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ABSTRACT

A liquid is rotating with angular velocity vector along the z-axis. A uniform gravity
field acts along the negative z-axis and the liquid is stratified with arbitrary density
gradient. A steady disturbance exists with all properties independent of one of the
horizontal coordinates, say, y. It is then shown that the primitive equations can be
integrated once to yield a second-order vorticity equation. This equation is generally
non-linear and complicated but greatly simplifies when the fluid is homogeneous. In
one special and interesting case the problem becomes identical to two-dimensional
flow of a certain stratified fluid in & uniform gravity field.

1. Introguction

In certain cases the problem of solving the
equations of motion and continuity of a fluid
can be reduced to that of solving s second-order
differential equation. The best-known case is
that of irrotational flow; then the second-order
equation is Laplace’s equation for the velocity
potential. Other cases require the assumption
of a steady state and of two dimensional or
axially symmetric motion. Examples include
the two-dimensional flow of a stratified liquid
{Long, 1953) and stratified gas (Long, 1956;
Yih, 1960; Long, 1966); the axially symmetric
flow of a rotating liquid (Long, 1953), and the
flow of a liquid on a rotating spherical shell
(Ertel, 1943).

In the present paper an analogous result is
obtained for steady flow of a homogeneous
rotating liquid when the disturbance is inde-
pendent of one of the Cartesian coordinates. If
we neglect the centrifugal force arising from the
basic rotation, we may obtain a similar result
when the fluid is stratified.

2. Integration of the primitive equations

We consider a liquid rotating about the z-
axis in a uniform gravity field along the negative
z-axis. The equations of motion in rotating
coordinates contain a Coriolis force and a centri-
fugal force arising from the basic rotation. If
the fluid is homogeneous in density the latter

may be ignored because it has a potential and
is eliminated by taking the curl of the equations
of motion. If the density of the fluid varies, we
will still neglect the centrifugal force by assum-
ing it is small or by assuming, as on the earth,
that a component of gravity cancels the hori-
zontal component and that the vertical compo-
nent is a small part of apparent gravity. In the
geophysical case, we also neglect variations in
the Coriolis parameter, f. Finally we assume the
existence of steady disturbances whose proper-
ties are independent of the y-coordinate. The
equations are
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where p is the streamfunction of the motion in
the xz-plane and
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Eq. (5). may be integrated to show that the den-
sity is a function of. the streamfunction. Eq. (2)
may also be integrated to yield..

v +fx=H(yp) (7)

where H is arbitrary. If we now cross-differen-
tiate to eliminate the pressure, we get the equa-

tion
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where the prime denotes differentiation with
respect to . Equation (8) may be integrated to
yield
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where K(y) is arbitrary. Notice that when f =0
this reduces to the vorticity equation for two-
dimensional non-rotating flow of a stratified
liquid (Long, 1953). In the non-rotating case
one of the basic solutions of the vorticity equa-
tion is horizontal flow (v =w =0). When there
is rotation, however, a flow along the z-axis
requires a pressure gradient along the y-axis.
We have assumed this is zero.

Linear models in Eq. (9) may be obtained by
defining a function

F=foldy
Then (9) takes the form

’ . 22
ViF —oizH'f + %(gz-fo + %’) = ot K(p)
14
This is linear, of the form,

fzx:
VAF —(a,+b, F)x + (ay + 2b, F) | gz + _2")

=a,+b F
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oiK(p)=a, +b, F,s—* -, +2b, F,

g*fH’+§TfH=az+sz

where a,, b;, a,, by, a,, b, are constants. If b;+0
we get

F- V—exp(ﬂw) exp (- Vb,p) — >
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where A, B, C are constants. If b, =0, we get
28
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where «, §, y are constants.
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3. Homogeneous liquid

In the case of a homogeneous fluid, Egs. (7)
and (9) become

v+fr =H(y)
Viy —fzH' = K(y)

(10)
(1L

We now consider motion which, at z = +oo or
z= -0 reduces to a simple flow of velocity
w =w,(2,), # =0, v =0 along the z-axis, where x,
is the distance of a streamline from the yz-plane
in the undisturbed region upstream or down-
stream. Evidently, v =y(x,), and if we go over
to xz, as dependent variable, we get

v+ fe=fx,
dw, frx  dw, fiz,
2, + 2 (Vag)t = — = —2 =2 (12
o Vo dx, (V) w, dr, w, (12)

where we have assumed that w, does not vanish
anywhere. If we define

b =x—u, (13)

as the deviation of the streamline from the
undisturbed distance from the yz-plane we get

dl 28] o
V26 - "w°[(va)z—2——] L S
dz, ax wy

(14)

In case the approach velocity w, is uniform, we
get the linear equation
f:
Vo + —6=0

Wo

(15)

