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ABSTRACT

The three dimensional circulation produced by a given wind stress in a homogeneous
ocean with an arbitrary bottomn topography is studied. The solution is illustrated by
the use of various bottom shapes and a particular wind stress distribution. It is shown
that in general a current deviates southwards in a region of decreasing depth and
northwards in a region of increasing depth. However, if the wind stress has a perturba-
tion out of phase with the bottom corrugations this result is considerably modified.
Moreover, when there is a deepening of the ocean towards the north there may exist
a ‘‘eritical line” at which 8/2y(f/H) is zero (f is the Coriolis parameter, H is the depth
and y is the northward co-ordinate). The oceanic circulation is then divided into two
parts: if the wind stress curl is positive, then for latitudes north of the “critical line”
where 9/dy(f/{H) is positive the Sverdrup-topographic interior flow is basically north-
ward and there is an eastern boundary current, while for latitudes south of the critical
line, where &/0y(f/H) is negative the interior flow is basically southward and there is a

western boundary current.

1. Introduction

Observations show that ocean currents are
significantly influenced by bottom topography.
The deflection of currents in the Atlantic as
they pass over the mid-Atlantic ridge and the
deflection of the Antarctic circumpolar current
as it passes over various meridional ridges are
well known. Observations by Barrett (1965)
show that part of the western boundary under-
current in the North Atlantic is diverted away
from the coast by a submarine ridge extending
south eastwards from Cape Fear.

Various theories have been developed to
correlate the behaviour of ocean currents with
the underlying bottom topography. Warren
(1963) has shown numerically that the path
of the Gulf Stream is closely related to the
bottom topography. Hsueh (1967) has discussed
the modification of a uniform current as it
flowed into a region of oscillatory wind stress
and oscillatory bottom contours. He correlated
the strength of the deflections of the current
with the difference in phase between the wind
stress and the bottom topography. Clarke &
Fofonoff (1969) used a transport model for a
barotropic ocean to consider the flow over
depth discontinuities for constant wind stress
curl.
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In this paper the barotropic flow over any
continuous bottom topography is discussed for
an arbitrary wind stress. A linear, three dimen-
sional model on the f-plane is used and each
component of the velocity field is calculated.
The model is very simplified in the sense that
baroclinic effects are excluded, eddy viscosities
are assumed constant and only steady flows
are considered. Consequently, caution must be
exercised when comparing the solutions obtained
for flow over continental slopes and submarine
ridges with actual ocean currents.

The analytical solutions which are found for
general wind stress and bottom topography are
illustrated by introducing a particular wind
stress. Bottom topography is chosen to rep-
resent the folds in the western Pacific, the
continental slopes and a zonal slope. In the
last case a critical layer may be present in
which the normal interior solution breaks
down, and the non-linear and frictional terms
become important. This is discussed in sec-
tion 9.

The method derived below may also be applied
to the almost isothermal bottom layer of a
stratified ocean. In this case the circulation is
driven by the upwelling into the thermocline
layer instead of by the Ekman layer suction
produced by the wind stress curl.
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2. Formulation

The model considered is a homogeneous ocean
contained between the surface z=0 and the
bottom z = -1 +h(x, y) and bounded by west
and east coasts at x =0 and = =1, respectively.
z, ¥, 2 are dimensionless cartesian co-ordinates
with = eastwards, ¥ northwards and z vertically
upwards, and u = (u, v, w) are the corresponding
velocity components. The linear steady equa-
tions of motion are:

—fv = —P, +Ey(u,, +u,,) + Eu,, (la)
fu= —P,+Eylv . +v,)+Ev,, (1b)
0= ~06%P, +Egy(w,, +w,) +Ew,, (lc)

u, +v, tw, =0 (1d)
where f=1+py is the familiar Coriolis para-
meter on the f-plane, P is the reduced pressure
and the small parameters are given by

vy vy
Ey foLz’E foLs’é DL
vy, vy are the horizontal and vertical coefficients
of eddy viscosity, D, L are typical depth and
width of the ocean respectively, and f, is the
Earth’s angular velocity. The derivation of
these equations and the method of introducing
the dimensionless variables are given in Johnson
(1968).

