the stable and unstable
conditions. In view of the above difficulty, it
is necessary to advance here an analytic theory
based upon the method of repeated-cascade
(Tchen, 1973). It enables closing the herarchy
of correlations to their fourth order, and deter-
mining an eddy transport property through a
memory chain of eddy relaxations.

I1. Basic equations for the moving surface

A moving surface is characterized by its
velocity u and surface . The governing equa-
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tions are written in the space of wave vector
k = (ky, k), as follows:

3ui(k) © y ?
— + dk’ik;u;(k — k') u; (k') + yy (k)
ot o

= B{k) — vk u;(k) (4)

o k i ’
iU f ikl — ) LK)

0 ~c0
= ~ &k R uy(k) - 2K (k) (5)
with
Ei(k) = —ig*(k)k;{ (k) (6a)
g*(k) = (1 + Tk*/og)g (61)
& =1, for a stable surface
= —1, for an unstable surface (6¢)
7,7 =(1,2).

Here the convolution integrals represent the
nonlinear inertia forces, yu; is a frictional force,
due, for example, to the wind friction on a sea
surface, with a frictional coefficient p. The
density g is constant. The molecular viscosity »
and diffusivity A contribute to molecular dissi-
pations »k%?u,(k) and Ak%((k). Finally, E; is a
driving force due to the stabilizing gravita-
tional pull of the surface elevation, and g* con-
sists of the acceleration of gravity g added with
the surface tension 7. E; serves as a coupling
term in (4). The corresponding coupling term,
=&k~ u;(k) in the kinematic equation (5),
represents the vertical pull of the surface eleva-
tion, and is obtained by integrating the equa-
tion of continuity of a volume element of fluid
in three dimensions. The values of & in (6¢)
guarantee that a surface wave decreases its
amplitude vertically upward for an unstable
surface and downward for a stable surface.

It will be convenient to introduce a speed of
propagation

o(k) = (g*/k)} (7)

and a drift velocity of the surface, called “po-
tential drift”’, in k space

w(k) = cki(k) (8)
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so that we can write (6a) and (5) in the follow-
ing alternative forms

E,(k) = ~ick;w(k) (9)
and

ow(k)

+ f dkile; (/') u, (K — k') w(k’)

= —dgck;u (k) - A w(k), (10)

respectively.

The alternative system of equations (4) and
(10) has the advantage that the gravitational
coupling E(k)-u( —k) is of equal magnitude but
opposite signs in the equation of evolution of
kinetic energy and potential energy
tu(k)-uk), Jw(k)w(k)
for the case of a stable configuration, i.e. £ =1,
as to be expected.

In applications, we shall use both systems
of equations, (4) and (5), or (4) and (10). The
latter system will be used for a stable surface
when the mechanism of turbulence is controlled
by the gravitational coupling between the kinetic
energy and the potential energy, while the
former system will be used for an unstable sur-
face where such a coupling does not come into
play.

It is evident that the existence of the gravita-
tional coupling in (5) and (10) requires that
Ieju;(k) % O (1la)
In the following, we shall, however, introduce
the approximation
kyu;(k) =0 (11b)
in all other terms of the above two systems.
That practice is recognized as the Rayleigh-
Boussinesq approximation (Chandrasekhar,
1953). Finally, we may remark that the basic
equations (4) and (5) of the surface are laminar
in nature, therefore containing a laminar fric-
tion in (4), while the effects of turbulence will
manifest themselves during some processes of
average.
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I1I. Outline of the cascade theory of

turbulence

A. Cascade decomposition

A turbulent motion is a quasi-stationary pro-
cess, having a continuous spectrum of coupled
scales. The large scales form a ‘“‘macroscopic
background”, prescribing the background con-
ditions for the motion of small scales The
smaller scales move more “randomly’, and,
upon statistical averages of fluctuations, provide
eddy transport properties in the background
medium. The above division into macroscopic
and random variables are relative to any wave
number of the spectrum. Thus we write, for a
velocity u in the physical space or in the wave
number space,

u=u’+u (12)
where u’ can be subdivided into

W o=u® +u® , +u (13)
so that

u=u+..+ua (14)
More generally, we can decompose u into
u=V® g2 (15)
instead of {12), with

V@ =q° 4, +ue-n (16)
ue = uw@ +  +ud an

The superscripts denote the ranks, with a
higher rank possessing a higher degree of ran-
domness.

The decompositions (12) and (14} will be
called single and repeated cascades, respectively.

