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ABSTRACT 

The spectral distributions of turbulence, as generated by the gravity waves on the 
interface between two fluids, are investigated. Both stable and unstable surfaces are 
considered. An unstable surface refers to  the early development of turbulence from 
the Taylor instability. A stable surface may refer to the sea-surface. A repeated- 
cascade method is used to close the hierarchy of correlations at  their fourth order, 
and to determine the eddy transport property through a memory chain of eddy 
relaxations. The production, inertia and dissipation subranges of spectral distributions 
on an unstable surface with friction are found to  follow the laws k-2, k-3, and k-3 
for the kinetic energy, and k-3.5,  k-l, and k-5 for the surface elevation. The inertia, 
eddy dissipation by gravity, and molecular dissipation subranges on a stable surface 
with friction are found to follow the law k-3 for the kinetic energy, and the laws 
l r l ,  k4 and kT6 for the surface elevation, respectively. The effects of surface tension 
are also investigated. 

I. Introduction 

The gravity turbulence can appear on a stable 
or an unstable surface, which separates a heavy 
liquid below or above a light one. For example, 
the sea surface is a stable surface. For the tur- 
bulent motions on a stable surface to be main- 
tained, an  external exciting agent, e.g., a sur- 
face wind, may be required. On the other hand, 
an  unstable surface has its own source of energy 
supply, and may eventually develop into singu- 
lar fingers, broken boundaries and droplets, 
which cease to constitute a continuous surface. 
Therefore, the gravity turbulence on an  un- 
stable surface can only refer to the early stage 
of its development. 

I n  view of the complexity of the hydrodynam- 
ic equations of turbulence, dimensional methods 
had been used to predict the spectral structure 
of turbulence in a homogeneous fluid (Kolmo- 
goroff, 1941; Heisenberg, 1948) and in a strati- 
fied medium (Shur, 1962). With the use of the 
acceleration of gravity g as a parameter in his 
dimensional analysis, Phillips (1 966) proposed 
the following formulas of turbulent spectra in 
the spaces of wavenumber k and frequency w 
on a sea surface: 

Tellus XXVI (1974), 5 

(i)  The spectrum of kinetic energy is 

P = const g k 2  (1) 

H ( k )  = const k-3 (2) 

H ( w )  = const g2w-6 (3)  

and (ii) the spectra of surface elevation are 

in the spaces of wavenumber k and frequency 
w ,  respectively. 

It is obvious that the spectral structure could 
not be equally valid on both stable and un- 
stable surfaces. Since the dimensional analysis 
only recognizes the parameter g ,  it  is not able 
to distinguish between the stable and unstable 
conditions. I n  view of the above difficulty, it  
is necessary to advance here an analytic theory 
based upon the method of repeated-cascade 
(Tchen, 1973). It enables closing the herarchy 
of correlations to their fourth order, and deter- 
mining an  eddy transport property through a 
memory chain of eddy relaxations. 

11. Basic equations for the moving surface 

A moving surface is characterized by its 
velocity u and surface 5. The governing equa- 
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tions are written in the space of wave vector 
k = ( k l ,  k z ) ,  as follows: 

= Ei(k) -,vk2ui(k) (4) 

with 

Ei (k)  = -ig*(k)ki[(k) 

E = 1, for a stable surface 

= - 1, for an unstable surface (6c) 

i, f = (1,  2). 

Here the convolution integrals represent the 
nonlinear inertia forces, yui is a frictional force, 
due, for example, to the wind friction on a sea 
surface, with a frictional coefficient y .  The 
density e is constant, The molecular viscosity Y 

and diffusivity A contribute to molecular dissi- 
pations vk2ui(k) and Akz<(k). Finally, Ei is a 
driving force due to the stabilizing gravita- 
tional pull of the surface elevation, and g* con- 
sists of the acceleration of gravity g added with 
the surface tension T. Ei serves as a coupling 
term in (4). The corresponding coupling term, 
- Eik-’k,u,(k) in the kinematic equation (5), 

represents the vertical pull of the surface eleva- 
tion, and is obtained by integrating the equa- 
tion of continuity of a volume element of fluid 
in three dimensions. The values of E in (6c) 
guarantee that a surface wave decreases its 
amplitude vertically upward for an unstable 
surface and downward for a stable surface. 

