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ABSTRACT

Two least squares methods used for astrogeodetic geoid determinations are described
and discussed with regard to the possibilities of their practical application. The first
one is based on a least squares prediction model for the geoid, namely, a linear auto-
correlation of the geoid heights. The deflections of the vertical derived from this
model yield observation equations for the determination of free coefficients of the
linear autocorrelation by an adjustment by the method of least squares. In the second
case, collocation is used as introduced in physical geodesy by T. Krarup. By applying
this method, the geoid heights are directly represented by their linear correlation
with the deflections of the vertical in formal accordance with the least squares predic-
tion. The required covariance functions of the geoid heights, the components of the
deflections, and between these quantities can be derived from the covariance function
or the reproducing kernel of the anomalous potential by means of linear functionals.
The two methods have been used for determination of a part of the geoid in the Federal

Republic of Germany. A comparison of the results shows good agreement.

Introduction

Recently, new astrogeodetic determinations of
the geoid have been carried out by the Institute
for Applied Geodesy in Frankfurt am Main
for the area of the Federal Republic of Germany
(Heitz, 1969) and by the Geodetic Institute in
Copenhagen for the area of Denmark (Tschern-
ing, 1970). In the first case the computation
was founded on a least squares prediction
model for the geoid, which may be considered
as the first stage of the collocation used by the
Danish Geodetic Institute (Krarup, 1969).
In the present paper a description of these
two similar methods is given followed by a
comparison of their theoretical foundations and
possibilities of practical applications.

1. The methods of astrogeodetic geoid
determination

1.1. Least squares prediction model

This method was first applied to a geoid deter-
mination for West Germany in 1968 (Heitz,
1969). In the following, a description is given
of a somewhat more general procedure partly
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used for comparisons of geoid determinations
by collocation as described in paragraph 1.2.

It is assumed that the covariance function
C of the geoid heights is known and that it
depends only on the distance &;; between the
considered points P; and P;:

Cy; = C(P;, P)) = C(sy).

C can be derived from the covariance function
of the gravity anomalies as shown in Krarup
(1969), in Moritz (1970), or by steps estimated
as in Heitz (1969).

The geoid shall be represented by the heights
h; above a reference ellipsoid in a set of points
P, j=1,2...n, in general uniformly distributed
over the considered area. Then, the heights &,
in any test points P;,j'=1, 2 ... n/, can be
obtained by a linear autocorrelation

n
hj= ; ajshy (1

where, based on the method of least squares
prediction (Moritz, 1963), the coefficients a,,
are determined by the following linear equa-
tions:
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Z Cite=Chxe (2)

k=1,2..n.

For the practical computations it is better to
solve the equations

n
_21 ¢;Che= My, (3)
=

instead of (2) so that the estimations k; can be
obtained by

n
hy= glc,o,,,. 4)

The h; must satisfy the condition

glh]: 0. (5)

The remaining unknowns of the problem are the
n geoid heights &; in (1) which are to be deter-
mined by a set of known components of deflec-
tions of the vertical d;; (i=1: longitude,
4 =2: latitude) in the points P,;, now called
source points. For the definition of the deflec-
tions, local cartesian coordinate systems z; ;,
32 =1, 2, 3 are introduced.

The origin of such a system is identical with
the projection of P; on the reference ellipsoid,
23, =h; is the coordinate in the direction of
the outer normal of the ellipsoid, and z, ; and
2,, ;- are the coordinates in eastern and northern
direction so that

d, = —ohfoz, ,, i=1,2 (6)

This applied to the expression (1) yields:

g 1.71 (7)

where
byyj = —0ay02
The b; ;; satisfy the equations (2) if the C,
on the right hand sides are replaced by their
negative derivatives to z; ;.
The number of the components d; ;, may be
n”, for which the relation

n" <2n

holds, since it is not necessary that two compo-
nents in each source point are given. Owing
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to condition (5) the number of unknown heights
h; is n—1. Therefore, the unknowns are in
general uniquely determined by the linear
equations (7) in the case n” =n—1.

In the case n” >n— 1 the h; can be determined
by a least squares adjustment based on the n”
observation equations

n
Oy p= —dy ,; b, by (8)

and condition (5), where v, ; are the corrections
of the components of the deflections of the
vertical.

If the source points with known deflections
are well distributed, it is possible to use them
as basis when choosing the points P, for the
determination of the identical geoid as done in
Heitz (1969). Then, the number of redundancies
is » +1, if in all source points both components
of the deflection are given. The covariance
function can be well represented by a sum of
exponential functions as follows:

r
Ou = kzlpk exp (Qk‘ggf)'

But it is also possible to derive the covariance
function from expression (14) using Bruns for-
mula h=T/ Y

-] n+l
by _1 Z (R ) P, (cosv).
Y o
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1.2. Collocation

An estimate of the anomalous potential T
may be determined by collocation, i.e. in
such a way that the resulting analytic expres-
sion agrees exactly with given observations.

