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ABSTRACT 

Two least squares methods used for astrogeodetic geoid determinations are described 
and discussed with regard to  the possibilities of their practical application. The first 
one is based on a least squares prediction model for the geoid, namely, a linear auto- 
correlation of the geoid heights. The deflections of the vertical derived from this 
model yield observation equations for the determination of free coefficients of the 
linear autocorrelation by an adjustment by the method of least squares. In the second 
case, collocation is used aa introduced in physical geodesy by T. Krarup. By applying 
this method, the geoid heights are directly represented by their linear correlation 
with the deflections of the vertical in formal amordance with the least squares predic- 
tion. The required covariance functions of the geoid heights, the components of the 
deflections, and between these quantities can be derived from the covariance function 
or the reproducing kernel of the anomalous potential by means of linear functionals. 
The two methods have been used for determination of a part of the geoid in the Federal 
Republic of Germany. A comparison of the resiilts shows good agreement. 

Introduction 

Recently, new astrogeodetic determinations of 
the geoid have been carried out by the Institute 
for Applied Geodesy in Frankfurt am Main 
for the area of the Federal Republic of Germany 
(Heitz, 1969) and by the Geodetic Institute in 
Copenhagen for the area of Denmark (Tschern- 
ing, 1970). I n  the first case the computation 
was founded on a least squares prediction 
model for the geoid, which may be considered 
as the first stage of the collocation used by the 
Danish Geodetic Institute (Krarup, 1969). 

I n  the present paper a description of these 
two similar methods is given followed by a 
comparison of their theoretical foundations and 
possibilities of practical applications. 

1. The methods of astrogeodetic geoid 
determination 

1.1. Least squares prediction model 
This method was first applied to a geoid deter- 
mination for West Germany in 1968 (Heitz, 
1969). I n  the following, a description is given 
of a somewhat more general procedure partly 
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used for comparisons of geoid determinations 
by collocation as described in paragraph 1.2. 

It is assumed that the covariance function 
C of the geoid heights is known and that it 
depends only on the distance a,, between the 
considered points P, and P,: 

C can be derived from the covariance function 
of the gravity anomalies as shown in Krarup 
(1969), in Moritz (1970), or by steps estimated 
as in Heitz (1969). 

The geoid shall be represented by the heights 
h, above a reference ellipsoid in a set of points 
P,, j = 1, 2 . . . n,  in general uniformly distributed 
over the considered area. Then, the heights h, 
in any test points P,., j' = 1, 2 . . . n', can be 
obtained by a linear autocorrelation 

n 
hi. = 2 a,.,h, ,= 1 

where, based on the method of least squares 
prediction (Moritz, 1963), the coefficients a,,, 
are determined by the following linear eque- 
tions: 
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n 2 a,., cjk = cj'k 
j=l  

k =  1, 2 ... n. 

For the practical computations it is better to 
solve the equations 

instead of (2) so that the estimations h, can be 
obtained by 

n 

The h, must satisfy the condition 

n 

x h j = O .  (5) 
,=1 

The remaining unknowns of the problem are the 
n geoid heights h, in (1) which are to be deter- 
mined by a set of known components of deflec- 
tioiis of the vertical di, , .  (i = 1: longitude, 
i =2: latitude) in the points Pj , ,  now called 
source points. For the definition of the deflec- 
tions, local Cartesian coordinate systems z t ,  ,,, 
i = 1, 2, 3 are introduced. 

The origin of such a system is identical with 
the projection of P j .  on the reference ellipsoid, 
z,,,. =h,. is the coordinate in the direction of 
the outer normal of the ellipsoid, and zl. ,, and 
zI, ,, are the coordinates in eastern and northern 
direction so that 

d, , j .  = -ah/az,.,., i = 1, 2.  (6) 

This applied to the expression (1) yields: 

n 

j=1 
dt,,.= 2 bi ,r jh,  (7) 

where 
b , , . ,  = -aaj.j/a~i.,.. 

The b , , j , j  satisfy the equations (2) if the C,,, 
on the right hand sides are replaced by their 
negative derivatives to z t ,  j , .  

The number of the components d i , , ,  may be 
n", for which the relation 

n" < 2n 

holds, since it is not necessary that two compo- 
nents in each source point are given. Owing 

to condition (5) the number of unknown heights 
h, is n -  1. Therefore, the unknowns are in 
general uniquely determined by the linear 
equations ( 7 )  in the case n" = n - 1.  

In the case n" > n  - 1 the h, can be determined 
by a least squares adjustment based on the n" 
observation equations 

and condition (5), where v,, ,, are the corrections 
of the components of the deflections of the 
vertical. 