In the above picture of quasi-stationary tur-
bulent process, where the large scale motions
are considered relatively macroscopic and the
smaller scales are more random, we can asso-
ciate a high degree of randomness to high wave-
numbers, by writing

ey
u®(x) = dku(k) exp (ik + x)

p(z—1)

= f dk u®(k) exp (ik - X) (18)

-0
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u%(x) f )dk u(k)exp (7k - x)

k(af]

il

= f dku*(k) exp (7k - x) (19)

—~a0
In the notation (18), u!*/(k) is understood to be
truncated between the wave number interval
(kle—1, kt@)), The truncation needs not be sharp,
and, if necessary, can be regulated by a scaling
distribution.

The cascade decomposition, which is described
for the variable u, is also valid for the variables
¢ and w, and no specific elaboration will be
repeated.

B. Averaging rules

A “cascade ensemble average’”, or ‘rank
average’’, denoted by

oo’ (20)

is expected to separate the two components
in (12), by averaging over realizations under
identical macroscopic background u°. After
such an averaging procedure, the random com-
ponent w’ becomes macroscopically negligible,
and the macroscopic component u° comes out
intact. Thus we have-

wpy’ =w®, <% =uw’, <w>' =0 (21)
Similarly a rank average

Cp? (22)
would annul u°, i.e.

u®° =0 (23)

The average (22) could correspond to a spatial
average over a length interval X°. Eventually,
X° may tend to infinity in a homogeneous
turbulence.

More generally, we can introduce a rank
average

LoD (24)

corresponding to & length interval X, Then
the following averaging rules apply:
(u‘ﬂ’>°‘ =0

if f>a (25)

—u, if f<a (26)

as a generalization of (21) and (23).
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C. Ranks and rank values of correlations

In view of the condition of quasi-stationarity
of turbulence of rank «, we can write

Qu (k) ute (k7)o

= x(a)<u(d)(k’)u(zx)( _k’)> 6(]6, +k”) (27)

where

2 = (/X ) (28)
is called a “scaling factor”, and s=2 in two
dimensions, giving the following relation be-
tween the velocity correlations in k space and
X space:

(o]

<ll(a)(X) u(a)(x)>¢ _ J‘ dklx(ac)<u(0¢)(k/) u(#)( _ k’)>“

—0o

(29)

In connection with the velocity correlation
at two instants, we introduce the integrals

o0
75 (k) = f P (v, K) w0, k) (30)
0
te el
(k) = f At gt k) uf(t, —k)>" (31)
0
with
go ol
n&‘}"=f dk 757 (k) (32)
-0
and
(v o)
n‘z‘j=f dk 75;(K) (33)
-~

If the turbulent motion of rank « is of a suffi-
ciently small scale, the assumption of isotropy
can be applied, giving
iy =06y (34)
7' is called an eddy viscosity of the ath rank.

In view of the averaging rule (26) and of
the expected presence of
Vute+b gla+iyia+l) (35)

in the equation deseribing the evolution of u‘®,
we deem that <ule+hglat+tD e+l hag a rank value
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«. As a consequence, the eddy viscosity 7i?, as

obtained by a time integration which also

amounts to a smoothing process, will have a

rank value « —2 or lower. Thus

ufuf>® = uPu§®>*  has a rank value a—1,
(36}

and

has a rank value «—2

wh=n (37)

IV. Dynamic equations in cascade repre-~
sentation

As mentioned in Section I1I, we will need a
repeated cascade for the velocity and only a
single cascade for the surface. Therefore, we
write their respective dynamical equations as
follows:

du (k) _oui® (k)

dt ot

0

+ f dk’ik; VD (k- k') uf® (k')
-0
(%

- - f dk’ik; [uf(k - k') Vi (k')

-0

+ <u(ja+1)(k -K) uga+l)(k,)>m+1]

+ B9 (k) — yui® (k) — vk u (k)

Du‘;f(k)_au‘;‘(k)+f°°
Dt~ at o

(38)

dk’ikyu;(k — ') uf (k)

—o0

o0
= - f dkik; uf (k- k) V(&)

+ B (k) - pui (k) — vk uf (k) (39)
ac;ik) + f kil ul (k — ) £° (k)
- —f dk’ik; <uj(k—K’) &' (k)
— &l kg (k) — 26" (k) (40)

Tellus XXVI (1974), 5
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awe(k) [ ., ) ,
o +f dkikjkefl ) uf (k- k) wo (k')

= - f AR il (el <uj(k — k') w' (k)

— Eick;ug (k) — Ak"we (k) (41)

Dyk) _ot(k) (.,
= +f‘wdkzlc,uj(k—k)c(k)

