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ABSTRACT 

The fluctuating and steady response of a simple bounded ocean model to a surface 
wind stress which oscillates at or near one of the Rossby wave resonance frequencies 
of the basin is computed under the assumption that the response is limited by finite 
amplitude effects. 

It is shown that oscillations of the normal modes can never rectify in a way to pro- 
duce intense boundary currents, but that motions driven not at a resonance frequency 
are able to produce such steady boundary layers. 

1. Introduction 
In an earlier paper (PEDLOSKY, 1965), here- 

after referred to as I ,  the response of a simple 
bounded ocean model to the action of an oscil- 
lating wind stress was studied. Both the direct 
oscillating response and the steady rectified 
currents produced by certain non-linear inter- 
actions were studied as functions of the fre- 
quency of the forcing wind stress. In  order to 
investigate the entire relevant frequency range, 
it was assumed that the dissipative effect of 
bottom friction dominated the inertial non- 
linearities. The consequence of this assumption 
was that the amplitudes of both the fluctuating 
and rectified steady circulations were limited 
only by the dissipation when the frequency of 
the wind forcing approached a natural frequency 
of oscillation of the basin. 

One of the purposes of this paper is to remove 
the frictional assumption and analyze the re- 
sponse of the basin near resonance assuming 
now the alternate possibility, namely, that the 
response be limited primarily by non-linear 
effects. 

This new alternative may be regarded as 
simply an attempt to discuss the possible ocean 
circulations under a more complete range of 
parametric situations (i.e. primarily viscous or 
inertial). In  addition, the amplitude of the 
response in the inertial case is not sensitive to 
poorly understood parameterizations of the 
dissipative proceas. 

Another purpose of this paper is to study the 
possible rectified circulations produced by the 

non-linearities, with a discussion of possible 
boundary current phenomena. It is shown that 
although the rectified circulation satisfies a 
dynamic81 equation of only first order (a Sverd- 
rup equation), the steady circulations produced 
by the normal modes never lead to a boundary 
current phenomena, contrary to what is found 
in the theory of the steady oceanic circulation. 
This is shown for an arbitrarily shaped basin. 

2. The model 

The simplified ocean model used for the ana- 
lysis is the same as in (I); it is a uniform and 
homogeneous sheet of fluid on the B plane, on 
which the fluid motion is two dimensional and 
incompressible, while the viscous dissipation, 
assumed to be due to bottom friction, is mode- 
led by a simple velocity drag law. With these 
assumptions the governing equation for the 
stream function is the statement of vorticity 
balance, 

t is the forcing wind stress, k is a unit vector 
normal to the plane of motion, eo is the density 
of the fluid, Hi t s  constant depth while R is the 
coefficient of viscous drag. 6 is the northward 
gradient of the Coriolis parameter. The coordi- 
nate system is oriented so that 2 measures east- 
ward, y measures northward. The eastward 
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velocity u and the northward velocity 2) are 
derived from y by the relations 

u = -yy, (2.2a) 

V = Yr, (2.2b) 

As in (I) the basin is assumed to be square of 
side length L, on the boundaries of which a zero 
normal flow condition is imposed i.e. 

ly-0 on x=O, L, y-O,L, (2.3) 

This assumption is made for simplicity of ana- 
lysis only. The extension to an arbitrarily shaped 
basin introduces no new qualitative features, 
as will be seen later. 

To investigate the response near resonance, 
non-dimensional variables are introduced in the 
following manner. If to is the characteristic 
amplitude of the wind stress, the non-dimen- 
sional variables are defined by the relations 

(x ,  y) =L(x', y'), t = (PL)-'t', 

l y = ~ @ L ~ @ ,  R=$/?LS, S=O(l ) .  

In  the above scaling, the parameter E which 
is the relevant Rossby number for the flow is 
chosen aa 

The last scaling relation in (2.4) asserts that the 
ratio of a Rossby wave period in the basin to 
the frictional dissipation time is of order or 
less. This assertion can be taken as the precise 
statement that the response of the model ocean 
be inertially controlled. 

The vorticity equation rewritten after dropp- 
ing the prime notation for the dimensionless 
variables is: 

(2.6) I V'Qt + @, = - E(@,v*@y - @yv"r) 
+ &*(T(x, y, t )  - dV'@), 

@ = O  on x=O,l,  y=O,l. 