The boundary conditions at the surface are:

u, =E-+* v,=E-t#, w=0, at z=0 (2)

where t=(z% 7Y, 0) is the applied wind stress.
The conditions at the east coast x =1, the west
coast x =0, and the bottom z = — 1 + h(x, y) are:

u=v=w=0atx=0,1;z= -1 +h(=z, y)

The north and south boundaries are unspecified
and hence remain free.

The analysis will proceed by the method of
matched asymptotic expansions, each expan-
sion being valid only in the region under
consideration. The ocean will be divided into
an interior region away from the influence of
boundaries, surface and bottom Ekman layers,
and coastal boundary layers.
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3. The interior

In this region the frictional terms of equa-
tion (1) are negligible and expansions of the
form

u; = Etu, + Bu, +..., P = EiP, + EP, +...

substituted in (1) yield the interior solutions

uy = By, (z, y) +0(E) (3a)
vy = By (z, y) + O(E) (3b)
wy = E¥B/f)zvi(w, y) + Etw*(z, y) +O(E)  (3c)

where w*(z,y) is an arbitrary function of
integration.

4. The surface Ekman layer

The solution in this layer is well known and
the only condition required here is the matching
condition on the interior region. This is the
Ekman layer suction condition

wy(z, y, 0) = Btk-curl (x/f) (4)

where k =(0, 0, 1). Applying this condition to
(3c) gives

wh(z, y) = K-curl (v/f) (5)

In the case where there is an intermediate
thermocline layer between the bottom layer
and the Ekman layer, then w* in the bottom
layer will be the upwelling velocity into the
thermocline layer.

5. The bottom Ekman layer

In this layer an oblique stretched co-ordinate
system (z,vy,{) is introduced where E¥ =
z +1 —h(z, y). It is shown in the appendix that
provided

bz by boy +hy, < <EY[Eg
and (k2 +h3Y < <E, }, (3B, %, which are
not very strong restrictions on the gradients of

h(x, y), then the vertical velocity in this Ekman
layer is, from (A9)

wg = Eth,u, +h,v,) +exponential terms (6)

The exponential terms tend to zero as { — oo.
This implies that the component of velocity
normal to the bottom is zero at the edge of
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the Ekman layer. That is, there is no O(E#)
suction into the bottorn Ekman layer, which
therefore carries no transport to this order.

6. The completion of the interior solution

Equation (3c) gives the vertical velocity in
the interior region with w*(z, y) a known func-
tion determined by (5). The remaining fune-
tion v,(z, y) may be found by matching (3¢)
with (8) as follows:

lim w;=limwg
2-»—1+Rh(z,¥) {00

Hence

B

=(h-1)v,+w*=hyu, +hyv, (7)

f
The continuity equation (1d) gives
Uy TUy +wy, =0
and using the derivative of (3¢} this mé.y be
written

] 28
o (fu,) +a(fvl) =0 (8)

which implies the existence of a function y,
such that

o
fu,= ay’fvx oz (9)

Substituting (8) into (7) gives

hz'l’w"'{g(h"l)"hy}wlz:fw‘ (10)

a first order linear, partial differential equation
for y, which may be solved by the method of
characteristics.

The characteristics of (10) are given by

dy _ h;

@ B_1y-n,

/

which on integretion becomes,

hiz y)-1
f
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Let 5 =—f— so that (10) reduces to
Mz, y)—1
oy, f’ w*

oz Ph-1)—fhy
which implies that

(@, 1) fﬂ—dxwfo( ydn (12)
PR ) B0~ fhy R

where JC(r))dn is an arbitrary function of
and the first integrand is regarded as a function
of ' and 7. Equations (9) then give the hori-
zontal velocity components

u, (2, y)