It will be convenient to introduce a speed of 
propagation 

c ( k )  = (S*/k)’ ( 7 )  

and a drift velocity of the surface, called “po- 
tential drift”, in k space 

w(k) =ck[(k) (8 )  

so that we can write (6a) and (5) in the follow- 
ing alternative forms 

E,(k) = - ick iw(k)  

and 

dk‘iki(k/k’)u,(k-k‘)w(k‘) 
at 

(9) 

respectively . 
The alternative system of equations (4) and 

(10) has the advantage that the gravitational 
coupling E(k) .u( - k)  is of equal magnitude but 
opposite signs in the equation of evolution of 
kinetic energy and potential energy 

for the case of a stable configuration, i.e. 6 = 1, 
as to be expected. 

In  applications, we shall use both systems 
of equations, (4) and (5), or (4) and (10). The 
latter system will be used for a stable surface 
when the mechanism of turbulence is controlled 
by the gravitational coupling between the kinetic 
energy and the potential energy, while the 
former system will be used for an unstable sur- 
face where such a coupling does not come into 

It is evident that the existence of the gravita- 
play. 

tional coupling in (5) and (10) requires that 

I n  the following, we shall, however, introduce 
the approximation 

k,u,(k) = 0 (11b) 

in all other terms of the above two systems. 
That practice is recognized as the Rayleigh- 
Boussinesq approximation (Chandrasekhar, 
1953). Finally, we may remark that the basic 
equations (4) and ( 5 )  of the surface are laminar 
in nature, therefore containing a laminar fric- 
tion in (4), while the effects of turbulence will 
manifest themselves during some processes of 
average. 

Tellus XXVI (1974), 5 
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111. Outline of the  cascade theory of 
turbulence 

A. Cascade decomposition 
A turbulent motion is a quasi-stationary pro- 

cess, having a continuous spectrum of coupled 
scales. The large scales form a "macroscopic 
background", prescribing the background con- 
ditions for the motion of small scales The 
smaller scales move more "randomly", and, 
upon statistical averages of fluctuations, provide 
eddy transport properties in the background 
medium. The above division into macroscopic 
and random variables are relative to any wave 
number of the spectrum. Thus we write, for a 
velocity u in the physical space or in the wave 
number space, 

u = uo +u' (12) 

where U' can be subdivided into 

u' = ue11 +ue21 + ... +U"J 

so that 

u = u0 + ... +U"J 

More generally, we can decompose u into 

(13) 

(14) 

(15) u = V[OL) +ua 

instead of (12), with 

V'a) = u0 + ... + U(a-11 (16) 

(17) ua = U(a) + ... + u") 

The superscripts denote the ranks, with a 
higher rank possessing a higher degree of ran- 
domness. 

The decompositions (12) and (14) will be 
called single and repeated cascades, respectively. 

In the above picture of quasi-stationary tur- 
bulent process, where the large scale motions 
are considered relatively macroscopic and the 
smaller scales are more random, we can asso- 
ciate a high degree of randomness to high wave- 
numbers, by writing 

U(a)(x) = dku(k) exp (ik x) 

dk u(k) exp (ik . X) Sm k(a-1) 
U"(X) = 

4) 

= j-,dkiP(k) exp ( ik -x )  (19) 

In the notation (18), u(aJ(k) is understood to be 
truncated between the wave number interval 
(kca-11, kcal). The truncation needs not be sharp, 
and, if necessary, can be regulated by a scaling 
distribution. 

The cascade decomposition, which is described 
for the variable u, is also valid for the variables 
b and w, and no specific elaboration will be 
repeated. 

B. Averaging rules 
A "cascade ensemble average", or "rank 

average", denoted by 

<...)' (20) 

is expected to  separate the two components 
in (la),  by averaging over realizations under 
identical macroscopic background uo. After 
such an averaging procedure, the random com- 
ponent u' becomes macroscopically negligible, 
and the macroscopic component uo comes out 
intact. Thus we have,' 

<u>' = uo, <u">' = uo, <u'>' = 0 (21) 

Similarly a rank average 

(...>" 

would annul uo, i.e. 

(u")" = 0 (23) 

The average (22) could correspond to a spatial 
average over a length interval Xo. Eventually, 
Xo may tend to infinity in a homogeneous 
turbulence. 

More generally, we can introduce a rank 
average 

<...>a (24) 

corresponding to a length interval Xi"'. Then 
the following averaging rules apply: 

<ulfll)a = 0, if /? > cc (25) 

= u(flI, i f  /? < c c  (26) 

as a generalization of (21) and (23).  