3. Method of solution 
The Rossby number E is assumed to be small 

and the solution to (2.6) will be sought as a 
series in E 

@=q,+&q,+&~q*+ .... (3.1) 
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In  addition, the forcing stress curl, T(x ,  y, t), 
is assumed to be purely oscillatory, with a fre- 
quency of oscillation R. The forcing frequency 
!2 is supposed, in the case of resonance, to be 
near one of the natural frequencies w,, of the 
basin where 

1 
2n 

wmn=- m, n , m = l , 2  ,... (3.2) 

as was shown in (I). It is convenient to antici- 
pate that as a condition for a uniformly valid 
expansion of the type (3.1) to exist, a certain 
relation between R and 0," must exist of the 
form 

R = wmn( 1 +ePal  + .+az + ...), (3.3) 

where a,, az, ... are functions of the amplitude 
of the motion. Once the a's are determined, (3.3) 
will serve as the amplitude response curve for 
driving frequencies !2 near w,,,,,. In  the theory 
presented here only a1 will be determined. The 
higher order effects could in principle be simi- 
larly computed. 

To determine al, we proceed in the spirit of 
LIGHTHILL (1949). T(x ,  y, t) will be taken in the 
form 

T = F, COB (Rt - kx + 0) sin nny. (3.4) 

The driving stress is thus a traveling wave 
moving toward the east, vanishing on the nor- 
thern and southern boundaries of the ocean. 
Following Lighthill we introduce a new time 
scale t (not to be confused with the dimensional 
wind stress) defined by 

t = t ( l  +9a1 +...). (3.5) 

The basic technique is to express (2.6) in terms 
of t instead of t .  This new stretched variable 
will allow a flexibility which will be needed 
later. If (3.1), (3.4) and (3.5) are substituted 
into (2.6) and the coefficients of like powers of 
E are equated, the resulting sequence of linear 
problems for q,, ql, and 01% are 

(3.7a) 
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+ P o  cos (w,,t - k x  + 0) sin n y  

a 2  

a t  
- GV2po - u1 - v po. (3.7c) 

Here J ( f , g )  is read as the Jacobian of the 
functions f and g with respect to x and y .  

The method of solution proceeds in the follow- 
ing manner. 

The appropriate solution to (3.7 a) satisfying 
the necessary boundary conditions will be the 
free normal mode of frequency om,, oscillating 
with the stretched time t and can be written 

~ , = A c o s  ( w,,t+- 2:m) sin m n x  sin nny .  (3.8) 

The amplitude, A ,  of the solution is not as yet 
determined, and in fact will not be determined 
until the problem for yz  is considered. Having 
found po the problem for p, becomes 

2 mnn 
2w: , 

(3.9) 
The solution for p1 is 

- A2nn 
y1 = --?- sin'mnx sin 2nny 

8wmn 

+ -- cos - + 2WmnT 
A2m2nn3 [ ( w ~ n  ) 
4 w m n  Xn 

sinh u,(x - 1)  

x sin 2nzy ,  (3.10) 

where 

x i  = 4n2n2 + ( 2 w i n ) - l ,  uz = 4n2n2 - (16oi,)-'. 

Now that qo and q, are known, the problem 
for p2 must be examined. In the problem for p2 
the inhomogeneity on the right hand side of 

( 3 . 7 ~ )  contains the effects of the non-linear inter- 
actions between p, and po, the forcing wind 
stress, the effect of dissipation and a term in- 
volving ul .  The interactions between p, and po 
will produce inhomogeneous terms in (3.7 c) 
oscillating a t  frequencies om, and 3w,,. The 
forcing field also oscillates at frequency om,, as 
does the viscous term and the term involving 
a,. Now the operator on the left hand side of 
(3 .7~)  has, as one of its characteristic frequen- 
cies, the normal mode frequency om,,. Thus if 
that part of the inhomogeneity of ( 3 . 7 ~ )  which 
oscillates with frequency w,, is not orthogonal 
to the normal modes of the operator on the left 
hand side of ( 3 . 7 ~ )  a resonance will occur in the 
problem for qz. Such an occurrence would in- 
validate our expansion procedure, for while po 
has a time dependence of the form COB (om%.) 
the part of the solution for p2 which is forced 
at frequency w,, would have a time dependence 
of the form t cos wmnt,  a so-called secular term. 
Thus the ratio ~ ~ p ~ / ~ q ~  = 0 ( ~ t )  and within a time 
t =&-I the contribution to the full solution for 
@ of y2 would be as large as that due to pl and 
our expansion in the small parameter E would 
be invalid. 