=ﬂ(h—1)—fhy{f_«'>_( fw* )dx, o
fh—1)° an\Bh—1)—fh, ) * '}
(13)

v, (2, y)=

h; 2 fw* ) , }
I Y A N A P
(h-l)’{faﬂ(ﬂ(h-l)-fh,, +C)

o Jwt
Bth—1)—fh,

C(n) may be found from a zero transport condi-
tion at the east coast (x=1). As the bottom
Ekman layer transport is only O(E), the
0(Et) surface Ekman layer transport towards
the east coast must descend in an eastern
boundary layer and then enter the interior
region. This condition may be written

w(1,y)
f

Equations (13) and (14) give the horizontal
velocity components for any bottom topo-
graphy h =h(z, y) and for any wind stress curl
w*(x, y). They are singular at points where
h(z, y) =1, and hence the solution will not be
valid near where the bottom surface rises to
meet the top surface. This will occur at the
west and east coasts, but in these regions
coastal boundary layers will be important and
the interior solution will not be applicable.
In the examples which follow we shall ensure
that Az, y)+1 for any x,y. The western
boundary layer that is required to bring the
east-west flow to zero at the coast and to satisfy
continuity by providing an intense north-south
return flow will be of the form discussed in
Johnson (1968).

(14)

[1-A(1, y)lu (L, )= - (15)
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7. Solutions for a zonal wind stress when

h = h(x)

The velocity components given by (13) and
(14) will now be simplified for a zonal wind
stress T =7(y) and a bottom topography of
the form % = h(z). The wind stress is chosen as

7° = —cos ny, ¥ =0

to represent trade winds and westerlies. 7V is
so chosen to avoid downwelling at the coasts.
There is no mathematical difficulty involved
in chosing ¥ to be non-zero. The horizontal
velocity components then reduce to

wl, y)=E1’2[Thn_—l? j (h(z')-1)

cos{;—,f[(h(z') ~1)n- 1]} dz' +O(E)  (16)

f (h(z") - 1)

cos {g[(h(x’) ~1)g- 1]} da’ +

ﬂf:

vy = 1= _
1)

1/2

ph—1)

(nsinny-z-;—xcos:zyHO(E) {17)

where 7 =f/[h(x) —1] is regarded as a constant
in the integration.

Then (3¢) gives the vertical component of
velocity as
P moo
= —f— vi(x, y) — T(nsmny+/-cosny)

Consider the particular bottom topography
) (18)

wi(x, y, 2)

= Ae™** cos lmx

When =0, this represents a bottom profile
that rises up towards the surface as the western
boundary at z =0 is approached. When [ 0,
(18) may be used to represent a topography
that is typical of the Pacific in which me-
ridional folds occur on the western side of the
ocean.

The circulation obtained for (i) I =0, 4 =0.8,
k=10 is shown in Fig. 1, and for (ii) =10,
A=08, k=10 in Fig. 2. It can be seen in
both cases that in the eastern part of the ocean
where the bottom is essentially flat, the solu-
tion is the same as that given in Johnson
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Fig. 1. Flow pattern produced for the wind stress
1= —cosmy, =0 and for the bottomn topo-
graphy h(x) =0.8 exp ( — 10z). The north-south com-
ponent of velocity is zero on the broken lines which
also indicate the deflection of the flow due to the
underlying bottom topography.

(1968). However, for small 2 the circulation
is considerably modified by the bottom topo-
graphy. Further comparison with Johnson
(1968) shows that in the Northern Hemisphere
currents are deflected to the right when the
gradient of the bottom is increasing, and to
the left when the gradient is decreasing (having
regard for the sign of the gradient). Conse-
quently in a flow over a single ridge the total
deflection will be zero and the maximum dis-
placement will occur at the crest of the ridge.

Calculations of the flow patterns were made
with the topographies of the form

h(z) = Ae *E "

corresponding to a single ridge at z =«, and
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Fig. 2. Flow pattern produced for the wind stress ¥ = —cos my, T¥ =0 and for the bottom topography

h(z) =0.8 exp (— 10z) cos (10 nx).

the anticipated deflections were observed. This
behaviour is illustrated diagramatically in
Fig. 3.