[ve]
= —f dk’ile; uj (k—k’) £° (k')

—o0

— &k ey (K)

+ f dk’ik; Cuj(k - k) &' (K'))’

— 2k (k) (42)

Dw'(k) aw'(k) © .,
D¢ NT + f—wdk’zkf(k/k’)ui(k—k')w'(k/)

- -J Ak’ ik (ke/k’)y ug (k — &) we (K7)

—o0

— Eick;uy(k)

[ve]
+ f dK’ike; (k) <uy (K — k) w’(K7)>
-

— (k) (43)

V. Langevin equation and Onsager’s rela-
tion for turbulent motions

It is to be remarked that D/D¢ in (39) repre-
sents a Lagrangian derivative, i.e., a rate of
change following the path of & fluid element.
The variable ¢ in D/Dt can be treated as a one-
dimensional variable in the Lagrangian repre-
sentation, notwithstanding its four dimensions
in time and three wavenumbers in the Eulerian
representation. Under such a circumstance, and
in analogy with the Brownian movements of
molecules, egs. (38), (39), {42} and (43) can be
regarded as Langevin equations for turbulent
motion, if k is taken to be a parameter. They
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will be useful to calculate fluxes or stresses and
associated transport coefficients of turbulence.
For this purpose, we make a formal integra-
tion of (39), giving

t
(e, k) = f (¢, ) exp[ - p(t - 1)]
o

+uf(0,k)ye (44)
where
00
24, k)= — f dl’ ik u(@, k- k) Vi@, k)
-0
+E5(, k) (45)

It is to be noted that a term similar to that in
{...>" on the right hand side of (42) has not been
carried over to (45), because it will not contrib-
ute to fluxes and transport properties. Also
we have omitted the molecular dissipation.

Since a transport property is contributed by
a correlation from a rank u% in a quasi-stationary
background of rank V(¢ k) in the cascade
(15), the upper limit ¢ will belong to the quasi-
stationary time scale which is much larger than
the duration of that correlation. Therefore that
upper limit can be replaced by oo, and Vi?(#', k")
can be replaced by V@, k’). For the same
reason, the initial value will not be correlated
with any fluctuation at time #, thus simplifying
(44) to

ui (¢, k) = f deRi (¢, k) exp [ - (i~ t)]

0

e~ f drhi(t -1, k) (46)

0

Here 7=¢—¢, and

(s o]
R, Ky~ — f dleiky vi(@t, k- k7) V¢, k)

-

+ B, k) (47)
We have also neglected the friction as being
small compared to the eddy mixing process.

The expression (46) for the fluctuation w
avails itself to find a flux

(a)
i
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< (8, k=K ui (8, K™

o0
= —f dk”ik, VP, k”)

—00

o0
X f drlui(t, k—K ) uS(t— 1, k' = k")H*

0

N f G, - K) B o k)Y (48)

0

All the terms have the same rank value o —1,
except the last term which has a rank value
up to « — 2. Such a disparate rank will not con-
tribute to the flux, and therefore will be omitted.
When we make use of the property (27) and
the definition (31), we reduce the flux to the
form

(e, k- K ui(t, k)" = ~ (k- k') ik, ViP(t, k)
(49a)

We conclude that the statistical effect of the
fluctuations of rank u’ upon the evolution of u®
takes the form of a flux (49a), which is propor-
tional to the background velocity gradient
multiplied by an eddy viscosity. That a flux is
proportional to the gradient of the quantity to
be transported agrees with the Onsager rela-
tion. By repeating the method for the surface
fluxes, we obtain

Cujt, K—K) (e, WY = — ok — K) ik £° (¢, K)
(49b)

Cuj(t, K=K w'(t, &) = — qjs(k — k) ileg w° (¢, K)
(49¢)

The relations (49a), (49b) and (49¢) will be
called the Onsager relations of turbulence.

V1. Transport of energy

By relying upon the Onsager relation (49a),
we can transform the equation (38) for the
momentum transport into the form

[37 + w’(k)] ui (6, k) = E7 (¢, k) ~pus (¢, k) (50)
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where-the relaxation frequency is

o0
o’ (k) = f Ak’ Fog s (k — ')

—0

e o}
= f dk’k; by 8(k — k)
-0

iy (512)
in an anisotropic medium, or
o’ (k) = k2y’ (51D)

in an isotropic medium.
If we treat (50) as a Langevin equation, and
mtegrate, we find

o0
uf (t, k):f drEf(t—1,kK)e™®" (52)

0

Here the initial value is omitted, because it

does not contribute to any correlation. In addi-

tion, we have neglected y as compared to o’.
In a similar way, we reduce (40) and (41) to