To avoid such a circumstance, and to there- 
fore keep our expansion in E uniformly valid for 
large time, it is only necessary to choose a,, 
which is still a t  our disposal, to cancel that por- 
tion of the inhomogeneity in ( 3 . 7 ~ )  which oscil- 
lates a t  frequency om, and is not orthogonal to 
the normal mode with frequency w,, of the 
operator of the left hand side. This freedom to 
choose a,  is in fact the reason the stretched 
time t was originally introduced. The normal 
modes of (3.7c), which are the free modes of 
the basin, were given in (I) and are 

sin m n x  sin nny.  

(3.11) 

sin ( w m n t  + x/2wm,) prim=( cos (w,,t+x/2wm,) 

Either of the two forms in (3.11) is a proper 
normal mode and the inhomogeneity in (3 .7~)  
will contain terms proportional to both. If both 
such terms in the inhomogeneity are set equal 
to zero two equations result. The details are 
straightforward and only the result is quoted 
here. If the resonant terms (or secular terms) 
are set equal to zero in the problem for qa we 
obtain 
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(3.12 a) 
6A 

8wmn 
Snm case = 2, 

A8Nmn a,A &,,,,sine=- - - . (3.1Zb) 
2 Swmn 

The quantity 0 is the phase between the forc- 
ing wind stress and the linear response. The 
parameter N,,  is the coefficient of the contri- 
bution to the resonant inhomogeneity of (3 .7~)  
due to the non-linear interactions between qo 
and qr. A lengthy calculation shows that N,,, 
which depends only on the structure of the nor- 
mal mode with frequency onm, can be written 

n m n 3 nz(mz-nz)n4 

(3.13) 

The parameter znm is a measure of the projec- 
tion of the stress function T on the normal mode 
qnm and it can be shown that grim is related to 
F ,  simply as 

[I  - ( -  l)m cosy]"*, (3.14) FO 
5 n m  = (mznz - 

where y = k + l/Zwm,. 
Equations (3.12a) and (3.12b) can be con- 

sidered as yielding relations between the phase 
of the forcing and the amplitude of the response 
as a function of a,. 

If 0 is eliminated from (3.12) a single relation 
between u1 and A can be found and since 
u1 = (R  - wmn)/eZwm, we obtain 
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which serves as our frequency response relation. 
Equation (3.15) may be thought of as yielding 
a value for the amplitude A as a function of 
forcing frequency a, forcing amplitude 5nm and 
viscosity 6. 

4. Discussion of results 
The solution for the stream function @, ex- 

pressed in terms of the real time t ,  may be 
written: 

Cp = A cos Rt + ~ sin mnz sin nny ( 2 I m n )  

EA'nn . sin mnxsin Znny -__ 
8 0 k n  

sinh u,(x - 1) + cos 2Rt+ ~ ~~ ( 4Zm) sinhu, 

2- 1 sinha,x 

4omn sinha, 
+ -) -1 sinznny. 

(4.1) 

The amplitude A is determined as a function 
of the forcing frequency R from (3.15). 

The structure of the solution is very interest- 
ing. The largest part of the solution, the part 
corresponding to q,, has the spatial structure 
of the Rossby /I wave normal mode. The fre- 
quency of oscillation, however, is identical to 
the forcing frequency R. This fluctuating part 
of the solution has lines of constant phase which 
move to the west with velocity ZRw,,. As dis- 
cussed in (I) this fluctuating field consists of 
moving cells of vortical circulation which alter- 
nately contract and expand as a moving node 
of qo approaches and then passes a fixed node. 
In  addition to this fluctuating response there is 
a steady response of O ( E )  smaller, in which we 
are particularly interested, since it arises from 
a purely oscillating forcing. There i s  no e a t -  
west asymmetry in the steady circulation, and it 
does not possess a boundary layer character. This 
result is quite general and as will be shown later, 
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Fig. 1 .  Amplitude response curves for a wind stress 
forcing near the first resonance frequency oll. In 
I, P , / n = 2 ,  6=0.025, k = n ;  in I1 F,/n=2, 6=0.33, 
k =n, in I11 Fo/n = 1, 6 = 0.25, k =n. In the region 
to the left of the dotted curve A < 0, to the right 
A>O. 

only depends on the fact that po is a normal 
mode and is not dependent on the particular 
basin shape. 

Consider, for example, the first mode, 
m = n = 1. The steady circulation consists of two 
cells, one north of y = 1/2 the other south of 
y = 1/2. The circulation in the southern cell is 
counterclockwise, that in the northern clock- 
wise. The senses of these circulations are unam- 
biguous and do not depend on the parameters 
of the forcing aside from the frequency. 

