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ABSTRACT 

In an earlier paper, a momentum integral method was developed by one of the authors 
(Smith, 1968) to investigate the gross features of the surface friction layer of a 
steady, axisymmetric hurricane, which is specified by its radial pressure variation 
near the sea surface. Thus, by choosing suitable vertical profiles of inflow and swir- 
ling velocity components in the boundary layer, the technique provides estimates 
for the radial distribution of mean inflow, of boundary layer thickness and of mean 
upflow through the top of the layer. It therefore gives a measure of the constraint im- 
posed by the inflow layer on the vortex which produces it. 

In  the present work, the method is used to investigate the effects of turbulent struc- 
ture on the boundary layer characteristics. The turbulence is represented by an eddy 
viscosity K,, and solutions corresponding to a variety of models for the variation of 
KM, together with an appropriate surface boundary condition, are compared. These 
models range from an eddy viscosity which is everywhere constant and with the condi- 
tion of no-slip at the surface, to a K,  which has both radial and vertical structure and 
which varies linearly with height in the first few tens of metres above the sea surface. 
In  the latter case, one is able to parameterize the roughness of the sea surface. 

The solutions indicate that in actual hurricanes, an increase of KM towards the region 
of maximum winds produces a significant increase in the upflow compared with a 
similar layer in which K,  has no radial variation. Moreover, the radial profile of bound- 
ary layer thickness differs markedly between the two cases. Solutions for three surface 
boundary conditions are compared and the volume inflow and upflow rates at a given 
radius are also found to increase with an increase in the constraint at  the sea surface, 
that is, with an increase in surface stress. 

An error in one of the calculations of the first paper is also resolved. 

Introduction 

The importance of the surface boundary layer 
on the dynamics of a hurricane is due to the 
constraint it  imposes on the meridional circula- 
tion of the vortex, by producing a strong cou- 
pling between the azimuthal and vertical velocity 
fields. The reasons for this constraint are dis- 
cussed by Smith (1968), henceforth denoted by 
I. I n  this, the author develops a momentum 
integral method which can be used to study 
the development of the boundary layer from 
the outer reaches of the vortex to the central 
regions of high swirling wind speeds. The flow 
above the boundary layer is represented by a 
steady, inviscid, circular vortex, with zero ra- 
dial flow and azimuthal velocity V,,(R), speci- 
fied by the gradient wind equation with a suit- 
ably chosen radial pressure profile P(R) ,  where 
R measures radial distance from the axis of 

symmetry. In the absence of horizontal bound- 
aries, a vortex of this kind can suppport an 
arbitrary radial distribution of axial flow with 
velocity W,,(R). However, in the  presence of 
such a boundary and with V,, given, the upflow 
W,, is determined uniquely by the boundary 
layer flow. The momentum integral method is 
an approximate one in which the boundary 
layer equations are integrated across the layer 
with respect to height 2, say. Vertical velocity 
profiles are specified and these must satisfy the 
appropriate conditions at the boundary itself 
and at the upper edge of the layer. The integrat- 
ed equations are then used to  calculate the 
radial variation of inflow velocity and boundary 
layer thickness. The upflow velocity is obtained 
from an  integrated form of the continuity equa- 
tion. The final equations consist of a pair of 
first-order ordinary differential equations for a 
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scale boundary layer thickness S(R) and the 
amplitude coefficient E ( R ) ,  of a scale inflow 
velocity E ( R )  Vgr(R) .  The two equations are 
readily solved if the dependent variables 6 and E 
are known at a given radius, Rg say. In  I, Rg is 
taken to be sufficiently far from the storm 
centre (in fact, 1000 km) so that the wind speed 
above the boundary layer V,( = Vg,( R,)) is light 
and the flow there is approximately geostropic. 
At this radius, the boundary layer approximates 
to an Ekman-type layer, the solution for which 
is known. This solution is used to define 6(R,) 
and R(R,) and similar velocity profiles are 
taken in the momentum integral equations, 
but with scales 6(R) and E ( R ) .  The equations 
are then integrated numerically from Rg to 
smaller radii. 

