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ABSTRACT 

Recently, experimental data became available on the ground turbulent boundary layer 
of a model tornado vortex. A comparison with early theories of Weber, Anderson, Rott 
and Lewellen is made and it is found that the root-mean-square error seems great and 
justifies development of an improved theory with newly specified velocity profiles 
which are close to the experimental data. The dependence of the boundary layer 
development on the Reynolds number is explicitly shown. The present theory also 
extends to the useful Reynolds number range of the natural tornado. 

1. Introduction 

The ground boundary layer of a tornado is 
highly turbulent due to the ground surface 
roughness and the large size of the storm. The 
visual core of the tornado is not stationary but 
travels and rotates a t  high speed. It is difficult, 
if not impossible, to carry out instrument 
measurements. At the Catholic University of 
America, a first crucial step of simplified 
simulation was to devise a stationary laboratory 
model of the turbulent tornado-like vortex 
touching a circular disk, as shown in Fig. 1. A 
volume of measured data on the turbulent 
boundary layer of tornado-like vortices was 
obtained by Ying & Chang (1968). It was 
found that the rotational flow outside the ground 
boundary layer and the vortex core behave like 
a potential vortex. The present paper is intended 
to compare the above boundary-layer data with 
available theories and to develop a new theory 
with the guidance of the available experimental 
data. 

In the theoretical study of the turbulent 
boundary layer, the three works of Weber 
(1956), Anderson (1961) and Rott & Lewellen 
(1964) are all based on the momentum-integral 
method originally developed by von Karman 
(1921) who considered the flow problem of a 
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finite rotating disc. Each of the above three 
works used the similarity hypothesis and speci- 
fied some reasonable velocity profiles and 
ground shear-stress laws. However, it was found 
that their specified velocity profiles deviate 
appreciably from the measured velocities of 
Ying t Chang (1968). Fairly high root-mean- 
square errors were computed as will be shown 
later. Some improvement in the treatment was 
needed. This led the present authors to specify 
some new velocity profiles and shear-stress laws 
which fitted the measured data more closely. 
Also by nature of the present treatment which 
is described in Section 3 below, the work ex- 
tends to the Reynolds number range of the 
natural tornado. 

2. Survey of previous theoretical works 

Table 1 summarizes the main features of 
their contributions and the explanation of its 
significance will be given in Section 2.2. It will 
be noted that the theories have much in com- 
mon with one another. One reason for the 
similarity is they have been based upon the 
momentum-integral method developed by von 
Karman (1921) for the problem of the turbulent 
boundary layer on a finite rotating disc, which 
was also applied by Taylor (1950) to the problem 
of the present type for the laminar boundary 
layer. 
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Fig. 1. Sketch of the ground boundary layer of a 
model tornado vortex. 

2.1 General formulation 
The theories mentioned in Table 1 are all 

based upon the same basic assumptions which 
were used by von Karman & Taylor for their 
problems mentioned above. These are: (i) the 
flow is steady and axisymmetrical; (ii) the fluid 
properties are uniform; (iii) the boundary layer 
has a finite thickness; (iv) the pressure does not 
change across the boundary-layer thickness; 
(v) the radial velocity outside the boundary 
layer is negligibly small in comparison with the 
tangential velocity a t  the same position; (vi) 
both the radial and the tangential components 
of the velocity are respectively similar in profiles 
and, (vii) von Karman's adaption of the two- 
dimensional shear-stress law for the turbulent 
boundary layer to the three-dimensional case is 
accepted. 

When the first five assumptions are used, it 
was shown by earlier investigators of Table 1 

that the boundary layer tangential and radial 
momentum-integral equations are as follows: 

where tt  and rT are the tangential and radial 
components of the ground shear stress, e is the 
density, and the meanings of other symbols are 
shown in Fig. 1. 

On the use of the remaining assumptions, i.e. 
(vi) and (vii), the velocity components following 
Taylor (1950) and the ground shear-stress 
components following Karman (1921) 
written in these forms: 

In these equations [ is the non-dimensional 
radius defined as T / T ~ ,  q the non-diemnsional 
distance from the ground defined as zld, E the 
unknown radial velocity amplitude, f(q) the 
specified similar radial velocity function, g(q) 
the specified similar tangential velocity func- 

Table 1. Comparison of theories 

rms 
Authors G B qlo) f ( B )  error Remarks 

rl 9.8 Discussed in Section 2 Weber (1956) 0.0225 0.25 71'7 q1/7 - 

Anderson (1961) 0.0225 0.25 ?j'1'7 q1l7- 13/7q+6/7qe 12.5 Discussed in Section 2 
Rott & Lewellen 

+/7 (1 - q*) 13.6 Discussed in Section 2 
Present theory Variable Variable ql/Or *ql/=( 1 + cos nq) 5.4 Variable c, a, B 

(1964) 0.0225 0.25 71'7 

Values see Table 2 
Discussed in Sec. 3 
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tion, T~~~ the resultant ground shear stress, Y the 
molecular kinematic viscosity, c a constant of 
the shear-stress law and 8 an exponential of the 
shear-stress law. 