This is due the fact that 7' is an element of
a reproducing kernel Hilbert space and that it
may be approximated arbitrarily well by func-
tions which are elements of such a space (Krarup,
1969; Meschkowski, 1962).

For example, T may be approximated by
elements of the Hilbert space of functions
harmonie in the space Q outside a Bjerhammar-
sphere (radius R, lying totally within the
Earth) equipped with the norm

lll= f (VT)'dQ.
Q

The corresponding reproducing kernel is in this
case
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(see Fig. 1).

An estimate T' agreeing with given observa-
tions {m,} and having the least norm will be
expressed by

n
Q= 2 aL(K(Py Q) 9)
i=
where a, are certain constants, n is the number
of observations, L; are the (linear) functionals
corresponding to these with source points P,.
If the observations are deflections of the

vertical, the functional may in spherical
approximation be expressed by
1 oT 1 oT
LpT= - —— -——
rpyp 09 |p cos (p)rpyp 84 |p
(10)

where y is the reference gravity, ¢ the latitude
and 4 the longitude.

The constants a; are determined by solving
a system of linear equations

a; ={L;,L,K (P, Pj)}_l{mj} (11)

The geoid heights A(P) are then determined
(predicted) by evaluating 7, i.e. using Bruns
formula

h(P)=Ly(T(P))

I

iglath(Lz(K(Ph P)))

I

gla,L,K(Pi,P)/yP. (12)

The error of prediction may be estimated by

I Lnll =Ly Ly K(P, P) - {L,L,K(P;, P)}
{LL,K(P, P))}~* {L,L;K(P;, P)} (13)
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Different Hilbert spaces and corresponding
different kernels implicate different properties
of T, i.e. the variations of the first or second
derivatives are minimized. At the moment no
rules for the selection of the optimal space for
collocation can be given, and very different
kernels may give nearly the same predictions.

On the contrary, the estimates of the error
of prediction can vary much. As shown in
Parzen (1959), every covariance function will
have a corresponding Hilbert space of which
the function will be the reproducing kernel and
conversely. Therefore, any reproducing kernel
can be interpretated as a covariance function.
This suggests the use of a reproducing kernel
approximating an empirically determined covari-
ance function. In doing so, computational
experiments resulted in realistic estimates of
the predicted errors.

Contrary to the model of least squares predic-
tion we will only assume rotational invariance
of the covariance function. The corresponding
kernel must then have the same property.

The general expression of a rotation invariant
reproducing kernel of a Hilbert space, with the
underlying set being the space outside a sphere,
is

oo R‘B n+1l
KP,Q)= 2 a, (ﬁ) P, (cosv) (14)

n=0 PQ

where the ‘‘degree-variances’” a, are >0 and
so that the series is absolutely convergent for
all P and @ outside the sphere.

Kernels similar to a global covariance funetion
may be represented by letting the ‘“degree-
variances” vary as n-? and using a ratio of
0.995 between the radius of the Bjerhammar
sphere and the mean radius of the Earth.
Local covariance functions are approximated
by setting a number of the first coefficients
equal to zero and using a ratio closer to 1.

2. Comparison of the two methods

Comparisons of the expressions (4) and (12),
(3) and (11), (6) and (10) will make the similarity
of the two methods stand out clearly. Further-
more, both require some sort of minimization.
Least squares prediction requires the square
sum of expression (8) and collocation the norm
|7] to be minimum. Collocation gives an
estimate 7' which is a harmonic function.
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covarnance functions
of the geoidal heights

This makes it possible to combine different
measurements for the determination of wanted
quantities in a clear and unique way. But it is
not an advantage to determine geoid heights
based on gravity anomalies or astrogeodetic
deflections by collocation instead of using
Stokes formula or the least squares prediction
method respectively. On the other hand,
collocation is more suitable than astrogeodetic
levelling in cases of local geoid determinations
by use of gravity anomalies and astrogeodetic
deflections.

Astrogeodetic determination of the geoid
by collocation gives a geoid which agrees
exactly with the given deflections. But it is
necessary to solve equally many equations as
there are observations. The least squares
prediction method is easier to handle. Both the
normal equations and equations (2) will
require about half as many equations to be
solved as the corresponding collocation problem
if n”=2n. In this case, the deflections will
not agree exactly. However, when comparing
corresponding geoids it is seen that the two
methods give nearly the same results (see
section 3). Least squares prediction may
therefore be preferred to practical geoid deter-
mination if the number n of free coefficients
can be chosen much smaller than the number
n” of observations.