Tellus XXVI (1974), 5 
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C. Ranks and rank values of correlations 
In view of the condition of quasi-stationarity 

of turbulence of rank a, we can write 

(u‘al( k‘) u‘a)(k’’))a 

= Xta)(U‘a)(k)U(“)( -k’)> 6(k’ +k”) (27) 

where 

XIa’ = (n /X  ‘ “1)s (28) 

is called a “scaling factor”, and s = 2 in two 
dimensions, giving the following relation be- 
tween the velocity correlations in k space and 
x space: 

m 

<u‘“’(k‘) u(“’( - k ) ) “  

(29) 

In  connection with the velocity correlation 
at two instants, we introduce the integrals 

qg’(k) = jOw dt’X‘“’(uy’(t’, k )  uy’(t, k)>“ (30) 

with 

fco 

and 

(33) 

If the turbulent motion of rank a is of a suffi- 
ciently small scale, the assumption of isotropy 
can be applied, giving 

r i a )  is called an eddy viscosity of the ath rank. 
In  view of the averaging rule (26) and of 

the expected presence of 

V ( ~ ( a + l l  Ula+ll)la+ll (35) 

in the equation describing the evolution of u‘a), 
we deem that (~‘a+l ]u(~+l )>a+l  has a rank value 

a. As a consequence, the eddy viscosity r,$’, as 
obtained by a time integration which also 
amounts to a smoothing process, will have a 
rank value a - 2 or lower. Thus 

(u: u?)“ = (t$’uy’>“ has a rank value a - 1 ,  

(36) 
and 

q:, = q$’ has a rank value a - 2 (37) 

IV. Dynamic equations in cascade repre- 
sentation 

As mentioned in Section 111, we will need a 
repeated cascade for the velocity and only a 
single cascade for the surface. Therefore, we 
write their respective dynamical equations as 
follows: 

duy’(k) - au?’(k) 
- 

dt at 

W 

+ [ dk’ikl Vy+”(k - k’) up’(k’) 
J -m 

- dk’iki [uy’(k - k’) Vp’(k’) 
- -/ma 

+Ey’(k) -yuy’(k) -vk2uy’(k) (38) 

m 
d k i k j  u?(k - k )  Vy’(k)  

= 

+ Eq(k) - yu?(k) - vk2u:(k) (39) 

dk‘ik>up(k-k‘) t0(k‘)  
at 

dk’ik; <ui(k- k’) [’(k’))’ - -I-: 
- [ iK1k ju ; (k )  -Akz(o(k) (40) 

Tellus XXVI (1974), 5 
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dk’ik;(k/k’)vj’(k- k’) w”(k’) 
at 

- tick, u; (k) - l k2wo (k) 

m - - J-_dk’ ik~u~(k-k)C”(k’)  

+ / m _ d k i k ;  (u;(k-k)5’(k’))’ 

- lkz[’(k) 

m 
dk’ik;(k/k‘) ui(k- k’) w”(k’) 

= 

- lkZw‘(k) (43) 

V. Langevin equation and Onsager’s rela- 
tion for turbulent motions 

It is to be remarked that D/Dt  in (39) repre- 
sents a Lagrangian derivative, i.e., a rate of 
change following the path of a fluid element. 
The variable t in D/Dt can be treated as a one- 
dimensional variable in the Lagrangian repre- 
sentation, notwithstanding its four dimensions 
in time and three wavenumbers in the Eulerian 
representation. Under such a circumstance, and 
in analogy with the Brownian movements of 
molecules, eqs. (38), (39), (42) and (43) can be 
regarded as Langevin equations for turbulent 
motion, if k is taken to be a parameter. They 

Tellus XXVI (1974), 5 

will be useful to calculate fluxes or stresses and 
associated transport coefficients of turbulence. 
For this purpose, we make a formal integra- 
tion of (39), giving 

dt‘hT(t’. k) exp [ - y( t  - t ‘ ) ]  

where 

(44) 

hy(t, k)  = - /ymdk’iki u:(t, k - k’) V‘,“’(t, k’) 

+ Eq(t, k) (45) 

It is to be noted that a term similar to that in 
(...)’ on the right hand side of (42) has not been 
carried over to (45), because it will not contrib- 
ute to fluxes and transport properties. Also 
we have omitted the molecular dissipation. 

