
A two-layer model of the Gulf Stream 

BY S. J. JACOBS, The University of Michigan’ 

(Manuscript received February 6, 1967) 

ABSTRACT 

A theory is developed for a two-layer inertial model of the Gulf Stream. Both layers 
are in motion, but it is aasumed that the ratio of the geostrophic drift in the lower 
layer to that of the upper layer is small. Approximate analytical solutions are obtained 
under this assumption. In addition, a criterion for the existence of inertial boundary 
currents is established. An important result is the prediction of deep and surface 
countercurrents to the east of the high velocity part of the Stream. These are due to 
the effect of bottom topography. Another important result is that the interface at the 
coast comes to the surface at a lower latitude if the deep water is in motion, and that 
the intersection of the interface and the sea surface extends out to sea in a north- 
easterly direction from the coast. The theory of the flow near the line of zero upper 
layer depth is as yet incomplete. 

1. Introduction 

This paper is about the Gulf Stream, or, more 
precisely, that portion of the Gulf Stream which 
lies along the North American continent. In  
the theory used here (cf. Charney, 1955 and 
Morgan, 1956) the boundary current is con- 
sidered to be driven by advection of mass a t  
its seaward edge rather than by the local 
wind stress. The boundary current can thus be 
studied as an isolated entity, provided that 
the mass flux into the current is known. 

In  Charney’s and Morgan’s papers a two- 
layer model was used, the lower layer being 
assumed motionless. Their results are in good 
agreement with observations except for an 
absence in the theoretical results of counter- 
currents east of the high velocity part of the 
Stream (see Stommel, 1965, p. 123). 

More recent papers have attempted to extend 
the earlier work to take account of motion of 
the deep water. Robinson (1965) uses what is 
essentially a quasi-geostrophic theory for a 
stream with continuous density and velocity 
variation with depth. His paper is concerned 
more with setting up a theoretical framework 
than with obtaining detailed results. In another 
recent paper (Blandford, 1965), the earlier two- 
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layer model was modified by considering three 
layers, the lower one being a t  rest. Blandford 
attempted to find a deep countercurrent, 
presumably due to advection of warm water 
from low latitudes which causes a zonal tempera- 
ture contrast, but in this he was unsuccessful. 

I n  the present work a two-layer model is 
employed with both layers in motion. Thus, 
by contrast to the other layer models, the 
effect of topography on the Stream can be 
included. An analytical solution is obtained 
under the assumption of small velocities in the 
lower layer. Some numerical results are also 
presented. 

The effect of topography proves to be very 
important, for under the assumption that 
velocities in the lower layer are small, the rela- 
tive vorticity of the lower layer is negligible 
except very near the coast; and consequently, 
the requirement of conservation of potential 
vorticity in a region of decreasing depth of the 
lower layer in the shoreward direction implies 
a deep countercurrent. This proves to be at 
approximately the same location and with the 
approximate magnitude of that observed 
(Stommel, p. 188). A surface countercurrent 
somewhat east of the deep countercurrent is 
also predicted, though this is somewhat weaker 
than observed. 

In addition to the foregoing results, a cri- 
terion for the existence of inertial boundary 
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currents is obtained. This generalizes earlier 
work by Greenspan (1963) but ita conclusions 
are essentially the same, namely that a sharp 
northward variation of depth a t  the seaward 
edge of the Stream may be incompatible with 
the existence of an inertial boundary current. 

2. Formulation 

We consider a two-layer fluid on the @-plane, 
with Coriolis parameter f = fo +By, and with co- 
ordinates (2, y, z )  which measure respectively 
distance to the east, the north, and in the 
vertical. The flow is assumed to be steady, 
inviscid, and geostrophic in the x direction. 
The fluid is bounded below by bottom topo- 
graphy at z = b, above by a free surface at z = H, 
and to the east by a meridional wall at x = 0. No 
mass flux is allowed across the interface, z = h. 

Let subscripts 1 and 2 denote quantities in 
the upper and lower layers, and let subscript 
k when it appears be either 1 or 2. Also, let 
D ,  and D, be the depths of the upper and lower 
layers at x =q y =0, and let 11, and II, be 
defined by 

( 1 4  

(1b) 

H = D ,  + D ,  + 111 Ae/e2, 

h = D,  + HZ - &el/ez9 
where Ae = eB - e l .  Imposing the conditions that 
the pressure vanishes a t  the free surface and 
is continuous a t  the interface yields 

P J e ,  +gz =dol +W +s'& @a) 

%/e8 +gz =s(Dle l /e2  +Da) +g'& (2b) 

where g' =gAe/e , ,  while the definitions of II, 
and II, lead t o  

( 3 4  

(3b) 

H -h  = D ,  + H I  -n*, 
h - b  = D ,  +TIa -II ,e l /e l  - b  

mD2 + I I S  -II1 - b .  