[ + cu’(fc)] rot, k)= — &k - uole, k) (53)

 dt

and

ti + w’(k)] we (¢, k)= — &ick - u° (¢, k)

54
k (54)

or, in terms of K7,

(55)

d
% + w’(fc)} B, k)= - &k, k- (¢, k)

Upon multiplying (50), (83) and (54) by
ui ( —k), £°( —k) and w°( ~ k), respectively, and
taking an average, we find

(a—+ w) Cud (k) g (—k)>e
ot
= (B (R) B (—Kk)>° —plu (k) u) (- K)>°

+ (k> —k) (56)

(a— + w/) o) 2o (- k)
ot
(k) () (K)° + (K> — )
(57)

Tellus XXVI (1974), 5
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7
(5+w)<w (k) we{-k}>

= —&E (-K)ui (K)>° + (k~k) (58)
Here the convection terms do not contribute to
the energy evolution in homogeneous turbu-
lence, and are therefore omitted. The complex
conjugate part is represented by (k- —k), as
obtained from replacing k by —k.

When we multiply (56), (57) and (58) by a
scaling factor x°, and integrate with respect to
k, as prescribed by (29), we obtain the equa-
tions of energy balance

2 kdk’F lc’)—la " dk’ye<ud (K'Y ui (-K)>°
ot ), ( :26t o 2o <ug (K'Y u; (- k')
=I°~-T°—pJo—p° {59a)

a—J‘kdk’Hk’—la— wdk"’ *(k) go(-k))°
P ®)=52 B x°<Ee (k) ¢ (- K)>

- —EDE -T2 - MJE (59b)

é— kdk'G’(k’)—la Oodk"’ o(k)ywe(-Kk’)>°
at T 208 ) o 7 we ) we(— k>

]

=T -T5 -y (59¢)
with the following transport functions:
(@) For the kinetic energy
To =y Je (60 a)
K
°= 2f k'l F (k')
]
0
= f dk'k’yo<uc (k') - uo (- k) (60D)
—00
k
po= 2yJ‘ dik’F(k’)
0
0
=?f dkgeue (k) - ue (- k)>e (60¢)
—o0
0
I‘°Ef dk’y°<E°(—-k’)-u°(-k")>° (60d)
~00
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k
FuehHos f dle’ F(k') {60e)
o
(b) For the surface elevation
Tg =y J8 (618a)
k
Ji= 2] dk’k”*H (k")
0
o0
= f APy Gk go(—K)e (61b)
-0
oC
FEEJ dk’ (g% k') "y CBe (- k) -ue(k)>° (6lec)
—00
k
3= J dk’H (k') (614)
0
(¢) For the potential energy
T, =7J3 (62a)
k
J;,E2f dk’ k" G(k)
0
o0
= f dk’ kg <we (k) we (—k/)>° (62b)
—o0
k
%<w°2>°sf A’ G(k) (62¢)
1}

The functions T'°, T and T, are called trans-
fer functions, they govern the cascade transfer
of energy across each individual spectrum. The
terms vJ°, AJ g and AJ 3, are dissipation functions,
proportional to the vorticity functions J°, J;
and Jg,, with the molecular viscosity » and dif-
fusivity A as coefficients. Finally I'° and T}
are called gravitational exchange functions,
since they govern the exchange between E°
and u°.

VII. Gravitational exchange

The gravitational exchange (60d) can be cal-
culated by means of (50) and (55), giving

<E°(t, k) -w(t, —k)>°

o0
= f dr<B°(s, k) - Eo(t -7, K))° ™"

0

(63)
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and

(g + UJ/) <E19(t7 k) Ezo (t/’ _k)>O

dt
= — &k, ko, <ui (¢, K) Bf (¢, K)>° (64)
for an isotropic turbulence.
Assuming
ke <o’ (65)

as valid in the spectral subrange dominated by
a gravitational pull, we obtain the approximate
solution of (63) and (64) to be

1
CEet k)-ue(t, k)de = o CEe(t, K) - Eo(t, —Kk)>°
®
(66)
It follows:

Ie= f dk’(20") o (B (k) - Bo(-K)>°

—00

dler (67)

_ f" [k'e(k")]*H (k')
0 w’(k’)

o0
ré= f K20’ () g (k') B

-0
x B (') - Bo (- K)°

dfer =

k ’ A%t ’
_ f ['c(k")"H (k') (68)
0 w’ (k')

VIII. Eddy viscosity and relaxations

As an extension of (50), we can rewrite (38)
as

d
(d? + w““) u?(t, k)

o0
= —f AR’k ul (8, k—Kk) VO, k')

