The operational solution of the balance equation

By RICHARD ASSELIN, Meteorological Service of Canada

(Manuscript received June 29, 1965)

ABSTRACT

The balance equation is commonly used to provide accurate non-divergent initial wind
fields for prognostic models. The most important technical operational problems oc-
curring in the numerical solution of the equation are examined. Methods of conver-
gence are proposed, which are accurate and economical of computer time. The specific
points treated are the convergence criterion, the relaxation factor, a correction techni-
que for the residual error and a simple method of selective relaxation. Typical error
fields at 500 mb illustrate the accuracy of the proposed method.

1. Introduction

The balance wind equation was incorporated
into the operational numerical weather predic-
tion program of the Central Analysis Office in
1964. It is applied at 500 mb to derive the initial
stream function analysis for the barotropic
model and at other levels to provide initial
input for baroclinic models. Previously, a
linearized form of the balance equation had
been used but the frequent occurrence of se-
rious errors, involving mainly excessive anti-
cyclogenesis and overestimate of vorticity in
regions of strong curvature, proved it unsatis-
factory for operational use.

Starting with BoLin (1955), many authors
have published papers on the solution and the
application of the balance equation. Here, it is
intended to resolve some of the technical dif-
ficulties arising in the operational use of a
method of solution similar to Bolin’s. The
conditions for convergence of the relaxation
scheme are investigated and some techniques
are outlined for improving the accuracy and
decreasing the overall computing time.

2. Definitions and basic equations

The complete balance equation is

o o%

VW + V-V + 2m°T (— ,—
ox oy

) =gV'Z (la)

where V is the two-dimensional del operator,
J is the Jacobian operator, f the Coriolis
parameter, g the acceleration due to gravity,

and y the map coordinates, m the map scale
factor, Z the geopotential height of the pressure
surface, and ¥ the stream function. It repre-
sents, in the absence of horizontal divergence, a
diagnostic relationship between the height field
and the balanced wind field defined by the
stream function. Starting from an initial
height analysis, the problem encountered opera-
tionally is to solve equation (la) in as short a
time as possible and to provide a satisfactory
stream function for numerical prediction models.

First it is convenient to define a new stream
function

p=-¥ (2)

having the same units as Z, and two fields of
constants
m’g

foapome
§ _2fzd2 (3)

f

where f is the value of f at latitude 45°, and d
is the grid length at the standard latitude of
the map projection used. With these definitions,
equation (la) can be written as

F--, M*

FViy+VF-Vyp+4aM°d'J (Zi" Z—"’) =V’Z. (1b)
x 8y

Equation (1b) can be elliptic, parabolic or
hyperbolic (see for example ArNasoN 1958).
But objective height analyses usually consist
of fields that are elliptic everywhere except
for a few small isolated regions of hyperbolic
peoints. Since hyperbolic points offer special
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difficulties in the solution of the balance equa-
tion, which have so far proved insurmountable,
the usual procedure of artificially restricting
equation (1b) to the elliptic case is followed.
The height field is modified in the critical
regions so that the ellipticity criterion,

oy oy F’
FV*y + aM*d*J 4
v (ax ay) “are W
or equivalently,
2
VZ-VF-Vy> - —— 4b
v M (4b)

is satisfied everywhere. In which case equation
(1b) can be solved for y as a boundary value
problem. The boundary conditions used are
those suggested by Bolin, namely

1oz

8
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os Fos §sds

A first trial field, 9, is obtained similarly by
applying the geostrophic relationship across
each row of the grid, and then adjusting the
interior values slightly so that the boundary
points remain unchanged.

Now define some finite difference approxima-
tions, the prime in (4%)/(6'x?) indicating the
special approximation used for the Jacobian
(axes rotated by 45°). The indices refer to Fig. 1.
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The balance equation (1 b) can now be writ-
ten in the finite difference form
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Since the Coriolis term will not be computed
at each iteration, it must be evaluated sepa-
rately from the FV2y term. The effect of using
a longer base length should be small since the
term is most important for long waves. The
finite difference form of the Jacobian is not
defined at the first inside points of the diagonal
sides of the octagon; the best results have been
obtained by simply replacing it by zero at the
first inside points of all sides.

Before proceeding with the solution of equa-
tion (7), a second trial field, y?, may be obtained
by solving the Poisson equation,

Oyt 1 a’z+a’z VF-Vy ®)
s 8y Fy oz’ 8y’ 4

which is precisely the linearized balance equa-
tion previously in operational use at the Cen-
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tral Analysis Office (Kwizak & RoBErT, 1963).
The function y! is quasi-geostrophic and only
in regions of strong curvature does it differ
noticeably from the solution p of (7). The
residual of equation (7) at the point (4, j) is
defined as Rjj;, for any trial stream function y".