In  the definition of the depth of the lower layer, 
(3b), we have assumed that Ae/eP<l.  

The equations of motion consistent with the 
above definitions and assumptions are 

- f2)k + g ' I I k ,  =o, (4) 

(5) Ukwkr  + w k w k y  +fur + g ' n k ,  = 0, 

[ u ~ ( D ,  +n1 -n,)lr +[",(Dl +IT, -IIg)]g = O ,  

(6) 
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Fig. 1. Flow configuration. 

and [ul(D, + 11, - II, -ti)], 
+[w,(D, +112 -II, -b)], ,  =O (7) 

Taking dl(y) and d,(y) to be known functions, 
we require that 

uk(OO, y) =2i,(y), *k( - ,  y) - 0 ,  ( 8 4  

i.e., we consider the boundary current to be 
driven by a known zonal flow a t  its seaward 
edge. In  addition, the kinematic condition a t  the 
coast implies 

uk(0, y) =o. (8b) 

As a last condition, we require that there be 
no net transport between the coast and the 

It is convenient now to introduce non-dimen- 
point x = m ,  y=o. 

sional variables. These are 

x* = ( f , / f i l )  2 9  Y* = (B/f,) Y I  
uz =(fi/g'@'i)ukt w;=(l/l/g'D,)'&, 

nE = ( 1  ID,) H k ,  f* = 1 +Y*, D* = 1 - b/D,,  

D* being the non-dimensional depth of the 
lower layer in the absence of flow. 

The non-dimensional version of the equations 
of motion is, with asterisks omitted, 

- f w ,  + nkr = 0, 

uk'ukr + wkwkg +fuk + I1kg = 0, 

(9) 

(10) 

( 1 1 )  [u,(l +HI -n*)lr +[v l ( l  +II1 -Hdlg = O ,  

and 

{ u n [ ~  + y ~ s  - ~ 1 ) 1 } r  + {V,[D+ ~(na -111)11y = 0, 

(12) 
where y = D,/D,.  
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This scaling is convenient, but overestimates 
somewhat the meridional extent of the current. 
It also overestimates, by a large amount, 
velocities in the lower layer. 

We choose to work with f i r s t  integrals of the 
equations of motion rather than with the 
equations themselves. To this end, we introduce 
transport stream functions 9, and y a  through 

w11 =VIP + n1 - &I? 
w l y =  - ~ i [ l  +IIi-nJ, (13) 

W e 1  =v,CD + w z  - nAl9 
'ypU = -UP +N, -n,)it (14) 

and define Bernoulli functions a, and a p  by 

ak =II, + 4 vi. (15) 

It is easily shown that the potential vorticity 
and Bernoulli function of each layer are con- 
stant on streamlines, whence 

ak = Cck(Yk)  (16) 

f +a,, = r-1 + n, - n21 .I(Yl), (17) 

f +vaz =lo +Y(H,  - n l ) ~ a - h p ) .  (18) 

Replacing II, and II% in these equations and in 

and 

Y I I  = w , [ l  + HI - n219 (19) 

Ynz =%ID +Y(& -n1)19 (20) 

through the use of (15) provides a system of 
four equations in the four unknowns vl, up,  
y,, ve in place of the original system. As bound- 
are conditions, we have 

Vk(09 Y) = 0 W a )  

w , ( m , y ) =  - IOU GI[ 1 + I?, - I?*] dy, (21 b) 

v t S ( m ,  Y) = - %[&Y) +Y(& -fI1)l dy, (21 C) 

where &y) = D ( m ,  y) and where 

and also 

/ow 

j a k d ? / = n k ( m ,  y). (Z2)  

(24) 

These follow from the fact that the potential 
vorticity and Bernoulli function of each layer 
are constant on streamlines and hence func- 
tionally related. Use of the x momentum 
equations to express w1 and w, in terms of n, and 
IIz leads immediately to the desired result, a 
set of two equations in the unknowns 111 and 
TIz in place of the original system. Since from 
the y momentum equations 

ths boundary conditions for this last s3t of 
equations are 

and (22). 

3. Analytical solutions 

Though the process of numerically integrating 
the equations is difficult and time consuming, 
some numerical solutions have been obtained 
and will be presented below. Here, however, 
we present an analytical solution. The method 
of obtaining this is based on the fact that 
velocities in the lower layer are much smaller 
than in the upper layer, so that to lowest 
order the flow in the upper layer and the posi- 
tion of the interface are decoupled from the 
flow in the lower layer. The flow in the lower 
layer and higher order approximations in the 
upper layer are then determined using the 
method of matched asymptotic expansions 
(Van Dyke, 1964). We will obtain solutions first 
for a particularly simple case and then gene- 
ralize. 