—0

+ EP(t, k) (69)

where

w1 = iyt

(70)
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and the frictions are neglected. Equation (69)
serves as a basis of calculating the eddy viscosity
n%. For this purpose, we remark that the first
term on the right hand side of (69) will not
contribute, in view of the presence of a macro-
scopic variable V'@ which may change its sign;
also we remark that the last term of (69) will
give a negligible contribution under the con-
dition (65). By omitting the details of calcula-
tions, we find the expression

o 1 J‘oo Ik X(zx)<uoc(k)‘z‘+]:a( _k)>oz

w

-0

1]=‘§

(71}

which can be rewritten more explicitly in the
form of the following memory-chain of relaxa-
tions

© Flt%)

te=p@fl)= | A ————
0 = (xfk) L W @)

“(afk) f " a2
2k’ = e
N » k,,zn/// (.’C/k”)

(72}

For an isomeric structure of the spectrum for
all links of the chain, we find the solution of the
infinite sequence (72), to be

0 b
7 = [2 f dk’k’"2F(k’)]
k

It is to be remarked that the nonlinearity of
the basic equations (4) and (5) of the interface
generates a hierarchy of correlations. The meth-
od of single cascade decomposition (12) degener-
ates the fourth correlations into produets of
two double correlations, as achieved in the
transfer functions (60a), (61a) and (62a), and
hence closes that hierarchy. However, an eddy
viscosity %’ is involved in the above functions,
and requires a repeated-cascade to describe its
intrinsic memory-chain (72). The hypothesis of
isomeric spectrum in all links of the chain
enables to close the chain too.

(73)

IX. Universal range

The universal range holds at sufficiently large
wave numbers, such that the time derivatives

Tellus XXVTI (1974), 5
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in (59) become independent of k. Noting that
Tk =00) =0, T7(k=c0)=0

we can rewrite (59) in new forms for k =ococ,
and subtract the new forms from the original
equations, yielding

(i) for an unstable surface (& =1)

=T +T° +yp°+vJ° = —T +y +e

(74)
ETF + T +AJ7 = &0 +g
(ii) for a stable surface (£ = —1)
T+ T +y° +9J° = —T+y +e
(75)

ET° + 5 +AJ5 = &T +e,,

with the notations

T =T%k=c0), Ty=Tf(k=00), y=y°(k=00)
J =J°k =00), Jg=JE(k=00), Jy =Jy(k=0c0)
e=vJ, e =iy, &, =1J, (76)

We refer the configuration of a heavy liquid
above a lighter one as unstable (§ = —1), and
the reverse configuration, e.g., sea-surface, as
stable (& =1). Their distinetion lies in the roles
of the gravitational pull: in the unstable con-
figuration, the gravitational pull is an energy
source for both the surface elevation and the
velocity which endows it, while in the stable
case, the gravitational pull serves to produce
the kinetic energy at the expense of the poten-
tial energy, so that the two energies must
balance.

In the quasi-stationary turbulence, the time ¢
does not appear as an explicit variable, but the
spectral distributions may vary slowly with
time through the physical parameters I', I'y, J,
Je Ty

X. Inertia and dissipation subranges for
stable and unstable surfaces

The gravitational pull is absent in the present
subranges, so that the equation (74) governing
the spectral distributions reduce to
T +y°+vJ® =y +e¢ (77a)
T? +AJ7 =& (77b)
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We shall discuss the solutions for various sub-
ranges. The simplest case is the inertia subrange
described by

T° =¢, T¢ = & (78)
as a degenerate form of (77), with solutions

F = 0.83¢23%~503,

H = 0.835,61/%%5/3 (79)

in agreement with the Kolmogoroff (1941) law.
However, in the presence of the friction or dis-
sipation, the vorticity J° attains practically its
saturated value
Jo=J (80)
so that the drop of the F-spectrum can be
calculated from the differential form of (77a),
which 1s

(81)

with the aid of (80), and with the approximation

vi+n' =y (82)
The solution of (81) is
F =3J2(y + 20k?) (y +vk?) 3k~ (83)

A substitution of (83) into (77b) gives the solu-
tion

H

JTek° JET2 ] Py + 2wkt
e [1+ } s (84)

22 2w +vEY) |  y+k

The general solutions (83) and (84) cover an
interpolation over the following three subranges

{a)—(c):
(@) Inertia subrange with friction (v =0, 4 =0)

F = {J[y)k—* (85a)

H = 2(egy/T) b (85b)

(b) Diffusion subrange with friction (v =0)

When the F-spectrum falls by friction accord-
ing to (85a), the H-spectrum is dissipated by
molecular diffusivity and becomes

H = }(JJ ¢ Jy) ks (88)
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(¢) Dissipation subrange without friction (y =0)

F - (kT
(87)
H = (JTgpi) kT

in agreement with the Heisenberg (1948) law.