If the source points with known deflections 
are well distributed, it is possible to use them 
as basis when choosing the points P ,  for the 
determination of the identical geoid as done in 
Heitz (1  969). Then, the number of redundancies 
is n + 1, if in all source points both components 
of the deflection are given. The covariance 
function can be well represented by a sum of 
exponential functions as follows: 

r 

cij= 2 Pk exp(qk8:j). 
k = l  

But it is also possible to derive the covariance 
function from expression (14) using Bruns for- 
mula h = T / y  

1.2.  Collocation 
An estimate of the anomalous potential T 
may be determined by collocation, i.e. in 
such a way that the resulting analytic expres- 
sion agrees exactly with given observations. 

This is due the fact that T is an element of 
a reproducing kernel Hilbert space and that it 
may be approximated arbitrarily well by func- 
tions which are elements of such a space (Krarup, 
1969; Meschkowski, 1962). 

For example, T may be approximated by 
elements of the Hilbert space of functions 
harmonic in the space outside a Bjerhammar- 
sphere (radius R, lying totally within the 
Earth) equipped with the norm 

The corresponding reproducing kernel is in this 
case 
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Fig. 1. 

(see Fig. 1). 

An estimate ? agreeing with given observa- 
tions {mi}  and having the least norm will be 
expressed by 

n 

t = l  
? (Q)  = ,z a,L,(K(P,,  Q ) )  (9) 

where a,  are certain constants, n is the number 
of observations, Li are the (linear) functionals 
corresponding to these with source points P i .  

If the observations are deflections of the 
vertical, the functional may in spherical 
approximation be expressed by 

L T =  or ---El 1 
q P Y P a Q  P COB (Q)rPYP ail P 

(10) 
a T I  

where y p  is the reference gravity, Q the latitude 
and 1 the longitude. 

The constants ai are determined by solving 
a system of linear equations 

ai = {LiL+(Pi, Pj)l-’{mj} (11) 

The geoid heights h(P)  are then determined 
(predicted) by evaluating ?, i.e. using Bruns 
formula 

n 

i = 1  
h(p)= L h ( ? ( p ) ) =  2 aiLh(Li(K(Pi, PI)) 

The error of prediction may be estimated by 

Different Hilbert spaces and corresponding 
different kernels implicate different properties 
of ?, i.e. the variations of the first or second 
derivatives are minimized. At the moment no 
rules for the selection of the optimal space for 
collocation can be given, and very different 
kernels may give nearly the same predictions. 

On the contrary, the estimates of the error 
of prediction can vary much. As shown in 
Parzen (1959), every covariance function will 
have a corresponding Hilbert space of which 
the function will be the reproducing kernel and 
conversely. Therefore, any reproducing kernel 
can be interpretated a~ a covariance function. 
This suggests the use of a reproducing kernel 
approximating an empirically determined covari- 
ance function. In  doing so, computational 
experiments resulted in realistic estimates of 
the predicted errors. 

Contrary to the model of least squares predic- 
tion we will only assume rotational invariance 
of the covariance function. The corresponding 
kernel must then have the same property. 

The general expression of a rotation invariant 
reproducing kernel of a Hilbert space, with the 
underlying set being the space outside a sphere, 
is 

where the “degree-variances” a, are > O  and 
so that the series is absolutely convergent for 
all P and Q outside the sphere. 

Kernels similar to a global covariance function 
may be represented by letting the “degree- 
variances” vary as n-8 and using a ratio of 
0.995 between the radius of the Bjerhammar 
sphere and the mean radius of the Earth. 
Local covariance functions are approximated 
by setting a number of the first coefficients 
equal to zero and using a ratio closer to 1. 

2. Comparison of the two methods 

Comparisons of the expressions (4) and (12), 
(3)  and ( l l ) ,  (6) and (10) will make the similarity 
of the two methods stand out clearly. Further- 
more, both require some sort of minimization. 
Least squares prediction requires the square 
sum of expression (8) and collocation the norm 
11!f“11 to be minimum. Collocation gives an 
estimate !i’ which is a harmonic function. 
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covariance functions 
of the geoidal heights 

Fig. 2. 

This makes it possible to combine different 
measurements for the determination of wanted 
quantities in a clear and unique way. But it is 
not an advantage to determine geoid heights 
based on gravity anomalies or astrogeodetic 
deflections by collocation instead of using 
Stokes formula or the least squares prediction 
method respectively. On the other hand, 
collocation is more suitable than astrogeodetic 
levelling in cases of local geoid determinations 
by use of gravity anomalies and astrogeodetic 
deflections. 