The shape of the response curve is shown in 
Fig. 1 for several parameter values in the case 
where R is near cull. The form of the response 
curve is similar to those found for forcing a t  
other normal mode frequencies. The solid curves 
in Fig. 1 give the amplitude of the response as 
a function of driving frequency for a fixed forc- 
ing amplitude. The response curves have a 
generally similar appearance to the response 
curves for a linear system except for the tilt of 
the entire response curves toward higher fre- 
quency. The amount of this tilt depends on the 
size of N,,, ,  the measure of the non-linear 
interaction. In the absence of any forcing or 
disaipation {grim = 6 = 0 ), the frequency of the 
free oscillation increases with amplitude, depart- 
ing from the linear oscillation frequency of the 
normal mode. 
The amplitude of the circulation is limited in 

two distinct ways. It is apparent from (3.15) 
that the maximum value of the amplitude, A 
max, allowed by the theory is 

’ 

If A is larger than A,,, then R would be 
complex, indicating that the original assump- 
tion of a fixed amplitude oscillatory response 
would be inconsistent with the ensuing viscous 
dissipation. The limit (4.2) is therefore a viscous 
limit. 

The value of A,,, given in (4.2) yields the 
value of A a t  the turn over point on the response 
curve (the dashed curve is also a locus of maxi- 
mum amplitudes). In fact, if s were zero the 
response curves would not be closed; the dashed 
lines in Fig. 1 would separate two distinct regi- 
mes of oscillation, and there would be no dissi- 
pative limit on the amplitude. However since 
it was originally assumed that R -cum, wag 
O(e2), as long as (R  - o , , ) / E ~  = 0 (1) the relation 
(3.15) will yield finite amplitudes for all R even 
if 6 = 0. This can be seen from (3.15) by noting 
that for large amplitudes in the absence of 
viscosity (6 = 0) the response curve asymptoti- 
cally approaches the dashed curve in Fig. 1. 
This second limit for the amplitude, due to the 
tilt of the response curve, is purely inertial. 
This limit is insensitive to the value of the vis- 
cosity as long as that value i s  small. Another 
interesting consequence of (3.15) can be obser- 
ved when the viscosity is small, as in the case 
of curve 1 in Fig. 1. The response curve is multi- 
valued and in common with similar non-linear 
mechanical oscillators there is the possibility 
of interesting hysterisis effects with changing 
forcing frequency. 

5. The possibility of boundary layers in 
the rectified flow 

In section 3 it was seen that the solution for 
the steady part of ql ,  although it satisfied only 
a first order equation, was able to satisfy all 
the boundary conditions without the need of a 
boundary layer. This important result will now 
be proven for an arbitrarily shaped basin. The 
steady part of pl, called here qls, satisfies the 
equation 

(5.1) 
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Hero the subscript s denotes the time indepen- 
dent part of the labelled quantity. The variable 
3 0  is the vorticity (Vaqo)  of the zero order field, 
uo = -pear, w = +vo2. Equation (5.1) is identical 
to the well known Sverdrup equation found in 
the theories of the steady ocean circulation (see 
for example STOMMEL, 1955). Here the steady 
part of the non-linear interactions takes the role 
of the steady wind stress in the above-mentioned 
theories. As is well known the crucial question 
is whether the x integral of the right hand side 
of the Sverdrup equation across the basin is 
different from zero. If so, vIs cannot satisfy 
zero boundary conditions as required on both 
sides of the basin and a boundary layer of some 
kind (in this case i t  would be inertial) would be 
necessary. 

Integrate 5.1 from the left hand boundary, 
given by xL =xL(y)  to the right hand boundary 
x R  =xR(y )  of the basin. 

- ( W ~ ( X ~ ) ~ ( X L ) ) , ~ ]  . (5.2) 
dY 

Since the zero order field by hypothesis satis- 
fies the condition of zero normal flow 

dx  
do)- do'- = 0 at x = xR and xL. (5.3) 

dY 

So that 

Further, if the zero order motion satisfies the 
equation for a normal mode 

3; +wo =o. (5.5) 
Therefore 

eince the amplitude of the mode is time inde- 
pendent. Thus the inhomogeneity in (5.1) has 
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a zero x average and vls can satisfy all boundary 
conditions. Therefore no boundary layer is re- 
quired i f  po has tho structure of the Rossby 
wave normal modes. 