XI. Generation of turbulence by gravita-
tional instability (¢=-1)

In the unstable configuration of a heavy liquid
above a lighter one (i.e., § = —1), a turbulent
interface is generated by the gravitational in-
stability. The molecular dissipations can be
neglected, reducing the equation of energy
balance to

k 47,2

k)R H (K

— J\ d]c'[(—);l_/(?)+ 77/JO+I])O=F+6+'LF,

0 ' (/k’)

(88)

" L)' H(E)
- dk’' — - +yJf =Tr+er

0 7' (k")

The flow of energy from the gravitational
instability into the wave transfer by inertia
can be more explicitly demonstrated from a
differential form of (88),

Be'H 2 dn’
———+ 2k’ F+J°—+ pF =0,
n dk

(89)

&H . dn’
- — +W2H+Jf =
n dk

The gravitational pull in the unstable con-
figuration provides a natural source of energy,
for maintaining both spectra in their respective
subranges of production, and for keeping them
from being disintegrated into dissipation. Under
those circumstances, the vorticity funections J°
and J¢ controlling the eddy dissipations, can be
neglected, reducing (89) to

— Ak2H + 2%k F + ' F = 0,

(90)
—c2H +29%k2H = 0
We find the solutions
-2 T 2
F=A4 gk 1+ —k {(91a)
39
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H:Alk~31+(T/3eg)£f
L+ (T/og) &
< {1+ (/) [1+ (T/og) K1 ¥} (91b)
with
A, =3 (92a)
and
ky =Cyp’fg, Cy=} (92b)

Here k, is a frictional transition wave number
separating the following two regimes:

(a) Non-frictional, k>k7, and 7 =0

H =4,k (93)
(b) Frictional, lc<ky, and T =0
H = A kfk-3s (94)

XII. Sea-surface turbulence

In a stable configuration (£ =1) like the sea-
surface, the effect of gravity is to pull down the
surface elevation, and, during this course of
action, to disperse the surface liquid by raising
the velocity of dispersal. In order to subscribe
to the above mechanism, the same gravita-
tional exchange function, which represents the
pull, should not only play the role of building
up the kinetic energy as an acceleration, but
also of depleting the potential energy as a
stabilizing force for an equal amount.

By neglecting the friction and dissipation we
veduce (75) to

N S O
(95)
Te+nJy =T +e,

In order to discern the energy flows more
conveniently, we rewrite (95) in the differential
form

(gk)H dJe dny’
-y +Jo— =0,
o Tk dk
96
(gk)’H CAN dy o
Sty —E 4 g - =0
w’ dk dk

Tellus XXVT (1974}, 5
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The spectrum of kinetic energy is in its early
stage of development in k-space, in view of its
regime of production, permitting the approxima-
tion J° =0. On the other hand, the spectrum of
potential energy is in its later stage of develop-
ment in k space, in view of its stabilization by
gravity, bringing its vorticity to saturation
Jo = w» and at the same time rendering %’
negligible. As a result, the system of equations
(96) simplifies to

k°H  dJ°
- (i) + 77’ =0 (97 a)
o’ dk
and
ky'H dn’
GV H 5 4T, (97b)
w’ dk
yielding the solutions
F=J,k® (98)
H = (J,/g*)2 k" (99)

XTIIH. Similarity theory

We shall summarize the results of the above
analytical theory in Table 1. This gives us an
opportunity of outlining their fundamental
mechanisms and introducing a similarity theory.
For the sake of abbreviation, we shall omit the
surface tension and the numerical coefficients.

We distinguish the following subranges:

A. Production by gravitational acceleration

This subrange exists for unstable surfaces and
is absent for stable surfaces.

The frictionless case is governed by the para-
meter g, giving the spectra
H =k3

F = gk-2, (100)

The frictional case has the frictional wave-
number
k, =g (101)
as a second parameter. Since the surface’eleva-
tion is opposed by the friction y“to its first

power, we find
-

F =gk, H = (k,/k)ik— (102)

Tellus XX VT (1974), 5
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B. Inertia

The spectral laws in the inertia subrange are
independent of the gravitational effects, and
are, therefore, common to stable and unstable
surfaces.