Since a transport property is contributed by 
a correlation from a rank ua in a quasi-stationary 
background of rank V(al( t ,  k) in the cascade 
(15), the upper limit t will belong to the quasi- 
stationary time scale which is much larger than 
the duration of that correlation. Therefore that 
upper limit can be replaced by 00, and Vp)(t’, k‘) 
can be replaced by V(:’(t,k). For the same 
reason, the initial value will not be correlated 
with any fluctuation at  time t, thus simplifying 
(44) to 

d ( t ,  k)  = dt’hq(t’, k)  exp [ - y( t  - t’)] JOm 
= JOm dt h:(t - t, k) 

Here z = t - t’, and 

m 
hy(t’, k) z - [-mdk”ik,ut(t, k - k”) V‘,“’(t, k )  

+ E W ,  k) (47) 

We have also neglected the friction as being 
small compared to the eddy mixing process. 

The expression (46) for the fluctuation uy’ 
avails itself to find a flux 
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<uy(t, k - k') u:(t, k'))" 

x [ d i ( u y ( t ,  k - k') u:(t - t, k' - k ) ) "  

+ jomdr(u;(t, k-k')ET(t-z, k))" (48) 

All the terms have the same rank value GC - 1, 
except the last term which has a rank value 
up to GC - 2. Such a disparate rank will not con- 
tribute to the flux, and therefore will be omitted. 
When we make use of the property (27) and 
the definition (31),  we reduce the flux to the 
form 

<u?(t, k -  k') ug(t, k))" = - qys(k - k') i k ,  V y ) ( t ,  k)  

(49 a )  

We conclude that the statistical effect of the 
fluctuations of rank U' upon the evolution of uo 
takes the form of a flux (49a), which is propor- 
tional to the background velocity gradient 
multiplied by an eddy viscosity. That a flux is 
proportional to the gradient of the quantity to 
be transported agrees with the Onsager rela- 
tion. By repeating the method for the surface 
fluxes, we obtain 

<u:(t, k-k')C'(t, k')'= -qj,(k-k')ik,["(t, k )  

(49 b) 

(49 c) 

The relations (49a), (49b) and (49c) will be 
called the Onsager relations of turbulence. 

VI. Transport of energy 

By relying upon the Onsager relation (49a), 
we can transform the equation (38) for the 
momentum transport into the form 

[$+ w'(k)]u;( t ,k)=E:(t ,k)-yu,"( t ,k)  ( 5 0 )  

where the relaxation frequency is 

o'(k) = d k k i  k: vjs(k - k') 

m 

Em 
qjss-m dk'k; kh S(k - k )  

= kj k, 4 s  (51  a) 

in an anisotropic medium, or 

o ' ( k )  = k*q' (51b) 

in an isotropic medium. 

integrate, wo find 
If we treat (50) as a Langevin equation, and 

u;(t, k ) =  d t E , " ( t - t ,  k)e-W'T ( 5 2 )  r 
Here the initial value is omitted, because it 
does not contribute to any correlation. In addi- 
tion, we have neglected y as compared to 0'. 

In  a similar way, we reduce (40) and (41) to 

E i- rur(k)] [ " ( t ,  k) = -$ ik- 'k .  uo(t, k )  (53) 

and 

E + ~ ' ( k ) ]  wo( t ,  k) = -tick + uo(t, k) (54) 

or, in terms of E4, 

Upon multiplying (50) ,  (53) and (54) by 
up ( - k), ["( - k)  and w"( - k), respectively, and 
taking an average, we find 

= (E," (k) E," ( - k))" - y(u," (k) u; ( - k)>" 

+ ( k + - k )  (56 )  

Tellus XXVI (1974), 5 
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+ w') <w"(k) wo( - k))" (6Oe) 

Here the convection terms do not contribute to 
the energy evolution in homogeneous turbu- 
lence, and are therefore omitted. The complex 
conjugate part is represented by (k -  -k), as 
obtained from replacing k by - k. 