On the other hand if vo is not a normal mode, 
and therefore does not satisfy (5.5),  the integral 
of J ,  need not be zero. Of course such solutions 
qo must be forced solutions at  frequencies other 
than the resonant frequencies, and therefore 
will generally have smaller amplitudes. They 
may however give rise to steady circulations with 
boundary layers yielding large velocities where 
the normal modes yield none, in the boundary 
region. We may note from (3.10) that plls has 
zero tangential as well as normal velocity at the 
eastern and western boundaries, precisely where 
a boundary layer has its maximum (tangential) 
velocity. 

An example of such non-resonant forcing 
yielding a boundary layer is not difficult to 
discover. Since the forcing is non-resonant we 
may use the scaling of (I) (i.e. E = T ~ / Q ~ H  /32L3) 
to find 

V%ot +yo= = T, ( 5 . 7 ~ ~ )  

V2v, t  +PI= = - J ( v o t  VVo) .  (5.7b) 

Consider the forcing 

T = Fmn[mn cos wt cos mnx + (m2 + nP)naw sin 

wt sin mnx] sin nny  + F,,[jn cos ot COB jnx  + 
(ja + la)nxw sin wt COB jnx]  sin Eny. (5.8) 

It may easily be verified that the solution of 
(5.7a) is 

'po = F,, cos ot sin mnx sin nny 

+ P,,  cos wt sin jnx  sin lny (5.9) 

while the integral 

jm(1- n) 

1 - m  
+ n s i n ( l - n ) n y  (5.10) 

which is not in general zero. This would require, 
&B discussed above, a boundary layer current 
whose total transport is equal to the right hand 
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side of (5.10). Thus a purely oscillatory wind 
forcing can produce a steady boundary current 
by purely non-linear effects.’ 

6. A.pplications of the theory 
Consider an ocean for which L =5000 km, 

#I = 10-la, H = 5 km. If, along with VERONIS & 
STOMMEL (1956) we consider a travelling stress 
wave with an amplitude t / p  = 1  cm2/sec2, 
F = 10-2. If t represented the scaling for a steady 
wind stress, this value of t would yield values 
of approximately 0.05 cmjsec for the steady 
mid-ocean velocities computed from the Sverd- 
rup relation 

It is of interest therefore to compare this with 
the values for the circulations produced by a 
fluctuating stress field of the same amplitude. 
I f  we choose a value of A of 0.1, which is seen 
to be a reasonable value from Fig. 1 ,  this leads 
to a fluctuating response of approximately 75 
cm/sec and a steady circulation of approxima- 
tely 3 cm/sec to a stress wave with a period of 
about 5 days. Note that the rectified steady 
circulation is greater, by two orders of magni- 
tude, than the velocities produced by a steady 
wind stress of the same strength. 

In  order that the response be inertially domi- 
nated, we required R $.9BL. Actually the 
slightly weaker condition, verifiable a posteriori 
by the form of the solution, R $n2~2,9L is really 
needed. If, from the Ekman theory R = I v f / 2  
H-l (where f is the Coriolis parameter and v 

1 This result has also been found by Dennis Moore 
(Private Communication). 

- 

the vertical Austausch co-efficient) this latter 
condition requires an Anstauch coefficient less 
than 10 cm2/sec which is not unreasonable. 
There is a suggestion therefore, that the effect 
of an oscillatory wind stress may be important 
in producing significant steady, as well as fluc- 
tuating oceanic velocities. 

A weakness in the theory is of course the 
assumption that the stress wave, which is meant 
to represent the presence of migratory cyclone 
waves, can be rcpresented by an oscillation at  a 
single frequency. This is a very highly simpli- 
fied picture. I n  order to deal with a realistic 
forcing field, the more difficult problem of the 
response due to a statistically steady continuous 
spectrum must be obtained. The very high 
values of the response obtained in this simple 
model would no doubt be reduced in the more 
realistic model, but even a reduction of two 
orders of magnitude will not affect the signi- 
ficance of the rectified circulation. The results, 
however, of this simple model should be con- 
sidered as only suggestive. 

The model dynamics formulated in this paper 
are, however, ccrtainly relevant to a physically 
realizable laboratory experiment, in which fluid 
contained in a rotating cylinder with a slanted 
bottom (in which Rossby wave modes, similar 
to those discussed here, are possible) is driven 
by an oscillating upper surface. The dimensions 
of the cylinder, and the degree of the forcing 
can be adjusted to satisfy the scaling require- 
ments of section 2. 

Thus the analysis presented here, while per- 
haps not directly applicable to the oceanic situa- 
tion, is relevant to the interesting problem of 
the dynamical behavior of Rossby wave3 in en- 
closed basins. 
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