The frictionless laws are governed by the
parameters ¢ and &g according to

F = 5f=51%,  H = gpe1 313 (103)

If the friction is dominant, the kinetic energy
i1s transferred across the spectrum to secure a
balance between the friction and the saturated

vorticity. The governing parameter is

Q, =Jfy (104)
giving a spectrum
F=Qk® (105)

Since the surface spectrum should be propor-
tional to ¢, according to (77b), a dimensional
analysis using the parameters Q_y and ¢, yields

H = (e/ Q) k1 (108)
C. Frictionless eddy dissipation
by gravitational pull
This mechanism of wave dissipation controls
a stable surface only. The governing parameters
are the potential vorticity J,, and the gravity g.
Since the build-up of the kinetic energy occurs
at the expense of the potential energy with a
vorticity .J,, the spectrum of the kinetic energy
18
F=J,k3? (107)
By balancing the gravitational acceleration
with the nonlinear eddy transfer m (97a), we
find
& =u?fg (108)

With the substitution of (107), we transform
(108) into

H = (J,/l9)%k* (109)
D. Molecular dissipation

The frictionless laws are found to be

F =uk,

L N (110)
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Table 1. Spectral distributions F and H for stable and unstable surfaces

Subranges
Eddy
dissipation
Production by gravita-
by gravitational acceleration Inertia tional pull
(frictionless
Surfaces Frictionless Frictional Frictionless Frictional and inviscid)
Unstable surface B =gk F=gk-?
Turbulence from F = g2i3p—s/8 F= Q%, k8 Absent
Taylor instability ~ H =k=3 H = (k[k,)=k=3  H=gpe k=% H = (c,/Q, )k
Stable surface F=J,k3
Sea surface Absent H= lc;k—5
turbulence
Controlling F g g € .Qy =Jy Jw
parameters ~ H ky,=y*lg & & &es Qy k,=J,lg
with n =kug (115)
y =Jf,  uy =JfA (111)  and convert (99) into a spectrum
and agree with the Heisenberg theory (1948) H(n) = fg*n—>° (116)
for viscous dissipation. _
In order to transform those viscous laws into ~ normalized to
inviscid but frictional laws, a wavenumber o
%<C2>=f dnH(n) (117)
EB* = (po)t = (i) 2)} (112) 0
has to be introduced, converting (110) into with a dimensionless coefficient
F =, k" (f*), B = (J,ullg®) (118)

H = iy, = (/)" (113)

We see that we must have m =4 and n =2 to

render (113) inviscid, entailing

F =0k, H=pQ k> (114)
We conclude that the above similarity con-

siderations enable the reproduction of the re-

sults of the analytical theory.

XIV. Comparison with observations

Formula (99) of the present theory has pre-
dicted a sea-surface spectrum k-5 in the gravi-
tational subrange. This result differs from the
dimensional law (2) proposed by Phillips (1966).

With the use of a streaming velocity w; of
the surface as a reference velocity, we can in-
troduce a frequency

The empirical law (3), as suggested by Phillips
(1966), has a close appearance to the spectrum
(116), but differs by the variable coefficient
(118).

Observations of sea-surface fluctuations have
been reported by Miyake et al. (1970), Phillips
(19686), Schwartz et al. (1968) and Volkov (1968),
as they are conveyed. to the point of the probe
by a streaming velocity w, If u, is large in
comparison with the phase velocity c(k >k,),
their spatial fluctuations past the point of
measurement will be observed as fluctuations
in time, with a frequency (115) according to
the Taylor hypothesis. Here k,, is the wave-
number corresponding to the peak of the spec-
trum preceding the gravitational subrange. Al-
though the average phase velocity may be large,
the small scales of the gravitational subrange
may give a small enough c(k > %,,) as to validate
the Taylor hypothesis.

Tellus XXVI (1974), 5
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Molecular dissipation

Frictionless Frictional
F=pk™ F=Q}§Ic"3
H=M1ka_7 H=p, ka—‘s
s, =J Q.y

Mys B2 = Jé’/ﬂ' M Qy

We can rewrite (99) in the form

aJg

e (Joulg)k™?

(119)

with 7" =0, suggesting a saturation vorticity

J¢ = (Jylgkn)? (120)

or equivalently

J, =gk, Jt (121)
A further substitution of (121) reduces (118) to

B=aly (122a)

107

T

1 L [ —1
0.0 0.02 0.03 G.04 0.05 0.06 007

Fig. 1. Variation of coefficient § in eq. (118) with
mean square slope Jy. The experimental points are
obtained by using the spectra data reported by
Volkov (1968). The solid line represents the theo-
retical prediction of egs. (122a) and (122b).