3. Numerical examples

For numerical tests, 62 stations with known
astrogeodetic deflections of the vertical have
been selected, distributed evenly over an
area bounded by the meridians 7° and 11°
East of Greenwich and the parallels 52° and
54°. As the collocation method described in
paragraph 1.2 is the theoretically better founded
method the results of a geoid computation
using this method together with the above-
mentioned data have been chosen for com-
parisons with the results of special cases of the
method 1.1.

The computation according to the collocation
method is based on the covariance function

=] 2 n+1l
> A (i) P, (cosv)

n=1wn{n—1) \rprg

K(P, Q)=
a/R*=0.645 mGal’

for the anomalous potential where R -0.998 is
a mean Earth radius. The corresponding covari-
ance function O’}Q of the geoid heights is shown
in Fig. 2. Also, the covariance function Cpg
of the geoid heights is shown, which was used
for a geoid determination for the Federal
Republic of Germany in 1968 (Heitz, 1969).
Chg is defined by
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Cpg = 0.7244 exp ( —6.892802 - 10+ v?)
+0.7356 exp ( —4.721570 - 10~ v?)

where v is the angular distance in minutes of
arc.

By means of the method 1.1, three computa-
tions were performed based on the same data
as used for the collocation method 1.2. The
assumptions for these geoid determinations
were:

(a) covariance function C’, number of redundan-
cies =63 =n +1

(b) covariance function C”, number of redundan-
cies =63

(¢) eovariance function C’, number of redundan-
cies = 39

The relative frequencies of the differences
d, and d, between the results of the cases (a)
and (b) and those of the collocation method
are represented by the graphs of Fig. 3. Case (c)
yielded similar results except for one point at
the southern boundary of the area in which the
difference was 60 em. As the standard error
in this somewhat isolated point is 30 cm,
this difference is not very important.

Taking into account that the average of the
standard error of the centred geoidal heights
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agreement between the results of the compared
methods.
is about 15 em, it is seen that there is a close
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CPABHEHHUE JIBYX METOJOB ACTPOIEOJE3UYECKUX OIPEJEJEHUN
®OPMBI TEOUTA, OCHOBAHHBIX HA TIPEJCKA3AHUU C ITOMOIBIO METOIA
HANMEHBIINX KBAJIPATOB 11 KOJJIOKAITUU

OnuceiBaloTeas M 00CYKAAIOTCA [ABA MeTOAa
HAaMMEHBIIUX KBAAPaTOB JJIA ACTPOreofesnye-
CKMX omnpefesieHnit GOpPMBI reoHaa B CBASHK C BO3-
MOMHOCTAMHM HX NPAKTHYECKOr0 NPUMEHEHUH.
Ilepshitt MeTox OCHOBAH HA MOXENM MpeAcKasa-
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HHUA C MOMOIUBIO METONA HAMMEHbUIMX KBajgpa-
TOB, & UMEHHO, HA JMHEHHON ABTOKOPPENALMH
BBICOT reounia. OTKIOHEeHNA BepTUKaJel, BLiBe-
MeHHbIe W3 3TOH MOMEeJM, JAI0T yPABHEHUA OTHO-
CUTEAbHO [JaHHBIX HalaopeHMit AJA omnpepele-
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HUA CBOOOAHBX K03dPULHMEHTOB JIMHeiHON aBTO-
KOppelAnuN TyTeM HCHOJAb30BAHUA MeToja
HAUMeHBIINX KBaJpaToB. Bo-BTOpoM cayuae
HCIOJIb3YeTCA KOJNJOKaIudA, BBeleHHAA B u3n-
yeckyio reogeauio T. Kpapynom.

Ilpu npuMeHeHMM BTOro MeTOAA BHICOTHI
reoMfa MPeACTABIAKTCA HEHOCPeNCTBeHHO MX
JUHEHHOW Koppeasuueil ¢ OTKJIOHEHUAMU Bep-
THHanell B QOpPMANBbHOM COOTBETCTBHU C Ipen-
CHa3aHMEM C MOMOIIBI0 MeTOJa HaMMEeHbINUX
KBazparoB. Heo6xogumMele QyHKI MY KOPPEIALNYN

S. HEITZ AND C. C. TSCHERNING

1518 BHICOT TeoMa, KOMOHEHHT OTKJIOHEHMH u
B3aMMHOH KOpPpPEJANMH MeMKZY ITUMH BeJIHYM-
HaMM MOrYT OHTBH IIOJIy4eHH M3 KODPeJIALMOH-
HOWM (QYHKIMM HIM TPOU3BOJAILNErO AApPA aHO-
MAJIUi TOTEHHUAJAa ¢ MOMOMbI0O JHHEWHBIX
¢yurnmonanoB. O6a Meroga OBHUIM HCIOJIb30-
BauHl [JA omnpefeleHus uactu reonga B Dege-
patusHoii PecnyGamke Tepmanuu. CpaBHeHue
pesyJbTATOB YKasblBaeT Ha HX Xopomiee CO-
riacme.
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