The essential feature of the Bolin approach
consists of linearizing equation (7) by writing,

y =y +y" 9

and assuming the trial field ¢" is sufficiently
close to the true solution that second order
terms in y* may be neglected. Equation (7)
becomes:

62 * 62 * 62 762 * (52 v 62 *
Ft}(Jz + wz)+M121 Iﬂz wz izf' £ ¥
éx” Oy 6y d'x 8xd'ydxd'y
) 62 v62 * VF V *
sy h T S Y Ry 0. (10)
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BorLIN was able to solve equation (10) by the
application of a Liebmann sequential relaxa-
tion scheme in which the latest available values
of y were always used for ¢” and where the
relaxation factor was computed at each point.
The convergence rate of this rechnique is slow
when the number of gridpoints is very large.
Bolin, nevertheless, continued the relaxation
until a y of the desired accuracy was obtained.

It is essential to minimize computing time
for routine operational forecasting procedures.
Upon investigation, the author has found that,
when a certain stage is attained in the relaxa-
tion, further increases in accuracy are most
economically achieved by applying a simple
correction technique (described below) to the
stream function field, rather than by continuing
with the relaxation scans. However, an ana-
lysis of the convergence of the relaxation pro-
cess is discussed first.

3. The Convergence of the Liebmann
relaxation process

The method used by the author consists of
applying directly to equation (7) a Liebmann
relaxation scheme defined as follows:

vy ' =yl + oR)) (11)

where « is the relaxation factor. The analysis

of the convergence of this scheme on a non-
linear equation such as (7) is difficult. Some
conclusions derived from the linear equation
(10) might none the less be helpful. Re-write
equation (10) in the form

(531])”{ (Szw*x X 521/)*1{_ , (521/!’”(
F\——=+-—_+|+4os /= By
ox oy d'x 8'xd’y
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where 4, B, and C are known functions of F,
M, v’ and v is constant; where, for conveni-
ence, the slowly varying term 1V F-Vy*E ig
assumed constant and is combined with Rj; to
form SY; where QF is the residual from the
linear equation (10) when some trial stream
function *¥ is substituted for »*; and where K
is the iteration index for the linear equation.

The relaxation scheme to solve (12) is then
the analogue to (11)

*K+1 *« K K
v =y tali.

(13)
The latest available values of »* are always
used during the relaxation.

¥ -
er S ythy

8°

iy - 208", (14)

It is generally accepted that the ellipticity
criterion is a sufficient condition for the con-
vergence of the solution of a linear equation of
the type of (12) with the Liebmann scheme.
The convergence is obviously also related to
the choice of the relaxation factor «. Further-
more it can be verified easily that for a given
equation and a given size of grid the optimum
relaxation factor is not fixed but depends on
the wavelength composition of the solution.
In an attempt to find such a relationship for the
solution of (12), re-write (12) for iteration
K +1 and eliminate * from it by substituting
(12) and (13) for all values of ¢, §, K. The result
is the following

62QK (SzQK
K+1 - K F e
Qij Qif + 06[ Nt sy
62 K (52 K 63
+ A:j ,Qz - B;'}j ,Q, ;’l ,Qz (15)
o'z 0'xd’y 'y
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Using a Fourier term for @

QF-¢% exp (27‘61/_3 (fd + 7%14—1)) (16)

and substituting (16) into (15) gives, after some
manipulation

¢ 1-ap-av+ V1w

g* l—om+aw+l/—_law

(17)

where =2F+A4+C

2n 2n 1 1
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n m n

m
2n 2n 1 1
+Blcos——-cos— ) -C cos2x|-——
n m n m
and
.2 | 2n R 1 1
w=F|sin —+sgin— )+ Asin 2|~ + —
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For the sequence of ¥*¥ to converge to y*, the
inequality
K+1

x <! (18)

must hold for all sufficiently large values of K.
Substitution of the complex expression (17)

into (18) gives
1
v (— —n) >0.
o

Examination of v reveals that it is mainly po-
sitive (it can be shown that the ellipticity con-
dition implies that v is positive); consequently

(19)

0<a< (20)

2F+A+C

The trial field used by the author, which is
obtained from (8), is generally not good enough
to satisfy the conditions under which (7)
becomes similar to (10). Consequently the
convergence of (7) is theoretically not certain
under the conditions for the convergence of (12).
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The author, like many others, has suspected
that the scheme might nevertheless be con-
vergent under (20) and if the ellipticity cri-
terion (4b) was satisfied at all times (see next
section on this subject).

So far, approximately five thousand runs
have been made without failure. Although the
changes necessitated by the ellipticity criterion
are small after the first application, it was found
that convergence was generally not attained if
(4b) was not satisfied continually. For want of a
rigid proof these results should be accepted as
statistical evidence of the convergence of the
author’s method.