On the substitution of (3) through (7)  into 
(1) and (2), the two resultant equations for the 
potential vortex outer flow, i.e. om =vm/vo = 

= 1/6,1 after somewhat lengthy but straight- 
forward calculations, can be written as: 

where 6, is the unknown non-dimensional 
boundary layer thickness defined as (S/ro) 
( V ~ T ~ / Y ) ~ ' ( ~ + ~ )  and the integrals I,, I,, I, and I, 
are defined by the equations: 

Equations (8) and (9) are derived on the 
assumptions used by all authors of Table 1. 
They are written here in a form suitable for 
numerical integration and convenient for 
comparison among the various theories. When 
the constant c and exponent B for the shear- 
stress law and the velocity functions f(q) and 
g ( q )  are specified, these equations can be used to 
evaluate the non-dimensional boundary-layer 
thickness 6, (6) and the radial velocity amplitude 
E(5)  in a straightforward manner. For example, 
to start these equations (8) and (9) from 
5 = 1 where E' and E6ifS are zero, we shall 
expand E and in a power series of 
(1  - 5) and assume that for a small change in 6 
the first term of the series is valid. Hence, we 
can start (8) and (9) by taking dE = 66 = - 0.005 

In fact, Bm goes to zero instead of infinity as 
6-0 and does not follow the potential vortex in the 
vortex core where the theory is not valid. 

Tellus XXI (1969), 5 
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and expressing the variables EX and E6:tp a: 

E ' = c , ( ~ - - E ) ; E ~ ~ ~ ~ = c , ( ~ - E )  (11) 

Substituting (11) into (8) and (9) we can solve 
for c, and c, and obtain in this way the values of 
EP and E6ifp at ,$=0.995. From then on 
Euler's finite-difference forms of (8) and (9) &re 
employed and the solution obtained stepwise to 
6 = 0.05. 

2.2 Comparison among previous theories 
From the above formulation, it is seen that 

the theoretical predictions of the boundary- 
layer behavior are dependent mainly on the 
specification of the functions f ( q )  and g(q) and 
the choice of the values of c and 8. Table 1 
shows the c- and 8-values and f (q ) -  and g(q)- 
functions used by the various authors. 

2.3Compa-ison of the peuioua theoriea 
with experiments 

As mentioned above, some data on turbulent 
boundary layer of a tornado-like vortex has 
been obtained by Ying & Chang in experiments 
on a model tornado, the details of which and the 
instrumentation are described elsewhere by 
Ying & Chang (1968). Briefly, a concentrated 
vortex is produced by a rotating screen cylinder 
of 1.98 m in diameter and an exhaust fan 
mounted on the top of the cylinder. The velocity 
components in the ground boundary layer are 
measured by hot film anemometers. Measure- 
ments have been made at three different condi- 
tions, namely: (i) Re, ( =voro/v or r / Y )  = 2.2 x lo'; 
(ii) Re, = 4.3 x lo'; (iii) Re, = 6.1 x lo'. Under all 
three conditions urn is found to be inversely 
proportional to r except for the region close to 
the vortex core. As an example, vm, and u and v 
distributions of the boundary layer for the 
condition of Re, = 4.3 x lo' are shown in Figs. 2. 
3 and 4, respectively. 
To test the accuracy of the various theories, 

the theoretical boundary-layer velocity profiles 
will be compared with all experimental data 
under the three conditions mentioned above. 
Although approximations are sometimes used 
in the evaluation of the momentum-integral 
equations, for example see Rott & Lewellen 
(1964), the error introduced by these approxi- 
mations is uncertain. We shall numerically eval- 
uate (8) and (9). 

With the use of the c, B, f(q) and g(q) for the 
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Fig. 2. Tangential velocity for the outer flow 
measured at Ret = 4.3 x l o 4  

different theories of Table 1, the theoretical 
values of E( 5) and 6, (6) are obtained by integra- 
tion of (8) and (9) as described in section 2.2. 
Consequently, the theoretical boundary-layer 
velocities a t  various r and z are evaluated for 
each theory by (3) and (4) with the f ( q )  and g ( q )  
functions shown in Table 1. 

The accuracy of the various theories can only 
be judged by comparison of the experimental 
dnta with the theoretical data for the conditions 
of the experiments. The criterion used is the 
smallness of the rma values of the difference 
between the theoretical and the experimental 
velocity functions, i.e. the difference between 
fth and fexp ( or the difference 
between gth and gem ( -wem/vm). The evaluated 
m values for the different theories, shown in 
Table 1, range from 9.8 percent to 13.6 percent 
for t,he various theories. 