In  I, two surface boundary conditions are 

(A) when there is no slip at  the sea surface 
and the sea is assumed to be at  rest, and 

(B) when the surface stress is in the direction 
of the surface wind. In  addition, two 
forms are taken for K,, namely 

(i) when K ,  is everywhere constant and 
(ii) when K ,  increases from 25ma/sec by a 

factor of two between the geostrophic 
radius R,, and the radius of maximum 
azimuthal wind R,, but is constant with 
height. 

examined; these are, 

Solutions are obtained in four cases correspond- 
ing to condition A or B with turbulent structure 
(i) or (ii). 

The solution for the case B(i) showed an 
'eruption' of the boundary layer at a consider- 
able distance from the radius of maximum 
winds, with very weak inflow and upflow at 
smaller radii. This feature is not observed in 
hurricanes and it appeared that the profiles 
which are obtained in this case are especially 
sensitive to the values chosen for the parameters 
C,, the drag coefficient, and K,, since in the 
case B(ii) with K ,  decreasing with radius, no 
'eruption' occurred. This anomalous result 
prompted a more detailed investigation to test 
the sensitivity of the method to the particular 
choice of profile. During the early stages an 
erroneous sign waa detected in one of the pro- 
files for surface condition B* and with this cor- 
rected, the boundary layer solutions for cases 
B(i) and B(ii) resemble closely those for the 

Tellus XXII (1970), 3 

corresponding cases A, but the inflow is weaker 
in the first two solutions. This fact removes in 
some measure the baais for tho rather pessi- 
mistic conclusions of I and it has buen found 
possible to use the model developcd in that 
paper to study a variety of reprosuntations for 
the turbulent structure and the surface bound- 
ary condition, in relation to the coiistraint they 
imply on the meridional circulation of a hurri- 
cane. The results of these investigations are dis- 
cussed here. 

The basic equations 

We assume that K ,  has both radial and ver- 
tical structure and write K,*k(r, z) ,  where K,* 
is a scale for K ,  at the geostrophic radius R,. 
The non-dimensional boundary layer equations 
may then be written in the form, 

R, [i ( r  IOm u8dz) + Iom (v; - w') dz] 

+ ~ o m r ( w g r - v ) d z =  - r  

R, [i ( raIom uw dr ) + r'v, w,] 

+ jomr8udz= - r ' ( k E )  , 
Z+O 

where R, = V g / ( R g f )  is a Rossby number ap- 
propriate to the flow at the geostrophic ra- 
dius, f is the coriolis parameter, (u, w, w )  are 
the velocity components in a cylindrical co- 
ordinate system (r, 0, z )  and 

is the vertical velocity at  the upper edge of the 
boundary layer. Equations ( l ) ,  (2) and (3) cor- 
respond to Eqs. (16), (17) and (18) in I. The 
dimensional length and velocity scalcs asso- 
ciated with r, z, u, w, w and wgr Rg, Zg, V,, V,, 
2, V,/Rg and V,  respectively, where 2, = (K,/f)* 

l The first line in Eq. (27), which was incorrectly 
numbered Eq. (23), should read 

f(q) = - ce-q(u, sin r ]  - u8 cos 7). 



290 L. M. LESLIE AND R. K. SMITH 

is a vertical scale appropriate to the boundary 
layer flow at large radii, R >O(R,). 

Guided by the known Ekman solution in the 
limiting case R, + 0 we take 

where 71 =z/S(r),  8(r) is a non-dimensional scale 
boundary layer thickness, E(r)  is the amplitude 
coefficient of the radial velocity and f(q),  g(7) 
are the velocity profiles across the flow. 

If Eqs. (4) are substituted into Eqs. ( l ) ,  ( 2 )  
and (3), one obtains three equations for the 
radial variation of E ,  6 and togr. The calcula- 
tions are simplified if E* and ES' are taken as 
dependent variables, in which case the equa- 
tions read, 

I d  
E'dr 
-_ 

( 5 )  

dr 
1 d  

236' dr 
-- 

and 

where 
r m  roo 

I' = J fa+, I , =  J (l-g*)dq, 
0 0 

I 
J 

N.B. The expressions for C and D aasume that 
for k( 1, z )  variable, k(r, z )  tcz and hence ar] as z-* 0. 
Moreover, C and D are functions o f t  if k is. 

m 
see I 
- 

0 100 500 1000 KM 

R 

Fig. 1. The profile of swirl velocity Vgr, a at the top 
of the boundary layer. 