4. Effect of the Coriolis term

The ellipticity criterion (4b) involves Z as
the main parameter but y also appears in the
less important Coriolis term. There are various
ways to show that this term is smaller in magni-
tude than the other terms in the balance
equation and that it varies only slightly from
iteration to iteration during the relaxation. It
is also of interest to note that the relaxation
scheme (11) is divergent when applied to an
equation where the variable appears only in
VF-Vy and that the presence of this term in
equation (7) would slow down the convergence.
For these reasons, it is found advantageous to
recompute it only every twenty iterations or so,
thus reducing the computing time considerably.
Consequently, it now becomes necessary only to
apply the ellipticity criterion (4b) initially using
a trial value for y, and subsequently each time
a new value of VF-Vy is computed.

5. An efficient method of increasing
the accuracy

The problem of the convergence limits
remains to be discussed. The round-off errors
inherent in any machine computation make it
impossible to carry out the relaxation until the
equation is exactly satisfied at every interior
grid-point. In practice the process is terminated
when the change in y from one iteration to the
next is less than a certain value ¢ for all points
of the grid. A resulting error E may be defined
as the difference between the original height
field (corrected for ellipticity) Z,, and the
height field which can be recovered from a
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solution of the balance equation in reverse,
solving for Z using ¢ as input. Namely,

E=Z,~Zy1 (21)
Applying the Laplacian operator to (21) and
assuming that the solution for Z,-1 is exact,
gives:

V:E = - R/ (22)
where R’ is the residual from the balance
equation when the final value ' is used.

The error E is zero on the boundary and ex-
perience shows that it usually grows to a single
maximum (or minimum) at the centre of the
grid, when ¢ is chosen small enough. Then E
can be assumed to have its main component
wavelength of twice the total dimensions of
the grid. Assuming a square grid of 45 x45
points, one obtains

x
E~ W sin i sin i (23)
45 45
where z and y are in grid lengths and W is the
amplitude of the error. Then

- R/ = V:E~ - .01E.

Since Iyz’_l—tp/|=|¢fo|<e

and using a value of 0.25 for «, it follows that

In order to reduce the maximum error to 4 or 5
meters by relaxation alone, the convergence
limit would have to be set at & =0.01 metre,
which would greatly prolong the relaxation
process. Instead, the limit is set at a much higher
value and the final degree of accuracy is at-
tained indirectly using the knowledge of the
error pattern provided by (22). Determine g
such that

v =y +BE +(Ay)

where Ay is an error function, whose amplitude
must be made as small as possible. Substituting
(24) into (1b), and collecting all the error due
to Ay into a residual D, gives

(24)

FV(y' +BE)+VF - V(y' + BE)

+4MPdT [?.(’!’,_*i@’ oy’ + BE)

] -V*Z=D. (25)
ox oy

The Jacobian in (25) expands to

oy’ oy’ oE oE
ox oY ar oy
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oxr oy oy ox
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The relative magnitudes for the terms in (25)
and (26) are given by L™" where # is the order
of the derivative and L is the wavelength of the
quantity derived. The wavelength of E is
fixed at about 90 grid-lengths while that of y
may range from 2 to 90 grid-lengths. From this
it is evident that E may be neglected in the
Jacobian term, so that (25) reduces to

D~B(VF-VE + FV*E) - V'E.

The value of § can be computed experimentally
with the requirement that the RMS value of
D be a minimum. Hence,

Zj[VzE(VF -VE + FV'E)],
1

b=~ SwrvE FVE)
i

This value does not vary very much for dif-
ferent situations, so that it can be computed
once and for all. In the NWP program currently
in use at the Central Analysis Office, a value of
1.72 is used for § at 500 mb (together with a
convergence limit ¢ = 0.15 meter) and the values
selected for other levels range between 1 and 2.

Fig. 2 shows the residual error after the
straight relaxation of the balance equation with
a convergence limit of &=0.075 metre. For
Fig. 3, the limit was only 0.15 metre but the
correction technique was applied to the stream
function leaving the much smaller error dis-
played. The computing time saved in this in-
stance was 20 percent as compared to the case
of Fig. 2.

The correction is simple to apply in practice.
After the last relaxation scan, the residuals
R’ are stored in a separatg field and the error
E is obtained by solving the Poisson equation

V:E = - R'. (22)
Because of the particularly long wave composi-
tion of the field of R’, a large overrelaxation
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limit £ =0.075 meters.

factor can be used with rapid convergence.
Then BE is added to ¢’ to give the improved
stream function.