Astrogeodetic determination of the geoid 
by collocation gives a geoid which agrees 
exactly with the given deflections. But it is 
necessary to solve equally many equations as 
there are observations. The least squares 
prediction method is easier to handle. Both the 
normal equations and equations (2) will 
require about half as many equations to be 
solved as the corresponding collocation problem 
if n" =2n.  In  this case, the deflections will 
not agree exactly. However, when comparing 
corresponding geoids it is seen that the two 
methods give nearly the same results (see 
section 3).  Least squares prediction may 
therefore be preferred to practical geoid deter- 
mination if the number n of free coefficients 
can be chosen much smaller than the number 
nu of observations. 

3. Numerical examples 

For numerical tests, 62 stations with known 
astrogeodetic deflections of the vertical have 
been selected, distributed evenly over an 
area bounded by the meridians 7" and 11" 
East of Greenwich and the parallels 52" and 
54". As the collocation method described in 
paragraph 1.2 is the theoretically better founded 
method the results of a geoid computation 
using this method together with the above- 
mentioned data have been chosen for com- 
parisons with the results of special cases of the 
method 1.1.  

The computation according to the collocation 
method is based on the covariance function 

a /RZ = 0.645 rnGa12 

for the anomalous potential where R .0.998 is 
a mean Earth radius. The corresponding covari- 
ance function CkQ of the geoid heights is shown 
in Fig. 2. Also, the covariance function C i Q  
of the geoid heights is shown, which was used 
for a geoid determination for the Federal 
Republic of Germany in 1968 (Heitz, 1969). 
C ~ Q  is defined by 
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c;Q = 0.7244 exp ( - 6.892802 - lo-' v8) 

+ 0.7356 exp ( - 4.721570 - lo-' va) 

0.3 - 

where v is the  angular distance in  minutes of 
arc. 

B y  means of the method 1.1, three computa- 
tions were performed based on the same data 
as used for the collocation method 1.2. The 
assumptions for these geoid determinations 
were: 

(a) covariance function C', number of redundan- 

( b )  covariance function C", number of redundan- 

(c) covariance function C', number of redundan- 

c i e s = 6 3 = n + l  

cies = 63 

cies = 39 

The relative frequencies of the  differences 
d, and d ,  between the  results of the  cases (a) 
and ( b )  and those of the  collocation method 
are represented b y  the graphs of Fig. 3. Case (c) 
yielded similar results except for one point at 
the southern boundary of the  area in which the 
difference was 60 cm. As the standard error 
in  this somewhat isolated point is 30 cm, 
this difference is not very important. 

Taking into account t h a t  the average of the  
standard error of the centred geoidal heights 
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n 
relative frequency 
of the d, 

-40 -20 0 20 40 cm 
d 

0 . 3 -  
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0.1- n relative frequency 
of the d,  
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Fig. 3. 

agreement between the  results of the  compared 
methods. 
is about  16 cm, it is seen that there is a close 
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CPABHEHHE A B Y X  METOAOB ACTPOI'EOAE3HYECHHX O n P E A E J I E H H a  
@OPMbI I 'EOHaA, OCHOBAHHbIX HA IIPEACHA3AHHH C n O M O ~ b I o  METOGA 

HAHMEHbILIHX KBAAPATOB H KOJIJIOKAUHH 

OIIHCbIBalOTCR A 0 6 C Y X A a l O T C H  A B a  M e T O z a  HKFI C IIOMOubIO MeTOAa H a H M e H b l I I A X  K B a A p a -  
H a H M e H b I U M X  K B a A p a T O B  AJIR a C T p O r e O A e 3 1 1 s e -  TOB, a AMeHHO, H a  JIHHefiHOfi aBTOKOPPeJIFIqWH 
C K l l X  O I I p e A e J I e H A f i  GOPMbI r e 0 H A a  B CBFI311 C B 0 3 -  BbICOT I'eOAAa. OTKJIOHeHHR B e p T k i K a J I e f i ,  B b I B e -  
MOXHOCTRMB A X  IIpaKT11YeCKOrO IIpMMeHeHHR. A e H H b I e  113 3TOfi  MOAeJIll, AalOT Y p a B H e H A F I  OTHO- 
n e p B b I f i  MeTOA OCHOBaH H a  MOAeJIA I I p e A C K a 3 a -  CATeJIbHO A a H H b l X  H a 6 ~ 1 I o a e H A f i  AJIFI O n p e A e J I e -  
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