This is identical in form to the differential equa-
tion for stratified flow in a uniform gravity
field along the negative z-axis where the
approach velocity w, and the density ¢ are
related by w}g =constant and when the density
is a linear function of z, (Long, 1953). This
simple stratified flow has been extensively in-
vestigated (Long, 1955; Yih, 1958; Debler, 1959;
Miles, 1968a, 1968b; Miles & Huppert, 1969a,
1969b) and solutions obtained for sources and
sinks and flow past obstacles. In the present
case this corresponds to a line source or sink
along a line parallel to the y-axis and to obstacles
whose shape is independent of the y-coordinate
moving along the z-axisl. Of course in the rotat-

1 Bretherton (1967) has considered this problem
when the motion of the obstacle is infinitely slow.

ing case, we have the additional velocity com-
ponent v which may, however, be solved for
from the equation
v=~—f6b (16)
Finally, another phenomenon of stratified
fluids (Long, 1965) that has application to the
rotating homogeneous case is the solitary wave
at rest in a basic flow wy(z,). In the present case
there is no wave when w, is constant because
the governing equation (15) is then linear
whereas the solitary wave is essentially a non-
linear phenomenon. If w, varies, then the wave
exists. The governing equations in the two cases
are identical if

w, = constant (17)
0 =™ (18)
in the stratified case, and
bxe
)
Wy =Wy € (19)

in the rotating case, where g,, wy, and b are
constants.

4. Linear models for a homogeneous liquid

The most general linear form of Eq. (11) is

Viy —(y —By)x =c —a’y (20)
where y, f§, ¢, a® are constants and
dH
MY ﬂ_‘ﬂ (21)
dp | f

We again assume that y is a function of z,, so
that © =0 in the undisturbed region and w =
wy(x). Then in the undisturbed region, if v =v,

vo = —fzy +H(y) (22)
It follows that v, is also a function of x,.

Eq. (20) now yields a differential equation for
y as a function of z,, i.e.,

¢y _

23
dx} (23)

(y-By)zy=c—aly
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Eq. (23) has been solved in connection with an
investigation of linear models for stratified fluids
(Long, 1958). The result for f==0 is

o s gt 7 [ Bzt
M {"*{ 38

2 i
X f(c +y%,) (a? + ﬂxo)*"li [&—;ﬁé&)_] d

(24)

_J*

[2_(¢!+_ﬂxo)_:| f(c + p%g) {o? + ﬂxo)§

[ e

This equation may be differentiated with re-
spect to z, to yield w, as a function of z,. The
function H may be solved for as a function of
xz, from Eq. (21). Then Eq. (22) yields v, as a
function of z, and the model is fully determined.

If §=0 we get a much’simpler result. Dif-
ferentiating Eq. (23) we get

so that

w,,=—y— + A cos axy + B sin ax,
o

(26)

where 4 and B are constants. Eq. (21) yields

H iyl + v4 cos +7B i (27)
— x, + — sin oz
dxo ]‘oc’ f %o f %o
80 that
rd Y
H-D+2 xo + sin oy — ~— cos ax, (28)
fa? fa fo

where D is a constant. It follows that

xz,  y4A
Vi, 74 inax,,—y—cosawo

fr  fa ® fa

= —fry+D+——
(29)
The model is determined by Eqs. (26) and (29).

The linear model of Sec. 3 is a special case.
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BO3MYUEHWA KOHEYHON AMILJIUTY LI BO
BPAITAIOIENCA HUJKOCTU

MHugkocTe BpamaercA C YII0BOH CKOPOCTHIO,
HANPAaBIIEHHON N0 0CH 2. OFHOPOTHOE MoJe CHIIBL
TAMECTN JHeficTByeT BIOJb OTPHIATENLHOr0 HA-
TIpaBlIeHAA OCH 2 M MUAKOCTH CTPATHPUIMPO-
BaHa C NPOM3BOJIBHHM T'DAJUEHTOM IJIOTHOCTH.
CymecTByeT ycToiiuMBOe BO3MylleHue, CBoicTBa
KOTOPOT0 He 3aBHCAT OT OZHOH M3 rOPU3OHTAND-
HHX KOOpAMHAT, CKaseM, y. I[lorasaHo, uro
TOrga TPUMATHBHEIE YPAaBHEHUSA MOTYT OHITH

OZMH pas3 TNPOMHTErPHUPOBAHHI, B pe3yabrare
4ero MOJYYAeTCA YpPaBHeHHE BTOPOrQ MOPSAIKA
A BUXPA CKOPOCTH. JTO ypaBHeHHe B o0uiem
ClIyuyae HEJWHENHO M CJI0MKHO, HO OHO CUJILHO
yOpomaerca 'ANnf ONHOPOAHON muakocTH. B
OJHOM CHelMaJLHOM ¥ MHTEPEeCHOM Ciydae 3a-
Aa4a CTAHOBHTCH WMIEHTHYHON JABYMEpHOMY Te-
4YeHUI0 HeKoTopo¥ CTPaTHPUIIMPOBAHHON HUI-
KOCTH B OXHODOJIHOM II0JIe CUIIBL THIKECTH.
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