3A. A quasi-linear case 
Suppose the zonal velocities a t  z = 03 are 

An alternate integrated form of equations 
(9)-(12) which is useful for some purpcses is 
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where E is a constant, and suppose also that 
in the open 83a the bottom is flat, so that 
B(y)  = 1. Then 

fi,=y+t&[(")a- 1 - Y Y  11, 

and fi,(y)=)E [(")'- 11. 
1 -YY 

a,(y1) = w 1  

It follows that 

and a,(vl)=te[(l+cu,/s)a- 11. 

For this flow, the potential vorticity of the 
upper layer is constant, in agreement with 
observations (Stommel, p. 111). We exploit 
this fact in using equation (23) to describe the 
flow in the upper layer, since (23) is linear in 
II, for constant potential vorticity. The flow 
in the lower layer will be described by equations 
(18) and (20). 

Another fact which will be exploited is that 
E< 1 if the flow is to be representative of oceanic 
conditions, since the velocities in the lower layer 
are much smaller than those in the upper layer. 
Consequently, the interfacial position must be 
only weakly dependent on the flow in the lower 
layer, which thus behaves much like the flow 
of a one-lower fluid of given depth forced by a 
zonal velocity a t  infinity of magnitude E .  This 
motivates the introduction of a scaled stream 
function y and meridional velocity V through 

in which it is assumed that y and V are order 
unity. For notational reasons, we introduce two 
more new functions 5 and x through 

The equations to be solved can now be writ- 
ten out. They are 

c=y+t&[("")2, 1 - Y Y  y =  ("')y, I-YY 

at 2-00. When these equations are solved, y ~ ,  
and v1 can be computed from 

Also, the depth of the upper layer can be ob- 
tained; it is 1 + c  - x .  

The fact that the small constant b multiplies 
the differentiated terms of (32) and (33) indi- 
cates that this is a singular perturbation 
problem. In  what is obviously a boundary layer 
of thickness 6 near the coast the variables 
must depend on a stretched coordinate E = x i 6  
in order that the differentiated terms enter 
into the balance. Away from the coast, the 
variables are smooth functions of x. In  each 
region the equations may be solved by expand- 
ing in powers of &*; in the inner region near 
the coast the solutions are made to obey the 
boundary conditions at x = €  =0 ,  and in the 
outer region the solutions are made to satisfy 
the boundary conditions a t  x = 00. Any remain- 
ing ambiguity is resolved by requiring that the 
limit as 6 --t 03 of an inner solution matches the 
limit as x -, 0 of the corresponding outer solu- 
tion. 

We turn first to the determination of 5,  and 
in this we let a subscript i denote the inner 
solution, a subscript o the outer solution, and 
a superscript the order of the term in the 
expansion. Thus, when x is order unity, x being 
the outer variable, 

5 = ~ J X )  = cr ' (x)  + E * ~ ; ' ( X )  + &(x) + . . ., (37 a) 

and when x is small, of order b, 
5=51(€)=51"(€)+~'51~'(~)+~5P)(E)+ (37b) 

where E = x/ fi is the inner variable. 
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The process of substituting (37a) and (37b) 
into the equations, sorting out terms, and ob- 
taining the solutions is straightforward (Jacobs, 
1966). Here we present only the results, which 
give 5 with an error of order E* .  These are 

((0) =y+a~o)e- l fr ,  (38) 

5‘’) = 0, (39) 

C@) = JOw O(’)(x, 2’) $)(x, 2’) dx’, (40) 

whxo 

and the Green’s function G‘”(x, 2’) is 

a@) = ( 1  -$))” - f ,  

Q‘”(2,X’) 

(41) 

where x ,  is the greater and x <  the lesser of 
(2,  x’).  These expressions are uniformly valid 
in x;  to this order, the flow in the upper layer 
does not exhibit boundary layer phenomena. 

From the foregoing results, the meridional 
velocity and transport stream function are 
computed to be 

aw 
v1 = - - e-l’+ ( E l f )  (2) + O ( E # ) ,  (42) Ilr 

and 

y1 =y+a(O)e-~r+[(a(0))~/2f]e-’ l fr  

+,{C‘2’- ( a ‘ ” ’ f P ) C ~ ’ e - ~ ’ r } + O ( E ~ ) .  (43) 

Also, the depth a t  the coast of the upper layer 
is 

[ 1 + C‘O’ + E ( t2’ - *@’)], 0 

= v g  +E““’(O) - p ( O ) ] .  