The pressure and azimuthal velocity profiles 
which are taken to represent the vortex are the 
same as those used in I. Thus, 

where 

Pc and P, are the pressure at the centre of the 
hurricane and at the geostrophic radius respec- 
tively, e is the density of e.ir (assumed constant), 
b = RM/Rg and x satisfies the equation 

m ( z  - 1)' e2(*-') - ( 2  - z) b' = 0. 

The calculations are performed following the 
same method as those in I and with the same 
hurricane vortex, i.e. P, = 940 mb, P, = 1000 mb, 
Rg = 1000 km, RM = 40 km, e = 0.0012 g/c.c. and 
f = 5  x lo-,  sec-l. In  this case, the maximum 
azimuthal velocity is 43 m/sec and this decreases 
to about 4 m/sec at  1000 km to give a value of 
7.8 x for R,. The profile Vgr(R) obtained 
from these values is shown in Fig. 1. 

The velocity profiles 

Far from the axis of the vortex the boundary 
layer flow is almost quasi-geostrophic (R,< 1 )  
and the velocity profiles at r = 1 satisfy approxi- 
mately the equations 
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subject to the boundary condition 

(u,w)+(O, 1) asz -oo  (11) 

and an appropriate condition at z = 0, which in 
general will depend on the form chosen for 
k(1, z). I f  radial variations of k can be ignored 
at large ra.dii, r 2 O( 1)-and it will be seen later 
that this is very reasonable-a solution to 
Eqs. (9) and (10) can be found which is inde- 
pendent of r.  The profiles obtained for a given 
function k(1, z )  and with a corresponding sur- 
face condition a.re used to define profiles for 
f(q)  and g ( q ) .  As in I, it is convenient to take 

The cross-isobaric volume flux, given by the 
profile of u, is proportional to the azimuthal 
component of surface stress, t o o / @  = (kaw/az),=,. 
This follows by integrating Eq. (10) with respect 
to z from z = 0 to z = oo provided that (kavlaz) --f 0 
as z ’00 and this condition is satisfied by the 
variations of k considered here. 

The air sea boundary condition and 
turbulent structure 

The purpose of this paper is to establish a 
basis for answering the questions: “how can one 
represent the turbulent structure and what is 
an appropriate surface boundary condition to 
describe the hurricane inflow layer?’’ Little 
guidance may be expected from observation at 
the extreme wind speeds and in the mountainous 
seas which occur around the central core of a 
hurricane. The best one can do is to follow the 
observational data obtained at more moderate 
wind speeds and hope that the representation 
of turbulent structure and surface condition 
based on these will not be grossly in error by 
extrapolation to stronger winds. In  this paper 
we examine three possible representations. 
These are described below. They are all based 
on the observational data available1 and involve 
varying degrees of approximation to reality, in 
each case consistent with the approximations 
made in selecting the model for the hurricane 
vortex itself. 

Tellus XXII (1970), 3 

Cwe A .  The simplest representation takes 
K,,, to be everywhere constant, equal to K L  say, 
and assumes no slip at the sea surface and the 
sea to be at rest. In  this case the functions f ( q )  
and g( q) are the classical Ekman profiles, given 
in complex form by g +if = 1 -e-(l+*)q, and 
t,,O/e = l/G. Therefore, at large radii where 
local Rossby numbers Vgr(R) / (Rf )  are small, 
the boundary layer flow is almost geostrophic 
and the total inflow rate is approximately 