8. The influence of an oscillatory wind
stress

To provide a comparison with the results
of Hsueh (1967), who discussed the deviations
of a uniform current on entering a region of

—

VAN
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Fig. 3. Diagrammatic representation of the flow
over a ridge. The opposite deflection occurs in the
flow over a trough.
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changing wind stress and bottom topography,
a solution is found for

A(1+T cos9nx) O<w<}

*=0,7=
{A(1+T)

d<x<1

Hsin9nx 0O<x<}
h(x)~
<<l

With this combination the interior flow for
z>1/2 is a uniform drift westwards. The per-
turbation in wind stress and the variation in
bottom topography for x <1/2 are =/2 out of
phase. The different z-ranges are required to
keep the wind stress and the bottom variation
as well as the gradients of these continuous.
Otherwise there will be a discontinuity in the
v, velocity component. Substitution into (13)
and (14) and matching of the solutions at
x =4/9 and z =1/2 gives the following distribu-
tions, for u, and v,

A1+ T)
>34 1" T HI-H)
v,=0
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Fig. 4. The deviation caused by a wind stress
perturbation that is m/2 out of phase with the
bottom corrugation. The broken streamline indi-
cates the flow with the constant wind stresss
A(1 + T} over the whole ocean.

_A(1+T)
f(1 - Hsinzr)
97 A(HT + T cos 9nx)
Y17 g1~ Hsin 9z)°

3=

—A(1+ T cos 9nzx)
uy= - (19)
(1~ H sin 97x)
O<z<§
OnA(HT + H cos 9nx — T sin 9nzx)
v, =

p(1 - Hsin )’
(20)

Equation (20) shows how the wind stress and
the bottom topography contribute to the
deviation of the flow from a purely westward
flow. It may be seen that as the magnitude T
of the wind stress variation increases, v,
becomes more out of phase with the gradient
of the bottom topography.

In Fig. 4 the results of (19} and (20) are
presented for the case T =1/2, H =1/4. When
compared with the results of Hsueh (1967)
several differences will be noted. These may be
related to the fact that he used a constant
Coriolis parameter and did not include the
essential driving mechanism of the basic un-
perturbed wind stress curl.

9. Solutions when h has y-dependence

If k is independent of z, equation (14) may
be written as

fw*

v (z, y)=fhy—-ﬂ(h— 1)
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the second form serving as a comparison with
the form given in Welander (1968). At a

latitude where
c
AEAY
3y(l -h)

or where the equivalent expression R(y)=
B(h —1) —fh, vanishes, the interior solutions
found are no longer valid. The non-linear and
frictional terms will become important in the
neighbourhood of such a “critical latitude’’.
Welander (1968) discusses this phenomenon
and correctly predicts the existence of a western
boundary current and an eastern boundary
current on the southern and northern sides of
the “critical latitude’, respectively. However,
Welander also predicts a basically southward
flow for both R <0 and R >0, a result which
is not consistent with the circulations deduced
in this paper. Inspection of (21) shows that in a
region where w* does not change sign, a change
in sign of R(y) means a reversal of the direction
of the north-south interior velocity w»,(z, y),
as shown in Fig. 5.

The transition from a western boundary cur-
rent to an eastern boundary current when the
““critical latitude’ is crossed can be explained
in terms of the conservation of potential vor-

ticity,
D
D],
Dt{1-h

PLAN

PROFILE
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Fig. 5. Diagrammatic representation of the flow
produced when the bottom deepens towards the
North and causes a ‘‘critical layer” to form.
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in the vicinity of boundary regions where the
local wind stress terms and frictional terms are
unimportant (inertial boundary layer) (Stom-
mel, 1958).

Taking for example, the case of w* negative
then south of the ‘“‘critical latitude’ where

E(J_)
oy\1-h

is positive (R <0) the interior flow is basically
southwards and a northward flowing boundary
current i8 required. Since R <0, f/(1 —~h) in-
creases in a northward flowing current and so
for conservation of (f+¢{)/(1 —h) this north-
ward flow must give the incoming interior
flow clockwise vorticity which is compatible
with the distribution of shear for a western
boundary only (Lighthill, 1966). North of the
“critical latitude” where

E(L)
317 1-h

is negative (R >0) the interior flow is basically
northwards and a southward flowing boundary
current is required. Now since R >0, f/(1 —h)
again increases in a southward flowing current
and potential vorticity is conserved if clockwise
vorticity is induced into the incoming intérior
flow which in this case of a southward flowing
boundary current is in agreement with the
distribution of shear for an eastern boundary
only.