6. The relaxation factor
It was found in section 3 that the relaxation

factor & must obey the following inequality

1

O<oq<— .
e F+A4+C

(20)
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Typical error pattern resulting from the solution of the balance equation with a convergence

Replacing A and C by their definitions, which
are implicit in (10) and (12) gives,

1
0<a< 63 v 6! L AN (27)
2F+M’(—~/w,+ ,"’,)
&z Oy

It is desirable to use a value of « which does
not depend on y. Consequently, using (6c)
and (6d), and replacing the relative vorticity
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Fic. 3. Error field obtained for the same initial height field as for Fig. 2, when a convergence limit.
£=0.15 meters was used and the correction technique applied.

by its geostrophic counterpart, the inequality
(27) becomes

1
O<g<— (28)

2{F Ly 62Z+§2£ .
+F o &yt

The maximum value of the denominator in (28)
can be evaluated before the beginning of the
relaxation, and the corresponding value oy,
is guaranteed to ensure the convergence of the

process at all points. Overrelaxation is obtained
by starting the relaxation with & =ompy +
0.15, «’<0.35 and decreasing this value by
equal steps every fifty iterations, using a
final value not smaller than ap;,; a method
which proves to be very efficient.

7. Streamlining the relaxation process

One last technique also has proved to be time
saving. At any stage in the relaxation, when the:
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change |yl ' ~y};| at a particular point is less
than the convergence limit &, this point is
“flagged”’; so that in the subsequent iterations,
it ean simply be skipped over. Of course, since
changes at the surrounding points affect the
value of the residual at a flagged point, all flags
must be ignored from time to time (10 iterations
is & good figure). But in any case, before the
flagging technique can be applied at all, at least
half of the points in the grid must satisfy the
convergence criterion; otherwise, ultimate con-
vergence may not be obtained. The technique
can also be successfully applied in the solutions
of the Poisson equations (8) and (22) and, with
some modification, in the application of the el-
lipticity criterion (4b). The time reduction ob-
tained from this technique alone was of the order
of 30 to 40 percent and the final accuracy was
almost entirely unaffected.

8. Conclusion

The problems investigated in the study of the
finite difference approximation of the balance
equation were concerned with convergence,
accuracy, and economy of computer time.

Convergence of the proposed relaxation pro-
cess was obtained without difficulty if the el-
lipticity criterion was satisfied and if the re-

laxation factor was kept within the limits of 0
to .35.

A practical method for obtaining the necessary
degree of accuracy was developed involving the
use of experimental data and theoretical for-
mulae. With the 1709 point octagonal grid, it
was possible to obtain, in approximately 100
seconds for a 500 mb field, a solution with a
RMS error always less than five metres; the
solution being executed on the Control Data
G-20 computer which has an addition time of
12 microseconds and a core memory of 24,576
32-bit words. The solution can be obtained at
other pressure levels as well (one minute for
1000 and 850 mb levels and three to four minutes
for the 200 mb level).

The solution was examined from the viewpoint
of economy of computing time required for
operational procedures. Keeping the Coriolis
term constant for approximately 25 scans and
computing a new value of the function at a
grid-point only if the residual at that point
was large in the previous scan (flagging techni-
que) resulted in savings of as much as 40 % of
the computer time. To obtain convergence of
the long waves, it was found advisable to ter-
minate the complete relaxation early and to use
another method, such as that described in the
text.
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OINEPATUBHOE PEIIEHUE YPABHEHHNSfT BAJIAHCA

VpaBHeHMe GanaHnca oOBIYHO MCIOJNB3YETCA NJA
NOJIy4YeHNA TOYHOro 0es3IMBEPreHTHOro Ha4alb-
HOIr'0 IOJA BeTpa B NMPOTHOCTHYECKNX MOJEIAX.
Nayuyalorca Haubosiee BaKHHE TeXHUUECKHe
npoGieMbl, BOSHMKAIONMe NPH YUCIEHHOM pe-
meHuu astoro ypaBHeHudA. Ilpepmaralorcsa cxo-
AAMMECA METOABl, KOTOpHIe ABIAIOTCA [A0CTa-
TOYHO TOYHHIMH M DKOHOMMYHBIMH € TOYKH

3peHMsa BpeMeHM BuuuciaeHua. Ocofo paccma-
TPUBAIOTCA TAKHUE BONPOCH KaK KpHUTepHil CXo-
AMMOCTY, MHOKHITENb pejlaKcalii, TeXHIKA KOp-
PeKIMH AJA HeBA3KU M HPOCTOIt MeTox Ccelek-
THBHOI pejlakcanuu. TUNHNYHBIE HOJA OWUGOK
Ha 500 M0 HATIOCTPUPYIOT TOYHOCTH NPEAJO-
HEHHOT0 MeToja.
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