Tellus XXVI (1974}, 5
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with

@ = (ky,ui/g)? =0.11 (122b)
This numerical value is based upon empirieal
estimates and data by Keulegan (1951), Miyake
et al. (1970) and Schwartz et al. (1968), with
kyp =g/u?  ug =0.87Tuy, u = 1.5uy (123)
The mean square slope J, has been measured
by Wu (1972) and the spectrum (116) with the
coefficient (122) has been reported by Volkov
(1968) under various sea conditions. We have
plotted B versus J; in Fig. 1. The experimental
data are found in a good agreement with the
theoretical predictions (116) and (122).

XYV. Conclusions

A stable surface has the k=5 law (99) in the
subrange of eddy dissipation by gravity. The
same power (86) holds in the subrange by mo-
lecular dissipation too. If the coefficients of the
two formulas (86) and (99) do not differ much,
the two laws will appear in a continuous suc-
cession. This explains why the 5th power law
is so easily found on sea-surface turbulence.

Under the circumstances where the Taylor
hypothesis is valid, the analytical law can be
brought to a form (116) which has an appearance
analogous to the dimensional law (3} proposed
by Phillips (1966). The coefficient g, which was
proposed as a universal constant in the dimen-
sional theory, becomes a function of the dimen-
sionless sea-surface slope, as predicted by (122).
The agreement between the measured relation
for B and the theoretical prediction (122) is
shown to be satisfactory in Fig. 1.

The empirical laws (1) and (2), as proposed
on a dimensional basis by Phillips (1966) for a
sea-surface, cannot be justified analytically. On
the contrary, they are justified for an unstable
surface. This difficulty is inherent to the dimen-
sional method, which does not distinguish be-
tween the disparate mechanisms of turbulence
on stable and unstable surfaces.
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TPABUTAIIMOHHAA TYPBYJIEHTHOCTD, CBAAIBAHHAA C
IMOBEPXHO CTAMU PA3IEJIA

NsyuyawTca CleKTpalbHBIE pPacHpefeaeHusa Typ-
OyJeHTHOCTH, TEeHepUpyeMo#  TpaBUTALUOH-
HBIMZ BOJIHAMM HA IIOBEPXHOCTU PABREIA MEMIY
OIBYMA HgKocTAMM. PaccmMaTpuBarTca Kak
yCcTOlYnBLIE, TAK U HEYCTOMYUBHE NOBEPX-
Hocru. HeycroitumBaa MOBEPXHOCTE CBABH-
BAeTCA ¢ paHHell CcTaguell pasBUTUA TypOYJNEHT-
HocTH Onaromapsa mHeycToiiumBoctu Taitnopa.
YeroitunBaAg TNOBEPXHOCTH MOMET OTHOCUTLCHA
K [0BepxXHOCTM MopsA. Mcnouesyerca meToq
IIOBTOPHOTO Kackaza AJs 3aMbIKaHMA uepapxuu
KOppesALMil B MX 4eTBEPTOM HOPAJKE, a TAKHe
NJIA OINpejeseHnss BHXPEBOTO IepeHoca ¢ no-
MOIIBIO IEHOYKHN C IAMATHI0 BHUXPEBHIX pe-
nakcanuit. Haiigeno, 4To B DOABIHTEpPBAJAX

MPOEYKIUY, HHEPUUOHHOM M AUCCUIATHBHOM
CIERTpaJIbHbIE PACIpenesieHudA IHePrum Ha He-
YCTOHYNBOM IMOBEPXHOCTH ¢ TPEHMEM CIeAYIOT
3aKOHAM k7%, k=% M x¥~3, & CIIEKTPHEI BO3BHIIIEHHUH
MOBEPXHOCTH — 3akoHaM k35, x~! u w5, Ha
yCTOMUMBOW MOBEPXHOCTH C TPeHHeM HaijgeHo,
9T0 B HOABLIHTEPBANAX HHEPUUOHHOM, Typly-
JIEHTHOH OuCCHUNauul mnyTeM pabdoThl NPOTUR
CHIBI THMKECTH W MONEKYJAPHOH pAuccunanum
CHEKTPHl KHHETHYECKOH SHepruu CcJefyloT 3a-
KOHY k% W 3aKoHaM k!, k=% um k=% QA BO3-
BHIINEHN}I IOBEPXHOCTYH, COOTBETCTBeHHO. l3-
y4aeTcsa TaKme BIHAHNE B3PPEKTOB IIOBEPX-
HOCTHOT'0 HATAMEHUA.
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