An objection to this representation is as 
follows. The product of K,,, with the local mean 
velocity gradient is, by definition, the stress 
t / e  across a horizontal surface due to the vertical 
exchange of horizontal momentum across this 
surface by turbulent fluctuations. I n  conditions 
of neutral stability and for moderate wind 
speeds (i.e. less than about 15 m/sec), it is well 
established observationally that K,,, = xu, 2 in 
a sublayer which extends over the lowest few 
tens of metres of the atmosphere. In  this for- 
mula, x is Von-KBrmBn’s constant which is 
found to have a value of approximately 0.4 and 
u* is the friction velocity, defined in terms of 
the surface stress to/@ by u: = I to/@ I. At larger 
heights, the variation of KM with Z is open to 
dispute a.nd about the most that csn be said 
is that the variation is much slower than in the 
sublayer. Thus, to a first approximation we 
shall take K &  to be constant above the sub- 
layer. By taking K, to be constant through the 
sublayer as well and equal to its value at larger 
heights, we may considerably overestimate the 
stress at the surface and hence the inflow. 
Thus, in case A, by taking the Ekman profiles 
in the integrated equations ( 5 )  and (8 ) .  we 
might expect to calculate too much inflow 
throughout the entire inflow layer (unless, in 
actual hurricanes KM has radial structure-see 
below). This situation could be averted by re- 
garding K,  as a parameter for the inflow at 
large radii and choosing KG to give a realistic 
value for this. However, if this is done, K k  will 
no longer characterize the exchange of mom- 
entum across horizontal surfaces, except a t  
z=o. 

For an up-to-date review of the structure of 
turbulence in the planetary boundary layer, the 
reader is referred to Rohl (1965), Zilitinkevich et al. 
(1967) and Krauss (1968). 
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Across the sublayer in the real atmosphere, 
the stress is approximately constant and equal 
to its value at the surface. Accordingly, there 
is no wind spiraling with height across the layer 
and the velocity profile is logarithmic; that  is 

U(Z)--log - .6, (13) x (3 
where 6 is a unit vector in the direction of 
the surface wind, U = ( U ( Z ) ,  V ( 2 ) )  is the hori- 
zontal wind vector and 2, is a roughness length 
which parameterizes the roughness of the sea 
surface. This leads us to consider: 

Case B. I n  this, KM is again taken to be 
constant but the no-slip condition is relaxed to 
one which requires that the surface stress be 
in the direction of the surface wind, i.e. we 
take 

aU 
CDIU(0)IU(O)=K*,- at Z = O ,  (14) 

a 2  

where CD is a drag coefficient, usually defined 
as u ~ / ~ U l o ~ x ,  where ~ U l , , ~  is the wind speed a t  
10 m above the mean sea level. Typical values 
of CD in strong wind conditions are of the order 
2 x Strictly, by taking this boundary 
condition we are neglecting the logarithmic 
layer and assuming the origin of Z to be 
somewhere near the top of the sublayer. This 
is not a bad approximation to make when 
one is interested in the total volume flux as the 
sublayer is much thinner than the entire inflow 
layer, the ratio of depths being of the order 10-1 
to 10-a.l The velocity profiles in this case are 
given by g + i f  = 1 - where A and ct 
are determined by condition (14) and are in 

general functions of r.9 This formulation can be 
improved by 'patching' an outer layer with 
constant K L  to a logarithmic sublayer. This is 
the essence of the third representation, C. 

Case C. In this we take 

K ~ = . K * , ( ~  - e - x " * Z / K * M  1, 
so that 

and 
K , , p x u , Z  if xu,Z/K;<l 

KM-K$ if xu4Z/K*M>1. 

The natural surface condition for this struc- 
ture of KM is to assume that U ( 2 )  satisfies Eq. 
(13) in the limit as xu*Z/K*,+O. The solution 
to Eqs. (9)  and (10) for this representation was 
obtained by Schwets (1941) and independently 
in a different form by Smith (1969). The velocity 
profiles appropriate to this case are given by 
g +if = 1 - Be-"")qt'BF(q), where B and are 
constants and P( q) is a function which behaves 
like 1 +O(exp-obq) ,  where u>l, for large 07. 
function describes the modification of the Ek- 
man spiralling effect across the sublayer which 
has a relative thickness of order u-l. The profile 
details for this case are given in appendix B. 

The most important feature of this represen- 
tation is that the value of K*, is determined 
by the values of Vg,  u4 and 2, (see eq. (iii), 
appendix B). In  practice, there is also a func- 
tional relationship between the two non-dimen- 
sional parameters u4/Vg and u*/fZ,, that is, the 
surface stress is a function of the geostrophic 
wind and the surface roughness characteristics 
at a particular latitude. This relationship, 
which must be obtained by observation, im- 
poses an additional constraint on the profile. 