Pig. 3. Radial velocity in the boundary layer 
measured at Ret = 4.3 x lo4. 

3. Development of an improved theory 
3.1 Formulation 

The present theory adapts essentially the 
same assumptions and formulation as the 
other theories, i.e. (8) and (9) used by other 
authors are also used here. Different boundary- 
layer velocity and ground shear-stress functions 
are introduced for the present theory (Table 1). 
The reason for these choices will be explained 
below. 

3.2 Ground shear-stress law 

The shear-stress laws for the various theories 
are defined by ( 5 )  through (7) and Table 1. 
These laws for all the previous theories reduce 
for the two-dimensional case (i.e. for E =0) to 
the Blasius shear-stress law. That is, 

F i g .  4 Tanpntial velocity in the boundary layer measure at Ret = 4.3 104. 

Tellua XXI (1969), 5 
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Pig. 5. c-, a-, and p-values versus Reynolds number based upon boundary-layer thickness. 

where c and ,9 are no longer constants but 
functions of Re ( -21, B / Y )  as shown by Fig. 5. 

Comparison of the shear-stress law of (13) 
and the Blasius shear-stress law of (12) with the 

now (1941), Hama (1941), Wieghart (1944) and 
Ludwig & Tillman (1949) is shown by Fig. 6. 
(13) is seen to give better agreement with the 
experiments than does the Blasius law (12). 

(12) t = 0.0226 ~ v L  - 
(v:B)”” 

H ~ ~ ~ ~ ~ ~ ,  a better shear-stress law (e.g. 
Schlichting 1968, pp. 564-566) for the two- two-dimensional experiments Of Schultz-Gru- 
dimensional caae is: 

B 
(13) 
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c 
F,ig. 7. Nondimensional boundary-layer thickness 
and radial-velocity amplitude predicted by the 
present theory. 

Following the above comparison, we shall 
adapt the two-dimensional shear-stress law of 
(13) instead of (12) for the present problem. 
Hence, we have used the shear-stress law of ( 5 )  
through (7)  with c- and /3-values being variables. 

3.3 Boundary-layer velocity functions 
The velocity laws for the present theory, as 

for the previous theories, are written in the 
forms of (3) and (4). The f(q) and g(q)  functions 
of (3) and (4) (Table 1) for the previous theories 
have the general forms of f(q) = ql” (1 - q)m or 
5”’ +aq i bqs and g(g) = q1’7. In these expres- 
sions, the term q1’7 is related to /3 being equal to 
1/4 (Lin 1959, pp. 121-123). 

As our shear-stress is given by ( 5 )  through (7)  
with /? being variables, the term corresponding 
to 7”’ for the other theories now become ql’u. 
The values of u are related to /3 by the equation 
u = (2 - p) / /3  (Lin 1959, pp. 121-123). Hence, we 
have used as a g(q) function for the present 
theory: 

g ( q )  = (14) 

where u as a variable and related to /? by the 
equation u = (2 - B)//3. 

With the g ( q )  functions determined above, 
the f (q )  function can be written, following the 
other authors, as f(q) =ql’lx (1 - v ) ~  or ql” + 
aq -bq*. However, it was found that better 

agreement between the theory and the ex- 
periments was obtained by choosing 

f(q) = 1 / 2 p  (1 t cos nq), 

which satisfies the boundary consitions f (  0) = 

f(1) =f‘(l)  =o. 

3.4 Variation of c, u and /3 valum 
The direct adaption of the two-dimensional 

shear-stress law of (13) for the present problem 
requires C-, a- and /3-values as function of Red,’ 
it makes the integration of the momentum equa- 
tions complicated. To facilitate numerical 
calculations, i t  is desirable to use mean values 
of c, u and /3 for a vortex of known circulation 
strength. For this purpose the mean values of 
c, u and /3 versus Re,( =r/v) are to be derived. 

With the use of the different mean values of 
c ,  u and /?, momentum-integral (8) and (9) have 
been evaluated. The resultant non-dimensional 
boundary-layer thickness 6, and the radial 
velocity amplitude E are plotted versus the 
non-dimensional E in Fig. 7. In  this figure only 
the mean values of u are indicated; the corre- 
sponding mean values c ,  /3 and Red are implied 
by u, shown in Fig. 5. 