We now turn to solution of the lower layer. 
With an error of order E ,  these equations are 

GYz = [ D  - yC‘O’] v (44 a) 

fi vz = - f + [ D  -y5‘0’]( 1 + Y) .  (44 b) 

I n  solving (44 a) and (44 b) i t  is expedient not 
to use the method of matched asymptotic ex- 
pansions. Instead, let 

P r  
t = J ( D - y ~ ‘ ~ ’ ) d x ;  

0 

then IlLYt = v, (45) 

I’LL‘,= l + Y - f / ( D - y C ‘ ” ) ,  (46) 

e‘Ftt-Y = l - f / ( D - y ~ ( ~ ’ ) ,  (47) 

which yield 

which in turn has solution 

y = - 1 + e - ‘ / f i  

Repeated integration by parts yields a se- 
ries in ascending powers of I;, of which we 
keep only the first two terms. The result is 

where r is ( D  -yC‘O)) evaluated at x = 0, i.e., it 
is the approximate (with an error of order E )  

depth of the lower layer at the coast. 
Recalling the definitions of t ,  Y ,  and V ,  we 

obtain from the above the uniformly valid solu- 
tions 

.*=.I [-- f 
11 - f$) 

exp [ - $; Ior ( D - y ~ ‘ o ) ) d x ] }  + O(ez),  (50 )  

and 

Note that the stretched boundary layer varia- 
ble is not x / b  as assumed earlier, but rather 
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Note also that away from the coast 

w, = 0 + O ( E ) ,  

so the term xa' which appears in (51) is 

It is in order now to  discuss these results. As 
noted earlier, the flow in the upper layer and 
the position of the interface behave to lowest 
order as if  the fluid in the lower layer were at 
rest. The flow in the lower layer is as if it 
were the flow of a one-layer fluid of given 
depth forced by a zonal velocity a t  infinity of 
magnitude E.  The meridional velocity in the 
lower layer is of magnitude E except in a layer 
of thickness near the coast where it is of 
order b. Consequently, the relative vorticity 
of the lower layer is smaller than the planetary 
vorticity by a factor of E except very near the 
coast, where it is comparable to the planetary 
vorticity . 

This has very important consequences, for 
it means that the direction of the deep meri- 
dional velocity is greatly influenced by the 
topography. Away from the coast the potential 
vorticity is essentially equal to the planetary 
vorticity divided by the depth of the layer, as 
shown by the first term in equation (50), in 
which, it will be remembered (D - ys'l') is the 
approximate depth of the lower layer. Conse- 
quently, if the depth of this layer decreases in 
the shoreward direction, the streamlines must 
deviate to the south in order to conserve po- 
tential vorticity. Since in the ocean there are 
regions in which the depth of the lower layer 
does decrease in the shoreward direction and in 
which there is a deep countercurrent (see Stom- 
mel, pp. 188-190), the present theory provides 
a possible explanation for the deep counter- 
current. 

Near the coast the relative vorticity of the 
lower layer is not small, and in this region the 
deep current according to this theory is in the 
same direction aa the surface current. 

Turning again to the flow in the upper layer, 
we note that the correction due to the motion 
of the lower layer must be important at least 
near y = 1, as seen from (41). Near y = 1, 

Tellus XX (l968), 3 

and the non-dimensional depth of the upper 
layer b, -comes 

which vanishes on the line 

This intersects the coast a t  a value of y some- 
what smeller than 1, 

J o  

and extends in a north-easterly direction from 
the point of intersection with the coast. At 
y = 1 the method of solution is invalid, because 
the correction term due to motion in the lower 
layer is no longer small and because the non- 
linear terms in the x momentum equation, 
which were neglected a t  the outset, also become 
large. In  fact, the values of u, and us become 
infinite like -t l/vry aa y -t 1. 

We note also that even for y < 1 the present 
theory is invalid unless VE-< r, for otherwise the 
basic approximation that C<x does not hold 
true. 

In  order to obtain numerical results we must 
assign numerical values to the constants, pick a 
representation for the bottom topography, and 
carry out the integration in (40). We take 
y = O  to coincide with 16' latitude, and chose 
D, =500 m, D, =4700 m, f o  =6.14 x 10-6 m-l, 
@ -2.07 x lo-" m-l sec-l, Ap/er  = 2  x lo+, E = 

0.04. Thus x is measured in units of 51 km, y in 
units of 2970 km, u1 and u, in units of 6.4 cm/ 
sec, and w, and vvp in units of 313 cm/sec. The 
transports T, and T, for the two layers are 

T, =(79.8 x 106 ms/sec)cy,, 

T, =(750 x 10' ma/sec)yI, 
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Fig. 2. Meridional velocity of upper layer vs. dimen- 
sionless distance from coast at y = 0.75. 

and with E =0.04 this yields 

T, = 63.8 x lo8 m3/sec, 

T, = 27.0 x 10' m3/sec 

at y =0.75, which is close to 35" latitude. These 
values are a t  least representative of those for 
the Gulf Stream. 

