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ABSTRACT

Some dynamical characteristics of atmospheric convection are investigated by ob-
taining an analytical solution for a most simplified set of difference equations which
represent a two-layer model of an incompressible buoyant fluid. Several invariants
are obtained as a function of initial values of vertical and horizontal potential tempera-
ture differences and kinetic energy. Then the analytical solution is obtained in
using these invariants. One of the major advantages of using such a simplified model is
to make it possible to discuss the nonlinear processes based on an analytical solution.
The major disadvantage is caused by the low resolution in the space derivatives (time
derivatives are exact). However, invariant quantities obtained for this simple model are
equivalent to those obtained for the original differential equations, so that the impor-
tant characteristics of convection are probably described in the present simplified

model. Major results obtained from the model are presented.

1. Introduction

Problems of atmospheric convection have
been investigated theoretically by methods
based on parcel theories, entrainment theories,
bubble theories, similarity analyses, perturba-
tion theories, and numerical experiments. One
of the major differences between the above
theories is the various treatments of interaction
between the buoyant element and its environ-
ment.

Parcel theories assume that an interaction
between a buoyant element and the motionless
environment is caused only by the temperature
differences between them. Entrainment theo-
ries (SToMMEL 1947) have employed the assump-
tion that the quantities of the environmental
air such as temperature and moisture are en-
trained at a rate proportional to the upward
velocity in the buoyant element and mix with
those of the element. However, the environment
is assumed to be motionless and not influenced
from the buoyant element. Similar treatments
have been employed for the bubble theories and
plume models (Scorer & LupruMm, 1953). Cu-
mulus clouds have been understood in the bubble
theories as groups of bubbles rising successively.
Plume models have been used for the investiga-
tions of motion of locally heated air, such as
due to ground fires and explosions. The si-
milarity analysis was used by BaTcHELON
(1954) for the problems treated in the above
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theories, and valuable conclusions were obtained
concerning the dimensional relationships be-
tween the quantities of representing thermals.

The above concepts do describe mechanisms
of the atmospheric convection, however, the
nonlinear interactions between a buoyant ele-
ment and the environment have been little
clarified. One of such interactions is caused by
the change of stabilities of the element and
environment. The static stability will increase
inside the buoyant element due to upward heat
flux and influence not only on the stability of
the buoyant element but also of the environ-
ment. Changes of the stability of environmental
air should change the motion of the buoyant
element. Such interaction is mainly represented
by the terms of temperature gradient (both ver-
tical and horizontal) and of continuity of mass.
Heat transfer in the vertical and horizontal di-
rections is the important process for the inter-
action. Momentum transfer is likely less im-
portant. The interaction is essentially a non-
linear process, which was not treatable in the
perturbation theories. Recently, however, pro-
gress has been made via numerical experiments
which have solved the nonlinear hydrodynami-
cal equations for convection problems (OGURA
1962). The results agree to a certain extent with
those previously obtained from the other theo-
ries.

In this article, the author attempts to in-
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vestigate convection mechanisms by using a
most simplified model. The approach in this
study is somewhat similar to those used by
Lorenz (1962) and A. Arakawa in their studies
of the general circulation.

2. Basic equations

The basic equations used in this study are the
same as those derived by Ocura & PHILLIPS
(1962) for shallow convection. In x, z and ¢

coordinates, the equations are written as
ou duu ouw on
—t — = - — (2.1)
ot ox oz ox
ow ouw ouww on
—t—+ — = - —+ 40, {2.2)
ot ax az a2
26 oub owb
— 4 — o — =, (2.3)
at o oz
ou  ow
and — 4+ — =0. (2.4)
oxr oz