1 This is contrary to  the argument given in I for 
rejecting Rosenthal's boundary condition: it was 
suggested that this condition failed because the 
main levels of inflow are where vertical gradients of 
azimuthal velocity are most. This is true only if 
K is constant. In fact, the main spiralling of wind 
with height, which gives rise to inflow, occurs mainly 
in levels where vertical gradients of horizontal stress 
are greatest. This gradient is almost zero in the 
sublayer. 

Rosenthal (1962) linearized condition (14) by 
taking I U(0) I = Vm. This simplifies the calculation 
of A and a but the physical basis for this approxi- 
mation is not clear. Miller (1966) takes I U(0)  I = V ( 0 )  
for a similar reason. We compared both these formu- 
lations with the full condition and found that the 
inflow layer solutions differed by not more than five 
per cent between the three conditions. 

M 

Discussion 
Solutions to Eqs. (5 ) ,  (6) and (7) for the 

hurricane boundary layer are obtained for the 
three representations A, B and C, assuming, in 
the first instance, that KC does not vary with 
radius. In  these calculations, KL is taken as 
7.8 m*/sec, a value obtained from Eq. (iii) of 
appendix B by taking u+ =0.14 m/sec and 
2, - 1 cm. The value for C, in case B was taken 
to be 2 x lo-*. These values are typical of the 
planetary boundary layer at low wind speeds. 

A suitable measure of mean inflow velocity is 
U,,, defined by the relation 
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m 
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Fig. 2. Profiles of scale inflow velocity UWU' in the 
boundary layer for the cases A, B end C with KG 
constant. 

where f,, is the maximum value of the profile 
function f(q)  (see Eq. (4)). The radial profiles 
of U-, and of mean upflow through the top 
of the boundary layer W,,, are shown for each 
of the representations A, B and C, in Figs. 2 
and 3. The vertical velocity profiles, f(q) and 
g(q) ,  are shown in Fig. 4. 

As anticipated in the last section, the strong- 
est meridional circulation induced by the fric- 
tion layer occurs in the case A. The maximum 
upflow velocity in this case is about 37 cm/sec 
compared with 25 cm/sec in case B and 19 cm/ 
sec in case C. The corresponding maximum 
inflow velocities are roughly 9 m/sec, 7 m/sec 
and 6 m/sec, respectively. Miller (1968) used 
observational data from several hurricanes to 
compute the three-dimensional wind field in 
these systems. In the lowest kilometer, he found 
mean inflow velocities of a few metres per sec- 
ond, reaching a maximum of about 9 m/sec 

"I 40 

R 

Fig. 3. Profiles of vertical velocity W 
top of the boundary layer. Legend 88 g r  Fig. 2. 
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through the 

3.0 1 30 c 

1 2.b 1.0 q:::_-i 

0 0.1 0.2 0.3 0 0.5 1.0 

f g 

Fig. 4. Vertical profiles of radial end azimuthal 
velocity, j end g. in the three cases A, B and C. The 
profiles for B are appropriate to the geoatrophic 
radius. 

near the radius of maximum azimuthal winds. 
However, his estimates of mean vertical veloci- 
ties show considerable variability in both hori- 
zontal and vertical directions and make com- 
parison with the present calculations difficult. 
Estimates of mean upflow are also reported by 
Gray (1966), who analysed data obtained during 
a series of aircraft flights into hurricances. Gray 
found values of 'a fraction of a knot' a t  mid- 
tropospheric levels, but he points out that fluc- 
tuations about these mean values are sometimes 
greater by an order of magnitude or two, due to 
individual cumulonimbus clouds. We note that 
our calculations give realistic values for W,,, 
with orders of magnitude of a few tens of centi- 
metres per second. 