When we multiply (56), (57 )  and ( 5 8 )  by a 
scaling factor xo, and integrate with respect to 
k, as prescribed by (29 ) ,  we obtain the equa- 
tions of energy balance 

with the following transport functions: 

(a )  For the kinetic energy 

= / ~ 0 0 d k ' k ' 2 ~ ' ( ~ o ( k )  . u o (  --k'))" 

P k  

00 

=y/-mdkf(uo(k') .u"(  -k'))" 

l7" = /-OOdk'xo(Eo( - k') * uo( - k'))" 

Tellus XXVI (1974), 5 

00 

( b )  For the surface elevation 

TF = q'Ji (61 a )  

(c) For the potential energy 

T &  = 7'5; 

J &  E 2 J dk' k"G(k') 
(59 b) 0 

The functions T O ,  T; and T ;  are called trans- 
fer functions, they govern the cascade transfer 
of energy across each individual spectrum. The 
terms vJo, AJ; and LJe are dissipation functions, 
proportional to the vorticity functions J",  J i  
and J k ,  with the molecular viscosity v and dif- 
fusivity L as coefficients. Finally To and I?; 
are called gravitational exchange functions, 
since they govern the exchange between Eo 

(60 

(60 b) and uo. 

VII. Gravitational exchange 

The gravitational exchange (60d) can be cal- 
culated by means of (50) and (55 ) ,  giving 

(Eo(t, k) * u 0 ( t ,  - k))" 
(60c) 

(60 d)  = /oOOdr(Eo(t ,  k ) . E o ( t - t ,  k))oe-w't (63) 
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and 

= - &'ki k j  ( Z L ~  ( t ,  k )  EP (t ' ,  k)>' (64) 

for an isotropic turbulence. 
Assuming 

kc  < w' ( 6 5 )  

as valid in the spectral subrange dominated by 
a gravitational pull, we obtain the approximate 
solution of (63) and (64) to be 

1 
<Eo(t k ) . u o ( t , k ) ) O = -  ( E o ( t ,  k )  * E " ( t ,  - k ) ) "  

2U) '  

It follows: 

VIII. Eddy viscosity and relaxations 

As an extension of (50), we can rewrite (38) 
as 

(: + we+') uy'(t, k )  

m 
- dk'ik>@'(t ,  k -  k ')  V'"'(t, k ' )  
- -L 

+ EF'(t, k )  (69) 

where 

and the frictions are neglected. Equation (69) 
serves as a basis of calculating the eddy viscosity 
7 a .  For this purpose, we remark that the first 
term on the right hand side of (69) will not 
contribute, in view of the presence of a macro- 
scopic variable V ' a l  which may change its sign; 
also we remark that the last term of (69) will 
give a negligible contribution under the con- 
dition (65).  By omitting the details of calcula- 
tions, we find the expression 

which can be rewritten more explicitly in the 
form of the following memory-chain of relaxa- 
tions 

For an isomeric structure of the spectrum for 
all links of the chain, we find the solution of the 
infinite sequence (72),  to be 

t 
7' = [ 2 / ~ d k ' k ' ~ ' B ( k f ) ]  (73) 

It is to be remarked that the nonlinearity of 
the basic equations (4) and ( 5 )  of the interface 
generates a hierarchy of correlations. The meth- 
od of sing!c cascade decomposition (12) degener- 
ates the fourth corrclations into products of 
two double correlations, as achieved in the 
transfer functions ( G O a ) ,  (61a) and (G2a) ,  and 
hence closes that hierarchy. However, an eddy 
viscosity 7' is involved in the above functions, 
and requires a repeated-cascade to describe its 
intrinsic memory-chain (72 ) .  The hypothesis of 
isomeric spectrum in all links of the chain 
enables to close the chain too. 

IX. Universal range 

The universal range holds a t  sufficiently large 
wave numbers, such that the time derivatives 

Tellus XXVI (1974), 5 
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in (59) become independent of k. Noting that 

T"(k  =co) = 0, T f ( k  =co) = 0 

we can rewrite (59) in new forms for k = m ,  
and subtract the new forms from the original 
equations, yielding 

(i) for an  unstable surface (g = 1) 

- r o  + T O  i - w ~  + v ~ ~  = - r +w + &  

tr; + T ; ~  +AJ; = gr, + E E  
(74) 

(ii) for a stable surface (6 = - 1) 

- P + T O + ~ O + ~ J O  = - r + Y + E  

tro + T ;  +AJ;  = tr +€, (75) 

with the notations 

r = r o ( k  =oo), rc = r;(k =..I, = w ~ ( k  

E = vJ ,  E ,  = AJg, E, = AJ, (76) 

J = J o ( k  =m), J ,  = J t ( k  =co), J ,  = J & ( k  =m) 

We refer the configuration of a heavy liquid 
above a lighter one as unstable (5 = - l) ,  and 
the reverse configuration, e.g., sea-surface, as 
stable (t = 1). Their distinction lies in the roles 
of the gravitational pull: in the unstable con- 
figuration, the gravitational pull is an energy 
source for both the surface elevation and the 
velocity which endows it, while in the stable 
case, the gravitational pull serves to produce 
the kinetic energy a t  the expense of the poten- 
tial energy, so that the two energies must 
balance. 