All variables in the above equations are non-
dimensional , u, w, 6 and n are corresponding,
respectively, to the notations wu,g, w,y, 0,, and
7y, used in the previously mentioned article.
The relations between the above nondimension-
al quantities and the original and dimensional
quantities «’, w’, 8’ and n’ are

w' = (dfr) u, (2.5)
w’ = (dfr) w, (2.6)
0’ = O(1 +26), 2.7)
and 7 =1-Pz+epn (2.8)

where d and 7 are the length and time scales of
disturbance, @ represents a constant mean
value of the actual potential temperature,
and z is a sort of Exner function defined by
using pressure p and a reference pressure P
and the ratio x(= (¢, —¢,)fc,) as

n = (p/P)". (2.9)
The parameters ¢ and f are respectively the
percentage variation of potential temperature

and the ratio of d to the depth of an isentropic
atmosphere H{=¢,0/g),

e =A0'/@ (2.10)

and B8 =d/H. (2.11)
Equations (2.1) through (2.8) are valid if the
ratio ¢ and B are less than 1 (about T](') , and if the
terms of &2 or higher and f? or higher are negli-
gible. For such case the time scale 7 relates to
the Brunt-Viisila frequency N, (g 231n6’/
22')}, as

7~ N-1n~(d/ge)t. (2.12)
The above approximation is believed to be ac-
ceptable for cumulus convection because d
may be less than several kilometers and H is
about 30 km.

The equations (2.1) through (2.4) will be
solved in the subsequent chapters by using a
special boundary condition, i.e., normal com-
ponent of velocity vanishes at the boundary

v, = 0. (2.13)

3. Difference equations

Using the variables arranged at the grid
points as shown in Fig. 1, a set of differential
equations (2.1) through (2.9) will be written as
follows:

du, « ’
7 ‘g(ul+u,) (W, +wy) = — alm, — m,), @3.1)
du, « 4
E> - Z}'(u1+ux) (w1+w2)= _a(nﬂ_nl)’ (3'2 )
dw,

a + Z(ul + 1) (W0, + wy) = —g(”s —7,) +§(68 +0,),

(3.3
C% - z(u1 + U} (10 + wy) = —3(734 M) + g(e, +0y),
(3.4')
‘% + gul(e1 +0,) + %}wl(ﬂl +0,)=0, (3.5}
‘% - "éu,(o1 +8,) + %w,((), +6,)-0, (3.6)
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ds, « «

Ef + éuz(os +6,) = '2;")1(01 +6;)=0, (3.7)
do,

E - 5u,(0,+0 ) — yw,(() +6 ) 0, (38)

and the continuity equation is represented by

- —wy(=w), (3.9)

YUg = YU =W,

where the coefficients « and y are defined as

! ana ,-% (3.10)
=-— an =, .
*T oA Y Az
The grid increments Ax and Az are all non-
dimensional and measured in the unit of d.
From (3.9), we can easily see that the mo-
mentum transfer term (u, +ug) (w, +w,) is

zero. Therefore, (3.1’) through (3.4’) become

du_ 3.1

dt = d(nz R1)9 ( - )

P _ 3.2

dt = “(nq ”a): (3. )

‘%"= - nl)+ﬂ(0 +6,),  (3.3)

d dw, + 5040 3.4
an & (g —m,) +6,). (3.4)

4., Invariants

From the difference equations, (3.1) through
(3.9), we may derive several important con-
servative quantities such as total mass, total
potential temperature, square of potential
temperature, differential static stability and
total energy.

(@) Total mass
The equation (3.9) naturally indicates the
conservation of total mass,
YUy + YUy +w, +w, = 0. (4.1)

From (3.5) through (3.8) the following invariants
(b) through (d) are obtained.

(b) Total potential temperature
0, + 0, + 0, +0, = constant=46, (4.2)
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Fia. 1. Model in a grid system.

(¢) Square potential temperature

6% + 63 + 6% + 6% = constant (4.3)
(d) Differential static stability
(03 —6,) — (0, — 6,) = constant=AS,. (4.4)

The left hand side of (4.4) represents a hori-
zontal difference of static stabilities between
inner and outer air.

