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ABSTRACT

A liquid is rotating with angular velocity vector along the z-axis. A uniform gravity
field acts along the negative z-axis and the liquid is stratified with arbitrary density
gradient. A steady disturbance exists with all properties independent of one of the
horizontal coordinates, say, y. It is then shown that the primitive equations can be
integrated once to yield a second-order vorticity equation. This equation is generally
non-linear and complicated but greatly simplifies when the fluid is homogeneous. In
one special and interesting case the problem becomes identical to two-dimensional
flow of a certain stratified fluid in a uniform gravity field.

where VJ is the streamfunction of the motion in
the xz-plane and

e(~: - fV ) = - pz (1)

e(:t+fu)~O (2)

dw
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dt

U= -VJz,w=VJz (4)

de
(5)-=0
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may be ignored because it has a potential and
is eliminated by taking the curl of the equations
of motion. If the density of the fluid varies, we
will still neglect the centrifugal force by assum­
ing it is small or by assuming, as on the earth,
that a component of gravity cancels the hori­
zontal component and that the vertical compo­
nent is a small part of apparent gravity. In the
geophysical case, we also neglect variations in
the Coriolis parameter, f. Finally we assume the
existence of steady disturbances whose proper­
ties are independent of the y-coordinate. The
equations are

1. Introguction

In certain cases the problem of solving the
equations of motion and continuity of a fluid
can be reduced to that of solving a second-order
differential equation. The best-known case is
that of irrotational flow; then the second-order
equation is Laplace's equation for the velocity
potential. Other cases require the assumption
of a steady state and of two dimensional or
axially symmetric motion. Examples include
the two-dimensional flow of a stratified liquid
(Long, 1953) and stratified gas (Long, 1956;
Yih, 1960; Long, 1966); the axially symmetric
flow of a rotating liquid (Long, 1953), and the
flow of a liquid on a rotating spherical shell
(Ertel, 1943).

In the present paper an analogous result is
obtained for steady flow of a homogeneous
rotating liquid when the disturbance is inde­
pendent of one of the Cartesian coordinates. If
we neglect the centrifugal force arising from the
basic rotation, we may obtain a similar result
when the fluid is stratified.

2. Integration of the primitive equations

We consider a liquid rotating about the z­

axis in a uniform gravity field along the negative
z-axis. The equations of motion in rotating
coordinates contain a Coriolis force and a centri­
fugal force arising from the basic rotation. If
the fluid is homogeneous in density the latter

d 0 0
--=u- +w­
dt oX oz

(6)
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Eq. (5) may be integrated to show that the den­
sity is a function of, the streamfunction. Eq. (2)
may also be integrated to yield.

if

dx
-1-e'(H-Ix)=O

dt

d dx d(Ui Wi )
e-(V~)-eIH'- +e'- - +-+gz

dt dt dt 2 2

where H is arbitrary. If we now cross-differen­
tiate to eliminate the pressure, we get the equa­
tion where al' bl , as' bs' aI' b. are constants. If bs+O

we get

(7)v +Ix =H(V')

or

where the prime denotes differentiation with
respect to V" Equation (8) may be integrated to
yield

e' [(VV')I IIXI]'ViV'-lxH' + - -- + gz-xlH + - =K(V')
e 2 2

(9)

d [ (Ui+Wi- eVIV'-eIH'x+e' -- +gz-xIH
dt 2

liXi)]+- =0
2

(8)

1 { 1 (bIas) ,I.H=- C+-= a.--, [Aexp(rbsV')
el Vbs 2bs

-B exp (- vbsV')] + ~[Ai exp (2 vb. V')
2bs

+Bi exp (-2VbsV')]}

;','

1 asV'e" =- + oc
2

where A, B, C are constants. If bs = 0, we get

and

where K(V') is arbitrary. Notice that when I = 0
this reduces to the vorticity equation for two­
dimensional non-rotating flow of a stratified
liquid (Long, 1953). In the non-rotating case
one of the basic solutions of the vorticity equa­
tion is horizontal flow (v =w =0). When there
is rotation, however, a flow along the x-axis
requires a preBBur~ gradient along the y-axis.
We have assumed this is zero.

Linear models in Eq. (9) may be obtained by
defining a function

F= SetdV'

Then (9) takes the form

VIF-etxH'1 + ~(gZ-XIH +1;1) = efK(V')

wh'ere oc, {J, yare constants.
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3. Homogeneous liquid

In the case of a homogeneous fluid, Eqs. (7)
and (9) become

ing case, we have the additional velocity com­
ponent v which may, however, be solved for
from the equation

as the deviation of the streamline from the
undisturbed distance from the yz-plane we get

where we have assumed that W o does not vanish
anywhere. If we define

{j=x-xo (13)

(18)

(17)

(19)

(16)v = -f{j

W o = constant

in the stratified case, and

in the rotating case, where eo, Woo and bare
constants.