In  the quasi-stationary turbulence, the time t 
does not appear as an explicit variable, but the 
spectral distributions may vary slowly with 
time through the physical parameters I?, fg, J ,  
Jg, J,. 

X. Inertia and dissipation subranges for 
stable and unstable surfaces 

The gravitational pull is absent in the present 
subranges, so that the equation (74) governing 
the spectral distributions reduce to 

To +yo +vJo = y + E  ( 7 7 N  

Tt  + I J ;  = e Z  (77b) 

Tellus XXVI (1974), 5 

We shall discuss the solutions for various sub- 
ranges. The simplest case is the inertia subrange 
described by 

T o  = E ,  T; = ~ g  (78) 

as a degenerate form of (77), with solutions 

F = 0.83~213k-613, 

H = 0 . 8 3 ~ ~ a - ~ / ~ k - ~ i ~  (79) 

in agreement with the Kolmogoroff (1941) law. 
However, in the presence of the friction or dis- 
sipation, the vorticity J" attains practically its 
saturated value 

J 0 - J  (80) 

so that the drop of the F-spectrum can be 
calculated from the differential form of (77a), 
which is 

dJ" 
%J+v--  -k 2yP=O 
dk dlc 

with the aid of (80) ,  and with the approximation 

v+q'=v (82) 

The solution of (81) is 

P = +J2(y + 2vk2) ( y  + ~ k ~ ) - ~ k - ~  (83) 

A substitution of (83) into (77b) gives the solu- 
tion 

y + 2vk2 
H = x 5 [ 1  23, f (84) 

The general solutions (83) and (84) cover an 
interpolation over the following three subranges 
(a)-(c): 

(a )  Inertia subrange with friction ( v  = 0, 1 = 0 )  

F = +(J /y )2k-3  ( 8 5 4  

H = 2 ( e g y / J ) k 1  (85b) 

( b )  Diffusion subrange with friction (v  = 0 )  
When the P-spectrum falls by friction accord- 

ing to (85a), the H-spectrum is dissipated by 
molecular diffusivity and becomes 
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( c )  Dissipation subrange without jriction ( y  = 0 )  

P = (J /v) 'k- ' ,  

H = ( J J [ / v I )  k-' 
(87) 

in agreement with the Heisenberg (1948) law. 

XI. Generation of turbulence by gravita- 
tional instability (C = - 1) 

In the unstable configuration of a heavy liquid 
above a lighter one (i.e., 5 = - l ) ,  a turbulent 
interface is generated by the gravitational in- 
stability. The molecular dissipations can be 
neglected, reducing the equation of energy 
balance to 

1 + ( T / 3 ~ g )  k2 
H = A,  k - 3  

1 + (Ties) k2 

with 

and 

k ,  = C,yZ/g, Cl = t (02b) 

Here Icy is a frictional transition wave number 
separating the following two regimes: 

(a)  Non-frictional, k>k,, and T = 0  

H = A, k-3 

(b)  Frictional, k<k,, and T = O  

H = A  kkk-3.6 
1 Y  

+ .I'~; = rc + E S  

XII. Sea-surface turbulence 
The flow of energy from the gravitational 

instability into the wave transfer by inertia 
can be more explicitly demonstrated from a 
differential form of ( 8 8 ) ,  

k2c4H drl' 

7' dlc 
- -_ + v'2kZF + J"  -- -I- y F =  0 ,  

The gravitational pull in the unstable con- 
figuration provides a natural source of energy, 
for maintaining both spectra in their respective 
subranges of production, and for keeping them 
from being disintegrated into dissipation. Under 
those circumstances, the vorticity functions J" 
and J t  controlling the eddy dissipations, can be 
neglected, reducing (89) to 

We find the solutions 

(93) 

(94) 

In a stable configuration (5 = 1) like the sea- 
surface, the effect of gravity is to pull down the 
surface elevation, and, during this course of 
action, to disperse the surface liquid by raising 
the velocity of dispersal. In order to subscribe 
to the above mechanism, the same gravita- 
tional exchange function, which represents the 
pull, should not only play the role of building 
up the kinetic energy as an acceleration, but 
also of depleting the potential energy as a 
stabilizing force for an equal amount. 