An alternative explanation of this transition
can be made using similar arguments to those
of Pedlosky (1965) for the westward intensifica-
tion of the oceanic circulation. Pedlosky
suggests that the energy put into the ocean by
the wind stress is concentrated near the western
boundary because large-scale Rossby waves
propagate to the west and are reflected as
small-scale motions which leave their energy
at the western boundary either because they
are dissipated by friction or because they are
trapped near the western boundary by the
westward convection of fluid under the direct
action of the wind stress. South of the “critical
latitude” R(y) is negative and the pB-effect
either dominates or is re-inforced by the effect
of bottom topography (Veronis, 1966) and a
western boundary current should exist. North
of the ‘“‘critical latitude” R(y) is positive and
the restoring effect of bottom variations is

Tellus XXIIT (1971), 2
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opposed to and dominates the f-effect. The
existence of an eastern boundary current is
thus expected with large-scale topographic waves
travelling eastward and providing a concentra-
tion of energy at the eastern boundary.

The position and thickness of the critical
layers, if any exist, may be determined as
follows. A critical layer will exist if the con-
tinuous function R(y) changes sign. Since
(h — 1) is always negative, R can only vanish at
points where h, is negative (excluding cases
when h=1). Hence a critical layer can only
exist over topography where %, <0; that is where
the depth is increasing towards the North.
It is near this critical line that not only the
frictional terms become important, but also the
non-linear intertial terms. The frictional terms
become important in the region where

|R(?/)I <Ellliaflhwl
and the non-linear intertial terms where
| Ry | < B B | by [

where R,=U/f,L is the Rossby number for
the flow. The actual thickness of each region
may be calculated for a given A(y). In general
the ‘“non-linear region’’ is narrower than the
“frictional region”.

When both zonal and meridional variations
of bottom topography are allowed, that is
when b is a function of  and y, the location of
boundary currents on either the eastern or
western boundary is again determined by the

sign of
21
ay\1-h

However regions of the ocean which have
boundary currents at opposite boundaries are
no longer separated by a ‘‘critical latitude”
but rather by a ‘“critical line’” or ‘‘critical
contour” {(Welander, 1968). In a quite detailed
numerical investigation of a two-dimensional
oceanic model Holland (1967) has examined the
effect of various simple bottom shapes on the
oceanic circulation. It is not surprising that in
the sole case in which Holland allowed the ocean
depth to increase towards the north the nu-
merical solutions broke down for large values
of his parameter characterising the inertial
terms. Although the topography is not spe-
cifically defined one expects that somewhere

(@/2y) (f/(1 —h)] vanishes.
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APPENDIX

In the bottom Ekman layer an oblique
stretched co-ordinate system (x,y, {) is used
where Ei =z +1 ~h(z, y). Then provided

1/2

hyy by by + hw<——E
H
the governing equations become

h E
—fo= _P,+E—1’/2P;+{1+E'I(h§+h§)}ucc
Al
h, E
fu= —Py+E—52Pc+{1+EH(hi+hi)}”cc
(A2)

E
0- -a‘ﬁE"’2Pc+{ 1 +Eﬂ(hz+hi)}wcc

(A3)
z hﬂ 1
ur—E—mu;+’l}y—‘E—lmv;+'E*”—2w;=0 (A4)

With the following expansions
Up=E"u, +Euy+..., Pg=E"P, +EP,+...

where the overbars indicate the solutions in
the bottom Ekman layer. Equation (A4) im-
plies to 0(E) that

hy iy +h,®, —w, = function of z, y

Applying the boundary condition that the
velocity is zero at { =0 (z = 0) gives
Wy, = hy i, +h, 0, (A6)

From further substitution of (A5) into (A1)
to (A4) it may be shown that 4, and ¢, satisfy
the Ekman layer equation

272 | 32 ﬂl b g2, &°
[{1+5 e+ {1+ B+ B

+f’g'a¢] (121, 'Dx) =0

whose bounded solution as {— oo is

- - —(1-
(+‘)K5+ulse a-HK¢

@y =0y, (2, Y)+ Uy € (A7)