It does not seem possible to distinguish be- 
tween the calculations in cases A, B and C on 
the basis of direct comparison with observa- 
tion. In all caaes, the predicted inflows are of the 
correct order of magnitude, although the exact 
value in case C is probably too small. However, 
from a meteorological standpoint one must 
favour this representation, as the vertical struc- 
ture of turbulence and surface boundary condi- 
tion approximate most closely to those which 
obtain in the atmosphere. Moreover, the central 
pressure of 940 mb, which we have taken to 
characterize the vortex, is fairly low and cor- 
responds to a relatively intense storm. AE a 
consequence, one might have expected to over- 
estimate the meximum inflow and upflow. There 
is, however, one important factor which we 
have so far overlooked; namely, the possibility 
that K> may vary considerably with radius. 
The reaaons for such a belief ere partly intuitive 
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and partly based on observation. Measurements 
indicate that up to moderate wind speeds, u+ is 
an increasing function of wind speed in the first 
few tens of metres above the sea surface and 
hence, in this region, K ,  also increases a t  the 
same rate. One may therefore expect a similar 
increase in K ,  above the sublayer, although 
there does not appear to be any data to indicate 
how rapid this increase is, especially in the 
annular region of high wind speeds which sur- 
rounds the core. Since the only scale velocity a t  
our disposal in the model is Vgr(R) ,  we assume 
that K L  increases with decreasing R by the 
factor Vgr(R) /Vg.  Of course, this variation is 
completely arbitrary but it does allow one to 
judge the likely importance of this effect. 

Figs. 5 and 6 show the calculated inflow and 
upflow velocity profiles as functions of radius 
with this radial structure of K L  and in the three 
cases A, B and C. The overall effect of a radially 
decreasing eddy coefficient is to increase the 
strength of the meridional recirculation induced 
by the boundary layer and with the above var- 
iation, the strength is increased substantially. 
Indeed, the calculations suggest that it is more 
crucial to correctly parameterize radial varia- 
tions in eddy coefficient rather than its vertical 
structure. Moreover, with the above variation 
of K L ,  the third representation, C, gives the 
most satisfactory distributions for the inflow 
and upflow velocities when compard with the 
observations mentioned above.' In  this cam, the 

In this calculation, we have taken the vertical 
velocity profiles, f and g, as fixed. The additional 
complications of allowing these profiles to vary are 
discussed below. 

rn 
see , - 
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Fig. 5. Profiles of scale inflow velocity U,, in the 
boundary layer for the cases A, B and C and with 
KZ varying radially with VgBr/Vg. 

0 50 100 200 300 KM 

R 

Pig. 6. Profiles of vertical velocity V,, through the 
top of the boundary layer. Legend as for Fig. 4. 

inflow reaches a maximum of about 12 m/sec 
and the upflow about 60 cmlsec. Cases A and B 
give correspondingly larger values for these 
quantities. 

Fig. 7 compares the profile of scale boundary 
layer thickness d(R/R,),  in cases A, B and C, 
with and without radially variable K&. The 
profiles are relatively insensitive to the vertical 
structure of the turbulence but there is a marked 
difference between the cases with different ra- 
dial structure. 

No attempt has been made at present to in- 
clude radial variations of C, and& in the model. 
Such refinements do not increase the computa- 
tional difficulty, but in case C, where it is nec- 
essary to evaluate the integrals I , ,  I ,  and I ,  

0 100 500 1000 KM 

R 

Fig. 7. Profiles of non-dimensional, scale, boundary 
layer thickness 6, for the cases A, B and C and for 
K$ constant and K i  varying radially with Vm/Vg 
(labelled A', ... etc.). 
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numerically at each step of the inwards in- 
tegration, the computation time is substantially 
increased. Although this is still within reasonable 
limits, it wm felt that the appropriate variations 
for C, and 2, are not sufficiently well established 
to warrant the extra calculations at this stage. 
Measurements a t  wind speeds less than about 
12 m/sec indicate an increase in C, and Zo with 
I Ul01 and hence with V,,. However, there is 
a good deal of scatter in the observations 
(Krauss, op. cit.) and extrapolation to hurricane 
wind speeds is dangerous. 