By neglecting the friction and dissipation we 
reduce (75) to 

(95) 

In  order to discern the energy flows more 
conveniently, we rewrite (95) in thc differential 
form 

(96) 
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The spectrum of kinetic energy is in its early 
stage of development in k-space, in view of its 
regime of production, permitting the approxima- 
tion J" r 0. On the other hand, the spectrum of 
potential energy is in its later stage of develop- 
ment in k space, in view of its stabilization by 
gravity, bringing its vorticity to saturation 
J L  zz J,, and a t  the same time rendering 7' 
negligible. As a result, the system of equations 
(96) simplifies to 

and 

(97 a) 

(97 b) 

yielding the solutions 

P = J W k 9  (98) 

H = (J,/g*)2k-6 (99) 

XIII. Similarity theory 

We shall summarize the results of the above 
analytical theory in Table 1. This gives us an 
opportunity of outlining their fundamental 
mechanisms and introducing a similarity theory. 
For the sake of abbreviation, we shall omit the 
surface tension and the numerical coefficients. 

We distinguish the following subranges: 

A. Production by  gravitational acceleration 
This subrange exists for unstabIe surfaces and 

The frictionless case is governed by the para- 
is absent for stable surfaces. 

meter g, giving the spectra 

( 100) p = gk-2, H = k-3 

The frictional case has the frictional wave- 
number 

k ,  = Y2/9  (101) 

as a second parameter. Since the surface'eleva- 
tion is opposed by the friction yLto its first 
power, we find 

I 

F = gk-2, H = (ky/k)*k-3 . (102) 
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B. Inertia 
The spectral laws in the inertia subrange are 

independent of the gravitational effects, and 
are, therefore, common to stable and unstable 
surfaces. 

The frictionless laws are governed by the 
parameters E and el ,  according to 

(103) P = e 2 / 3 k - 6 / 3 ,  H = ~ ~ & - 1 / 3 k - 5 / 3  

If the friction is dominant, the kinetic energy 
is transferred across the spectrum to secure a 
balance between the friction and the saturated 
vorticity. The governing parameter is 

f l y  = JIY 

giving a spectrum 

F = C 4 J - 3  (105) 

Since the surface spectrum should be propor- 
tional to cc according to (77b), a dimensional 
analysis using the parameters R, and el yields 

H (&6/Cl2,)k-' (106) 

C. Frictionless eddy dissipation 
by  gravitational pull 

This mechanism of wave dissipation controls 
a stable surface only. The governing parameters 
are the potential vorticity J ,  and the gravity g. 
Since the build-up of the kinetic energy occurs 
at  the expense of the potential energy with a 
vorticity J,, the spectrum of the kinetic energy 
is 

P = J W k 3  (107) 

By balancing the gravitational acceleration 
with the nonlinear eddy transfer in (97a), we 
find 

5 = u21g (108) 

With the substitution of (107), we transform 
(108) into 

H = (J,/g) 2k-6 (109) 

D. Molecular dissipation 
The frictionless laws are found to be 

P =&--7, 
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Table 1.  Spectral distributions P and H for stable and unstable surfaces 

Subranges 

Eddy 
dissipation 

Production by gravita- 
by gravitational acceleration Inertia tional pull 

(frictionless 
Surfaces Frictionless Frictional Frictionless Frictional and inviscid) 

Unstable surface F = g k 2  F = gk-2 
Turbulence from F = & 2 / 3 k - 5 / 3  p = a2 k-3 Absent 

H = (k/ky)-+k-3 H = &  ~ - 1 I 3 k - 5 1 3  H = ( ql",) k-' 
P = J W k 3  

Sea surface Absent H = k2 k-5 

Taylor instability H = k3 5 

Controlling P g 9 & Qr = JIY JW 

parameters H k ,  = Y2/9 &, &c "5' "r k ,  = J,lg 

Stable surface 

turbulence 
B 

with 

P, = J /v ,  = J c l J  (111) 

and agree with the Heisenberg theory (1948) 
for viscous dissipation. 