Below, we shall assume that the mean values 
of c,  a, /? and Red can be referred to their 
respective values at an appropriate reference 
radius; and derive the mean values of c ,  u,  /3 
and Red as functions of Re,. By definitionsof 
the various quantities, it can be shown that for a 
potential vortex: 

(3 + @ / ( I  + 01) Re, = -Red] E . (16) 

Re, = ~ Red] 

[61(t)1/1 + E a ( 5 )  

By evaluating the quantities of the above 
equation at a reference radius, ER, (16) becomes: 

(17) 
(3tu)/(l  +a) 

ER 

[dl(,R) 1/1+ EP(5R) 

The relation between a and Red in (17) can be 
read from Fig. 5, and the relation between Re, 
and u can be obtained with the aid of Fig. 7, if 
lR is specified. Satisfactory results have been 
obtained with lR equal to 1/2. Table 2 shows the 
derived mean values of c, a, /? versus Re,. 

‘Red for the present problem is defined as 
w,d v 3 2 / v ,  which is implied by equations ( 5 )  
through (7). 

Tellus XXI (1969), 5 
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Table 2. c-, a-, and /?-values v e r m  Re, for the preaent theory. 

Re: 9 x 10' 4 x  1 0 4  1 . 6 ~  105 1.96 x loE 3.8 x 107 8.9 x 10'0 

C 0.038 0.0286 0.0226 0.0178 0.0146 0.0122 

B" 0.33 0.286 0.25 0.222 0.200 0.182 
5 6 7 8 9 10 

3.5 Summary of the preaent theory 
For a potential vortex of known Re, values of 

c, a and /? can be obtained (Table 2). The 
values of c, a and /? are used to evaluate the 
coefficients of ( 8 )  and (9) (Table 1). (8 )  and (9) 
are then integrated numerically to obtain E(5)  
and 6, (8. 

Alternatively, as ( 8 )  and (9) for different 
values of a, etc., have already been evaluated 
and the results plotted in Fig. 7; E( 6) and 6,( 5) 
values for Re, in question can be read from the 
appropriate curve of Fig. 7. 

3.6 Cornpariaon with experiments 
For the quantitative comparison of the 

present theory with the experiments and the 
other theories, the root-mean-square error for 
the present theory has also been evaluated. The 
present theory gives a m error of 5.4 percent; 
while the other theories have a mna error ranging 
from 9.8 percent to 13.6 percent (Table 1). 

Also for visual comparison, theoretical f (q)  
and g(q)  functions for Re, ranging from 9 x lo3 

3 
Y 
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0.4 
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0.6 

0.4 

0.2 

0 0.2 0 4  06 0.8 

0.2 t- ; \  

0 0.2 0 4  06 0.8 1.0 

'1 
Fig. 8 .  Comparison of theoretical and experimental 
radial velocity function. -, Present theory Re, 
from 9 x 10' to 1.6 x lo6: x , experiments Ret from 
2.2 104 to 6.1 x 104. 
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to 1.6 x 10' and the experimental f(q) and g ( q )  
functions for Re, ranging from 2.2 x 10' to 
6.1 x lo4 are plotted in Figs. 8 and 9. These 
figures also show good agreement between the 
present theory and the experiments. 

4. Conclusion 

In conclusion, the results of this work are 
summarized below: 

(i) This is the first time a theory has been 
developed for a turbulent boundary layer of a 
tornado-like vortex with the guidance of avail- 
able experimental data. 

(ii) In comparison with the previous theory, 
the optimum choices of the velocity profiles of u 
and v are judged from the m errom with the 
experimental data, which presently gives the 
lowest m error. 

(iii) The dependence of the ground shear- 

08 

0 6  

0 4  

o.21- 
0 0 2  04 0.6 08 1.0 

7 
Fig. 9. Comparison of theoretical and experimental 
tangential velocity function. -, Present theory Re, 
from 9 x 10' to 1.6 x lo5; experiments Re, from 
2.2 x 104 to 6.1 x 104. 
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stress and boundary layer velocity profiles on 
the Reynolds number is taken into account for 
the first time. Although experimental data of 
the ground shear-stress for the tornado-like 
vortex outer flow are not presently available, 
the dependence of wall shear-stress for two- 
dimensional flow on the Reynolds number is 
well known, tentatively chosen, and is clearly 
shown by Fig. 6. By comparison of the TW 

values shown in Table 1 for this theory with 
that of the other theory, the improvement 
made by taking the Reynolds number into 
account can be seen. 

(iv) The dependence of 6, and E on Reynolds 
number predicted by the present theory is 
shown in Fig. 7. With the available limited 
range of experimental data on the tornado 
model, the present theory can be used to  predict 

the boundary layer velocity profiles and thick- 
ness to a large range of Reynolds number. 

We have now some preliminary understand- 
ing about the structure of the tornado boundary 
layer. At present, however, knowledge for the 
region of the vortex-core root is very limited. 
Further work, both theoretical and experimen- 
tal, is needed. 
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