By= By, (x, y) + By e OTOE L g g (TDEC (A 8)
where

— ‘L ¥ E’H 2 2 -t 2,72 2.7-1
K= 5 1+—E—(h,+,,) {1+68"(hz+1y)}

Further restrictions on the function h(z, y;
must now be made in order that the thickness
of the Ekman layer, Eit/K, remains much
smaller than unity. As the restrictions will be
placed on an upper bound for (h,? +h,?%)? we
will consider the case where (A, +h,%)>1
coupled with:

(@) Ok +hi)t>1. Then K =0{(E/ELé)}
(h2 +h2)-1} and the thickness of the Ekman
layer will be much less than unity only if

(B2 +h3) < <(6Ey) "}

(b) 8(h,2+h,)t < <1. Then K =0{(E/Ey)}
(;* +h,?)-t} and the corresponding require-
ment is

(B2 + Ry < B

Hence the Ekman layer solution will only
break down for slopes contained within the
thickness of the upwelling layers of thickness
EY; or (6Ey)t (Pedlosky, 1968).

Matching (A7) and (A8) with the interior
solution (3) gives

4, =4, and 3, =v,

Then the boundary conditions @, =8, =@, =0
at { =0 and the 0(1) terms of (A1), (A2) deter-
mine the arbitrary functions s, @3, @y, 715 In
terms of u, and v,. The resulting solution is
then

iy = Uy +e ¥ —u, cos KL -0, {1 +6%(h2
+h2)}-+ sin K¢]

By = +e_‘“[—v1 cos K¢ +u, {1l + 83(h2
+h2)} sin K{]

Equation (A6) then gives the vertical velocity
in the lower Ekman layer as

wy = EYh,u, +h,v,) +exponential terms (A 9)

Tellus XXIIT (1971), 2
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OB UBMEHYNBOCTU OKEAHNYECHKON NUPKVIALNH,
NOPOKTAEMON TOIIOTPAGUEN JHA

Nsyyaercsas TpéxMepHaA HUPKYIANMA, HOPOK-
HaeMas 33JJaHHHIM HAlPAMKEHHEM BeTpa B OXHO-
POAHOM OKeaHe C NPOM3BOJBHON Tomorpadueit
Axa. PemeHme WIIIOCTpHpYeTCA Ha HpHMepe
pasauyHeX opM AHA NPH 3aXAHHOM HAIIpAMKe-
HuM BeTpa. IlokasaHo, 4To B o0meM ciayuae
TeueHHe OTKJIOHAETCA HAa lor B o6JacTh yOm-
Balomell ray6uns ¥ Ha ceBep B o6macrtu BO3-
pacrapmell rayouns. OfRHaKo, eciM HaNpAMe-
HHe BeTpa HMMeer BO3MylleHue, ¢asa KOTOpPOTO
NPOTHBONOJNOMKHA HEOTHOPOAHOCTH JHA, TO Hpe-
AHAYIMI Ppe3yJabTaT CYIeCTBEHHO BHJIOH3Me-
HAeTcA. Boxee Toro, €Cin oKeaH yrayGifAerca K
ceBepY, TO MOKET CYLIECTBOBATh ¢KPUTHYECKAsd

Tellus XXIIT (1971), 2

JUHUA», HA KoTopolt 8/dy(f/H) obGpamaercAa B
Hyasb (f — mapamerp Kopuonnca, H — ray6una
M y — KOOpAMHATA, HANPABJEHHAA K CeBepy).
OreannyecKasa MUPKYIAMAA PAsfeIsieTCA TOrAA
Ha JBe 4acCTH: eclii BUXphL HANDAMKEHUA BeTpa
TIOJIO}KHUTEJIeH, TO HA WIMPOTAX CeBepHee ¢«KpH-
THYECKON! JIMHUW», rae 8/oy(f/H) Mox0KuUTEIbHO,
BHYTPeHHee Tonorpajuueckoe Tedenue Cpepi-
pyna HamnpaBJeHO HA CceBep, M CyUECTBYeT
BOCTOYHOEe HOTPAaHMYHOEe TE4YeHHEe, TOrJa HKak
A8 HMUPOT IOMKHee KpWTHYECKON nwmHMH, rie
ofey/f/H) orpunaTenbno, BHYTPeHHee TedeHHe
HAOpaBJIeHO HA 10T, M CYIECTBYeT 3amajHoe
NMOTPAHNYHOE TeYeHHe.