(e) Total energy
Conservation of total energy is obtained from
the following two equations

d B
—[%(u1+uz+w1+wz)]— wl(G —0,+0,-0,), (4.5)

which is derived from (3.1’) through (3.4’) and
(3.9), and

d o
:i"t(el'*'gn_ea‘oa) = —-w(0,-6,+6,-6,) (4.6)
Y

which is obtained from (3.5) and (3.6) by a simple
manipulation. From (4.5) and (4.6) we can derive

By

%(u1+uz+w1+w2)+—(o +0,—6,-6,)

=constant=E,. (4.7)



48 Y. SASAKI

Equation (4.7) will be written in a more con-
venient form by using (4.2) and (4.4),

S,
B+ uj + i + wh) by (6 -6 —A2 ) =E, (4.8)
or by use of (3.9), (4.8) is rewritten as
1+5°
Ay ﬂ”(e ~6,)=E, - @As (4.9)

5. Equations of § and S
For convenience, we will use the notations
0 and S defined respectively as

0=(0, +65)/2 (6.1)

and S=0; -0,. (5.2)
Tt is clear that § is the mean temperature and S
is the static stability of the air inside cumulus.

The equations of § and S are easily obtained

from (3.5) through (3.7) as

d o AS,
A o 5.3
dt b 2y ( 2 ) (5.3)
ds 2
and -Z-0)w (5.4)
dt
6. Pressure
For convenience, the notations a, b, ¢ and d
are used for the pressure gradients,
A=Ty — Ty
b=y~ (6.1)
C =7y — Ty,
and d=n,—n,

Relations between them are derived from (3.1)
through (3.4) and (3.9) as

a+b=0 (6.2)
c+d =28y/x 0, (6.3)
yia +c = fyla B, (6.4)
and from (6.1) we also get
a-b-—c+d =0. (6.5)

The pressure gradients a, b, ¢ and d may be
solved from (6.2) through (6.5) as follows

(1 7 (6-6,), (6.6)

b—(l—— (6-9,), (6.7)

¢ =a(1—f’:’:y;) (6+5°6,), (6.8)

and d=- +’;,) G-@2+7M8,). (6.9)

7. Equation of w

Substitution of the pressure gradient c,
(6.8) into (3.3) with (3.9), (4.2) and (5.1)
may lead to the equation,

dw ﬂyz
— = 6-9,). 7.1
ZQ +72)( o) (7.1)
Differentiating (7.1) with respect to f, and
substituting df/dt of (5.3) into it, we get
d* AS,
dw . B (52w, (12
dt 2(1 +9%) 2

To get the w-equation, we need to eliminate
8§ from (7.2). This will be done by substitution
of (4.9) into (7.2) and the result will be

4 2 2 .
% Bw-ut (1.3)
¢ 2(1+y") 2y

8. Discussion on the w-equation

The equations (7.2) and (7.3) represent non-
linear oscillation because the static stability
S of (7.2) varies with w and # as shown in (5.3)
and (5.4) and because (7.3) contains the term
of w?.

It is important to note that if the static
stability is uniform with respect to time and
space (7.2) reduced to an equation familiar in
the linear stability theory, that is, if we assume
that

S = constant everywhere= .S,
and therefore AS,=0,
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(7.2) becomes

dw oy
T (8.1)

Solution of (8.1) will be an exponential function
of t for S, <0 (unstable) and will be a harmonic
function for S, >0 (stable).

It is also important to quote that the non-
linear equation (7.3) is approximated by a linear
equation of w,

d’w u’
—F =55 B (8.2)
- 2(1+y)
if w is small or y >1. The condition of small w
is the same as that of the perturbation method,
and the condition y(= Az/Az)>1 is somewhat
similar to that of the parcel method.

From the above discussion, we can speculate
the motion of cumulus developed under the
condition of instability (S, <0) in the fol-
lowing way: initially the vertical and horizontal
velocities, while they are all small, will increase
exponentially due to conversion of thermal
energy into kinetic energy, and during the ma-
ture stage, when the velocities are sufficiently
large, the motion will become periodical. The
periodical motion at and after the mature stage
is due to the change of stabilities inside and
outside the air of a cumulus. The outside air
is acting something like spring attached to the
cumulus and the stability of the air is similar
to the tension of the spring.

It should be noted that if the lateral bound-
ary is open, different from the present case,
v, =0, the energy dissipation will occur because
of the dispersion of gravity waves oceurring in
the outside stable air.