Finally, another phenomenon of stratified
fluids (Long, 1965) that has application to the
rotating homogeneous case is the solitary wave
at rest in a basic flow wo{xo)' In the present case
there is no wave when W o is constant because
the governing equation (15) is then linear
whereas the solitary wave is essentially a non­
linear phenomenon. If W o varies, then the wave
exists. The governing equations in the two cases
are identical if

(14)

(10)

(11)

v + fx = H{Ip)

v2'P - fxH' =K{Ip)

d In W o[ o{j] f"{jv 2{j - -- {v{j)i-2- + 2 = 0
dxo oX Wo

v+ fx= fxo

dwo f2x dwo f"xo
W o v 2xo + - (vxo)" - - = - - -- (12)

dxo Wo dxo Wo

We now consider motion which, at z = + 00 or
z = - 00 reduces to a simple flow of velocity
w = wo{xo), u = 0, v = 0 along the z-axis, where X o
is the distance of a streamline from the yz-plane
in the undisturbed region upstream or down­
stream. Evidently, Ip =Ip{xo), and if we go over
to X o as dependent variable, we get

In case the approach velocity W o is uniform, we
get the linear equation

4. Linear models for a homogeneous liquid

The most general linear form of Eq. (Il) is

(15) v"'P - {y - fl'P)x = c - (X"Ip (20)

It follows that V o is also a function of X o'

Eq. (20) now yields a differential equation for
'II as a function of xo, Le.,

We again assume that'll is a function of xo, so
that u = 0 in the undisturbed region and w =
wo{xo). Then in the undisturbed region, if v = Vo

This is identical in form to the differential equa­
tion for stratified flow in a uniform gravity
field along the negative x-axis where the
approach velocity W o and the density e are
related by w~e = constant and when the density
is a linear function of X o (Long, 1953). This
simple stratified flow has been extensively in­
vestigated (Long, 1955; Yih, 1958; Debler, 1959;
Miles, 1968a, 1968b; Miles & Huppert, 1969a,
1969b) and solutions obtained for sources and
sinks and flow past obstacles. In the present
case this corresponds to a line source or sink
along a line parallel to the y-axis and to obstacles
whose shape is independent of the y-coordinate
moving along the z-axis'. Of course in the rotat-

where y, fl, c, (XI are constants and

(21)

(22)

, Bretherton (1967) has considered this problem
when the motion of the obstacle is infinitely slow.

(23)
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Eq. (23) has been solved in connection with an
investigation of linear models for stratified fluids
(Long, 1958). The result for f3=t=0 is

so that

(26)

This equation may be differentiated with re­
spect to X o to yield W o as a function of X o' The
function H may be solved for as a function of
X o from Eq. (21). Then Eq. (22) yields V o as a
function of Xo and the model is fully determined.

If f3 =0 we get a much'simpler result. Dif­
ferentiating Eq. (23) we get

(25)

where A and B are constants. Eq. (21) yields

dH 1'1 1'A 1'B .
= - + -cos IXX + - sm IXX (27)

dxo fIX' f 0 f

so that

1" 1'A. 1'B
H =D + -x + - sm!XX - -cos IXX (28)

fIX' 0 fIX 0 fIX 0

where D is a constant. It follows that

1"xo yA. 1'B
v = -fx +D + -- + - sm!XX - -cos !XX

o 0 fIX' fIX 0 fIX 0

(29)

The model is determined by Eqs. (26) and (29).
The linear model of Sec. 3 is a special case.
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B03Mym;EHlUI HOHEQHOll AMIIJIIITY.D:bI BO
BPAm;AIOm;EllCH JRII.D:HOCTIi

JRH)J;KOCTb Bpa~aeTClI C yrJIOBoit CKOpOCTblO,
HanpaBJIeHHoit no OCH z. O)J;HopO)J;Hoe nOJIe CHJIbI

TlliHeCTH )J;eficTByeT B)J;OJIb OTpH~aTeJIbHOrO Ha­

npaBJIeHHll OCH Z H iHH)J;KOCTb cTpaTHqm~Hpo­

BaHa C npOH3BOJIbHblM rpa)J;HeHTOM nJIOTHOCTH.

Cy~ecTByeT yCTofi'IHBOe B03My~eHHe, cBoficTBa
HOToporo He 3aBHCllT OT o)J;Hofi H3 ropH30HTaJIb­

HblX Hoop)J;HHaT, CHaiHeM, y. TIoKa3aHO, 'ITO

Tor)J;a npHMHTHBHble ypaBHeHHll MoryT 6b1Tb

O)J;HH pa3 npOHHTerpHpOBaHbI, B pe3YJIbTaTe

'Iero nOJIy'IaeTCll ypaBHeHHe BToporo noplljJ;Ka
jJ;JIll BHXpll CHOpOCTH. 8TO ypaBHeHHe B 06~eM

CJIy'Iae HeJIHHefiHO H CJIOiHHO, HO OHO CHJIbHO

ynpo~aeTcll . )J;JIlI OjJ;HOP0)J;HOfi iHH)J;HOCTH. B
OjJ;HOM Cne~HaJIbHOM H HHTepeCHOM cJIy'Iae 3a­

jJ;a'Ia CTaHOBHTCll HjJ;eHTH'IHOfi jJ;ByMepHoMy Te­

'IeHHIO HeHOTopofi CTpaTH<pH~HpOBaHHofi iHHjJ;­

HOCTH B O)J;HOP0)J;HOM I10JIe CHJIbI TlIiHeCTH.
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