Conclusion 

The momentum integral method appears 
relatively insensitive to the particular choice 
for the velocity profiles and is therefore suit- 
able as a method for determining the con- 

straint which is imposed by the inflow layer on 
the dynamics of the hurricane vortex above it. 
The magnitude and distribution of the induced 
meridional circulation depends less critically 
on the actual vertical structure of the turbulence 
than on the radial structure. Moreover, if KM is 
assumed to vary with V,,, estimates for the 
mean upflow velocity through the top of the 
layer compare favourably with those of observa- 
tion. 
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APPENDIX A 

In  terms of the velocity profiles f and g, 
x (1 - Aeia) = &! exp i (a - :), 

2 

and if Aefa =a -8, then a and b satisfy the 
simultaneous equations 

boundary condition (15) can be written in the 

vm(f(0)’ +g(o)’l*(f(o), g(0))  =, 7 (f’(o), g’(O)), 

form 

I 
(2k) 

I (i) db= -V(a+b) 

where il = K g / ( C D V g Z g )  is a constant and f and g 
are the profiles appropriate to case B. In  where 
complex form, g +if = 1 - e-(l - i )q+ta , where A 
and a are determined by (i). Thus d={(l-a)’+b*}) and A”=iln’/(2kV,’). 

d(a - l )=  -V(a+b) ’ 

V,{(I-A c ~ s a ) ’ t ( A s i n a ) ~ )  These equations may be written as 

Tellus XXII (1970), 3 



296 L. M. LESLIE AND R. I(. SMITH 

tively, and a second approximation is obtained 
by substituting these values into the right-hand 
sides of Eq. (ii). This process of iteration is 
continued until a desired degree of convergence 
is reached. For Eq. (ii), the method yields six- 
figure convergence after thirty iterations. 

(ii) 

which may be solved by using a simple func- 
tional iteration. Initial guesses to the values of 
a and b are made, namely 0.5 and - 0.5 respec- 

a = (Xb + d)/(d + X) 
b =  -Xa/(d+A')  

APPENDIX B 

Let 2, =K%/(xu+) be a scale thickness for the 
logarithmic sublayer and write a =Z,/Z,. Then, 
in case C, Eqs. (9) and (10) can be written in 
complex form 

where q = v  +iu. A particular integral of this 
equation is q = 1. With the substitution t = e-""), 
the homogeneous equation becomes 

dPq dq 1 - t )  7 + alt( 1 - 21) - - iq + 0, 
dt dt 

which has a power series solution, 

The solution which satisfies condition (1 1) cor- 
responds to the root p = a-1e-fn/4 and the recur- 
rence relation for this root gives a,,, = { ( p  +n) 
( p  + 1 +n)/(2p + 1 + n) (n + l)}a,,. Hence the com- 
plete solution can be written 

q(t) = 1 - T t!F,(p, p + 1; 2p + 1; t )  (ii) 

where T is a complex constant determined by 
the surface condition. For uz<l, i.e. t = 1 --E 

and 0 - = ~ < 1 ,  * P , ( p , p + l ;  2p+1; t ) - r ( 2 p + l )  
[ H  -log t ] / {  r ( p )  r ( p  + 1)}, where N = 2 ~ (  1 )  - 

y ( p )  -ry(p + l ) ,  I' denotes the gamma function 
with complex argument and ry is its logarithmic 
derivative. Thus if zo =Zo/Z,, the solution (ii) 
satisfies condition (14) in non-dimensional form 
i f T  =I'(p)I'(p+l)/{I'(2p+l)(log (azo) -H)}and 
if u satisfies the equation 

xV, -u* IH -log (azo) I = 0 (iii) 

Hence, given u*, zo and V,, which may in 
practice be relatively easily obtained, the value 
of K c  can be obtained from Eq. (iii) by itera- 
tion. The profiles f and g, defined by Eq. (13), 
are given in complex form by 

g + i f =  l-Be-(l-i)q+fpJ'(q), (iv) 
where 

B e i p = T  

and F(q)=*F1(p ,p+ 1;2p+ 1; exp -avcq). 

For large uq, F (  q )  - 1 + O(exp - a b q )  and the 
profiles, together with the integrals I1 --t I ,  in (8) 
are most easily obtained by taking a large value 
of q, say qo = 5/a and integrating the differential 
equations for f and g inwards from qo to zero. 
The starting values are obtained from Eq. (iii), 
assuming F(qo) = 1. The values of I?@), y ( p )  
etc., are easily calculated from the asymptotic 
expansions and recurrence formulae for these 
functions--see for example Davis (1965). 
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HPHBOAHbIm rIOI'PAHH9HbIm CJIOM TABDYHA 
g a C T b  11 
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