9. Existence of solution

The w-equation (7.3) is written as follows

dw_ (6o + aw’ — bgw') = [g(w)]}

9.1
7 (9.1)
2
where 4y ——— (9.2)
Co2(14+yh "
a2
b, = 4—7/2, (9.3)
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d 2
€= (ﬂ)) ~ agwy + b,w) (9.4)

dt

and the subscript 0 indicates value at ¢=0.
Solution (real value) of w exists only if g(w)
is positjve.

() ¢o>0.

In this case, g(w) =0 has two real and two
imaginary roots. The two real roots w, and w,
are

a

[ty e
0

and wy= —why. (9.6)
Fig. 2 shows g(w) schematically as a function

of w. The motion exists only in the region
—wh<w<uwl. 9.7)

The condition (9.7) means that the motion can
vary continuously from upward to downward
and vice versa. This important characteristic
is significantly different from the case of ¢, <0 as
will be seen in (¢z). The condition ¢, >0, that is,
the first and third terms of (9.4) are predomi-
nant, may correspond to the following real at-
mospheric conditions:

(@) external lifting of air or external accelera-
tion such as those associated with fronts, being
stronger than the effects of thermal instability,
i.e., the terms involving w are larger than the
term containing S,

{b) weak instability in the well-developed
cumulus and cumulonimbus clouds, while the
motion is strong.

This case may agree to the empirical fact that
a downward current inside a cumulonimbus
frequently exists after the mature stage.

(9%) co <O0.

Roots of g(w) are four reals, w;, w,, w,; and
w, (W, >w, >w,y >w,) as follows:

5—4b K
wl:_w‘=|:ao+(a0b olcol)] =Wy, (9.8)
(1]
and
—(a—4b 1t
w,=—w,=[“ﬁ° e °|—c°|)] =wn  (99)
[
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Region off Motion
(downward) {upward)

Fi1a. 2. Existence of solution for the case of ¢,>0.

Fig. 3 shows a schematic characteristic of
g(w) as a function of w for ¢, <0. Since the mo-
tion only exists for positive values of g(w), the
regions of real motion are given by

(upward motion),  (9.10)

Wy <W< Wy
or

—wysw< —w, (downward motion). (9.11)
Fig. 3 also shows that the motion always re-
mains in the same direction. In the case of in-
stability, w is always positive. Therefore, only
the condition (9.10) is of interest, and the velo-
city w will oscillate between the values of
w,, and wy, being like a pulsating cumulus-
type motion. The quantity ¢, depends on the
relative magnitudes among (dw/dt)?, b,(w*) and
—ao,(w?) at t=0. The condition ¢, <0 is, in
general, satisfied if S is a large negative. This
condition is similar to the real atmospheric
situations of

(a) the incipient stage of cumulus growth,
or

(b) the strong instability due to latent heat
release even at the mature stage of cumulus
or cumulonimbus.

It should be noted that there is no root if a,
is negative, i.e., no motion exists under the
conditions of negative values of both ¢, and a,.

10. Analytical solution

Equation (8.1) is written in the standard form
of elliptic integral by appropriate manipula-
tion as shown below.

Region of Motion
{downward)

Region of Mofion
{upward)

Fic. 3. Existence of solution for the case of c, <0.

(7) ¢4 >0.
Equation (8.1) is expressed in terms of b,,
wyy and w,, as

t—fw dw (10.1
J o [ywi—wh) (W' +wh)1E D

Using the new variable ¢ and parameter k
defined by

W =wyy CO8 ¢, (10.2)
w‘Z

and K==, (10.3)

Wy + Wy

(9.1) becomes

b} ¢ d

el P %—i (10.4)
k o(1—K* sin’4)

The right hand side of (9.4) is a standard form
of elliptic integral, the numerical values of
which may be easily found in mathematical
tables (for instance Yamke and Emde). From
(9.4), the period of oscillation 7' is also calculated

T = ; (10.5)

4 7|2 ¢
[bo(why + Wy )1t L (1 -k sin’g)
(#7) ¢, <0.