In order to transform those viscous laws into 
inviscid but frictional laws, a wavenumber 

k* = ( Y / V ) *  = (Pu,/",)t (112) 

has to be introduced, converting ( 1  10) into 

P = pVk-7(k/k*),, 

H = PApvk-7(k/k*)n 

We see that we must have m = 4  and n = 2  to 
render ( 1  13) inviscid, entailing 

P = !2;k3, H = ,IJ,AR,~-~ (114) 

We conclude that the above similarity con- 
siderations enable the reproduction of the re- 
sults of the analytical theory. 

XIV. Comparison with observations 

Formula (99) of the present theory has pre- 
dicted a sea-surface spectrum k-= in the gravi- 
tational subrange. This result differs from the 
dimensional law (2) proposed by Phillips (1966). 

With the use of a streaming velocity us of 
the surface as a reference velocity, we can in- 
troduce a frequency 

n = ku ,  (115) 

and convert (99) into a spectrum 

H ( n )  = B q 2 w 5  (116) 

normalized to 

r m  

J < C 2 > =  J 0 dnH(n) 

with a dimensionless coefficient 

The empirical law (3) ,  as suggested by Phillips 
(1966), has a close appearance to the spectrum 
(116), but differs by the variable coefficient 
(118). 

Observations of sea-surface fluctuations have 
been reported by Miyake et al. (1970), Phillips 
(1966), Schwartz et al. (1968) andVolkov (1968), 
a.s they are conveyed to the point of the probe 
by a streaming velocity us. I f  us is large in 
comparison with the phase velocity c(k > k,), 
their spatial fluctuations past the point of 
measurement will be observed as fluctuations 
in time, with a frequency (115) according to 
the Taylor hypothesis. Here k,  is the wave- 
number corresponding to the peak of the spec- 
trum preceding the gravitational subrange. Al- 
though the average phase velocity may be large, 
the small scales of the gravitational subrange 
may give a small enough c(k > k,) as to validate 
the Taylor hypothesis. 
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Molecular dissipation 

Frictionless Frictional 

We can rewrite (99) in the form 

d J f  

dk  
- = (J,/g)z/c-3 

with T = 0, suggesting a saturation vorticity 

or equivalently 

J ,  = gk, J t  
A further substitution of (121) reduces (1 18) to 

,9 = M J ~  (122a) 

10-3 

'r 

with 

cc = (k,u:/g)~r0.11 (122b) 

This numerical value is based upon empirical 
estimates and data by Keulegan (1951), Miyalte 
et al. (1970) and Schwartz et al. (1968), with 

k,  = g/uI2, us = 0.87u,, u' = 1.5u* (123) 

The mean square slope Jt has been measured 
by Wu (1972) and the spectrum (116) with the 
coefficient (122) has been reported by Volkov 
(1968) under various sea conditions. We have 
plotted B versus J c  in Pig. 1. The experimental 
data are found in a good agreement with the 
theoretical predictions (116) and (122). 

XV. Conclusions 

A stable surface has the k5 law (99) in the 
subrange of eddy dissipation by gravity. The 
same power (86) holds in the subrange by mo- 
lecular dissipation too. I f  the coefficients of the 
two formulas (86) and (99) do not differ much, 
the two laws will appear in a continuous suc- 
cession. This explains why the 5th power law 
is so easily found on sea-surface turbulence. 

Under the circumstances where the Taylor 
hypothesis is valid, the analytical law can be 
brought to  a form (1 16) which has an appearance 
analogous to the dimensional law (3) proposed 
by Phillips (1966). The coefficient P, which was 
proposed as a universal constant in the dimen- 
sional theory, becomes a function of the dimen- 
sionless sea-surface slope, as predicted by (122). 
The agreement between the measured relation 
for and the theoretical prediction (122) is 
shown to be satisfactory in Fig. 1. 

The empirical laws (1) and (2),  as proposed 
on a dimensional basis by Phillips (1966) for a 
sea-surface, cannot be justified analytically. On 
the contrary, they are justified for an unstable 
surface. This difficulty is inherent to the dirnen- 
sional method, which does not distinguish be- 
tween the disparate mechanisms of turbulence 
on stable and unstable surfaces. 

Pig. 1.  Variation of coefficient B in eq. (118) with 
mean square slope JC. The experimental points are 
obtained by using the spectra data reported by 
Volkov (1968). The solid line represents the theo- 
retical prediction of eqs. (122a) and (122b). 
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