Equation (8.1) in this case is written as

| dw 10.8
J o by — W)W —wi)E (10.6)

Employing new parameters ¢ and k defined by
w= (wy cos’$ +wh, sin’g)t,

(10.7)
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wo =0
(Cy > 0)

st

S' (deg.} —

Fi16. 4. Dimensional vertical velocity w’ as a function
of S’ (dimensional value of S) for the initial con-
dition of w,” =0 as a special case of ¢, >0.

- w‘z —Ww
2 M m
k [

and , (10.8)

Wiy

(9.6) becomes

)
bgwMt= —f —__d_—L‘:.
o V1-Esin’y

The right hand side integral of (9.9) is the same
as that of (9.4) except the constant k. The
period T for the case of ¢, <0 therefore, is given
as

(10.9)

T 4 " d¢ 10.10
bgwM 0 (1 -—I?Sin2¢)*. ( ) )
11. Numerical examples

To estimate the order of magnitude of the
maximum and minimum vertical velocities
wy and w,, and the period of oscillation, the
following examples are given. Values of con-
stants used in the examples are given below

H =30 km, d =1 km, t = 30 sec,
and non dimensional constants are
Az =1, Az =L a=2p8=4vr=1
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w'(m sec) w'o =10 m/sec
, (wo = 0.1, Co < 0)
"M
2F
s}
©or 1
"m

sl
o A VN T S M

-0 - [ -4 2 [*] 2 4 [] 8

s' (deg) —>

Fie. 5. Dimensional vertical velocity w’ as function
of S’ for the initial condition of w,’ =10 cm sec~?
as a special case of ¢, <0.

The values of d and 7 satisfy the frequency
relationship of Brunt-Viisdléd oscillation and
the value of 8, less than one, satisfies the con-
dition of shallow convection and justifies the
basis of (2.1) through (2.4) of this article
(OcurA & PrHILLIPS 1962).

For simplicity, the initial values are chosen as
follows:

—b < (B)¢—0 < 10 degree,

(02)¢=0s (83)1=0s (82)e-0=0,

wy=0 or =10m/sec.

The values of w, are chosen in view of the
observation made by ANDERsoN (1960) who
found that the vertical velocity was fluctuating
between 6.3 m/sec and —1.2 m/sec. The initial
acceleration dw,/dt is calculated by using
(4.2), (5.1) and (7.1) for various values of the
initial {8,);-, 88

iy _ 9 6 11.1
7 [{0)¢=0—6,] (11.1)
and (0)¢—0=3[(6,)t=0+ (83):-0)- (11.2)

Figs. 4 and 5 show the vertical velocities for
the cases of w =0 and w, =10 m/sec, respec-
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T' (min)

4ol

201

2

wy 0 10 m/sac (we= 0.1, Cu<Q)

S’ {deg) —

Fig. 6. Dimensional period of oscillation 7" versus
S’ for the cases of w,’ =0 and 10 m sec~. The pe-
riod observed by Anderson for cumulus, 11.5 min,
is shown by a broken line for a comparison.

tively. In these figures, the ordinate is (S');-,
and the abscissa is w. Domains where the solu-
tions are existent, i.e., —wy<w<wy in Fig. 4
and w,<w<wy in Fig. 5 are shaded. Figs. 4
and 5 show two extreme cases; the former is the
case where ¢, >0 and the termal energy due to
static stability is predominate initially and the
latter is the case where ¢, <0 and the kinetic
energy is initially predominate. The conditions
of the real atmosphere may lie between the
above two cases.

Fig. 6 is made to show the period of oscilla-
tion for both the cases of w; =0 (¢, >0) and
wy —10 m/sec (¢, <0). Infinity of T at (S'),—,
for the case of w, =0 represents no motion for-
ever. Since the realistic initial condition may be
between the two cases, the period observed in the
real atmosphere may be also between the periods
calculated for the above two cases, as shown by
shade in Fig. 6. For a comparison the period
11.5 min of cumulus oscillation observed by
ANDERsON (1960) is shown by a broken line in
Fig. 6. It is interesting to quote that the ob-
served value lies well between the theoretical
period calculated for the realistic initial values
of (8,);=0 and w, except the neighborhood values
of (6,);-¢ =0and w, = 0. He also obtained another
significant period of about 1.2 min which may be
due to the motion of an individual thermal as
an element of a cumulus. The scale of individual

thermals may be about 200 meters. It is also
expected to obtain the period of a few minutes
from (10.5) and (10.10), if we take d to be 200
meters instead of 1 km.

8. Summary and comments

Some major results obtained from the study
are listed.

1. In the case y >1, if vertical velocity is not
large, the solution becomes equivalent to those
obtained from the parcel method.

2. If stability is negative, the disturbance will
initially grow exponentially as expected from
linear perturbation theories.

3. If stability is positive the motion of disturb-
ances is described by Brunt-Viisdld oscilla-
tion.

4, If vertical velocity is large, a nonlinear ef-
fect becomes predominant and acts to dam-
pen the vertical motion.

5. In the case of y <1, the condition is nearly
hydrostatic, the nonhydrostatic acceleration
being proportional to the ratio of the vertical
to horizontal scale of disturbances.

6. Throughout all the above cases the most
important characteristic of nonlinear inter-
action processes is due to the change of static
stability which is a result of vertical and
horizontal heat transport processes.

7. Periodieal oseillation of a cumulus is ob-
tained, primarily due to the initial differential
stability both inside and outside of the ther-
mal and initial vertical velocity. The period
is on the order of ten minutes for d =1 km.

8. The boundary condition is influential in the
change of stability in the simplified model.
This is somewhat unrealistic; however, the
upper and lateral solid boundaries could be
interpreted as the condition for which the
area considered is surrounded by very stable
air.

9. The development of a downward current is
possible after a certain time inside a convec-
tive system under certain initial conditions of
static stability and air motion. Under other
conditions, the upward and downward motion
will alternate.
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HEHOTOPBIE JUHAMUYECKUE ACIIEKTHI ATMOCOEPHOII KOHBEKIIUN

Hccaenyorca HexoTOphle NIMHAMHYeCKHe Xa-
PaKTepUCTUKHN aTMoC(epHON KOHBEKIMH C IO-
MOIIbI0O QHAJMUTHYECKOTr0 peileHMA Haubosee
yhpaieHHX JufdepeHNNATBHHX ypaBHEHHUH,
ONMHCHBAIIKXX ABYXCIOHHYIO MOJENbL M3 ABYX
HeCHUMAaeMbIX KuAKocTel. [Tonyyeno HeckoabKo
WHBAPDHAHTOB, KaK (JYHKIMM HAYaJNbHOTO BHA-
4YeHUs PABHHUIH BEPTHKAJLHON M FOPH3OHTAJIL-
HON TNOTEeHIHaJbHON TeMmepaTypeH M KHHeTH-
4eCKOM SHepruH. AHAIUTHUECKOE pelIeHHe IIO-
Jy4€HO ¢ MCHOJIb30BaHHEM 3THX MHBAPHAHTOB.
OnvHMM N3 TIJABHHEX NPUUMYIIECTB MCIOIb-
30BAHMA TAKOW YNyImEHHON MoJenu ABIAETCA
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BO3MOHOCTh H3y4YeHHMA He JIMHEWHEIX Tmpoliec-
COB C IIOMOLIbI0O QHAJIUTHYECKOTO pelIeHUA.
I'TaBHHIM HEOCTATKOM SIBJIIAIETCH HUBKAafA pas-
pelIHMOCTh TNPOCTPAHCTBEHHHX IPOH3BOAHEIX
(BpeMeHHEIe IPOU3BOXHEIE ABIAITCA TOYHHIMH).
OpHAaKO WHBADUAHTH, HAlileHHHE HAJA JTOH
npoCTOfl MOAENH, 3KBHBAJIEHTHH HHBApHAHTAM
HOJHON CHCTEMH, TaK 4YTO CYUIECTBEHHHE Xa-
PAKTEPpUCTHKH KOHBEKLMM ONUCEIBAIOTCH, Be-
POATHO, PACCMOTPEHHON YNPOUIEHHOR MOJeNkIo.
IIpencraBness riaBHHE pe3yJbTATH, MOJY-
YeHHEIe ¢ MOMOILILIO 3TON MOJeJH.