For the topography, we use a smoothed re- 
presentation by taking 

D =0.5 +x/12, 0 < X  <6,  

D = l ,  x > 6 .  

This was chosen more for convenience than for 
accuracy, though apart from omission of the 
steep part of the continental shelf it is not un- 
reasonable. 

For evaluating the integral in (40), we make 
use of the fact that y = D,/D, is small, of the 
order of 0.1. Indeed, a theory could be made 
(and has been, by the author, though it is not 
presented here) based entirely on the fact that 
the lower layer is much thicker than the 
upper. For small y,  we make the approximation 

400 
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N 100 
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Fig. 3. Meridional velocity of lower layer vs. di- 
mensionless distance from coast at y = 0.75. 

in the integrand of (40), and then find that for 
a constant slope bottom t'2' can be expressed 
in terms of elementary functions and various 
types of exponential integrals, which are 
tabulated. The expression for ["' is lengthy and 
uninformative, and is not presented here. 

In  Figs. 2 and 3 the velocities vl and v, are 
plotted. The maximum value of the deep coun- 
tercurrent is 7 cm/sec, and it occurs some dis- 
tance from the coast. There is also a surface 
countercurrent, but this is weaker than the 
deep countercurrent, its maximum velocity 
being 3 cm/sec. The location of the counter- 
currents appears to be in reasonable agreement 
with observations, but their magnitudes are too 
small. These could be increased by using 8 

larger value of E or a greater amplitude for the 
bottom topography, but then the method of 
solution used here becomes invalid. 
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52r 
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Fig. 4. Position of interface at y=O.75. 

The position of the interface is shown in 
Fig. 4. As can be seen, there is no indication 
of a warm core, which would be characterized 
by a decrease of the depth of the upper layer 
in the seaward direction. 

3.B. General theory 
We turn now to the task of generalizing the 

previous results, and in this we assume only 
, that the magnitude of 21, is of order unity, 

while that of 6, is of order E. It follows that 
a,(y,) will be of the form 

K l ( Y 1 )  = A ( y , )  + E B ( W I )  + O ( 4 ,  

adyo) = &G(Va/&) + O(&% 
and that 

here A, B, and C are functions with amplitude 
of order unity. 

Defining Y, V, 5 and x as before, and again 
letting superscripts denote the order of a term 
in expansions in powers of E ) ,  we have 

T I I  = V I ( 1  + 5 - X I ,  (52)  

211, = - f  +(1 + 5  -x) (A’(y , )  +EB’(YI) +...), (53) 
- 

l ’ E Y z =  V(D-yC+yx) ,  (54) 

VE V ,  = - f + (I) - y5 + yx)(C’(Y) + . . . ), 
5 = A(yJ  + eB(y1) + . . . - + u;, 

x =&[c(Y) + . .. - i V ’ ] ,  

(55) 

(56) 

(57) 

where 

to b3 solved subject to 
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(58)  

In  discussing the top layer, we use the results 
found previously, that with an error of order 
et the variables in the top layer do not exhibit 
boundary layer character, and furthermore 
have no term proportional to E* in their expen- 
sion. Also, we use 

fv, = c,, 
which comes from the z momentum equation. 

Now YJlZ = ( ,(I+ U / f -  vxt (59) 

83 yl = (5+  it’)/f + Jzm q d z + b .  (60) 

Here b is a function of y which is determined by 
the values of y1 and 5 at r = M. In  general, it  is 
of the form 

b = b“’ + Eb“’ + . . . . 
Inserting perturbation series and sorting out 
terms, we arrive a t  

Since 

and since 

f+u:“l=(l +5‘0’)A’(y:o’), 

p = = A ( y y ’ )  - (p)”/2fB 
we have from (66) 

and 

((l’ = y p ( f  + Vg’)/( 1 + “O’) + B(y!O’) - u y ’ g ’ / f .  

(66) 

Consequently, frcm (61) and (65), we obtain 

C“’ + ( 5 ~ ’ ) * / 2 f ’  =A[(‘’’( 1 + t[‘O’)/f + b“’], (67) 
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a differential equation which can be solved by 
quadrature, while the equation for ((2’ becomes 

(5“’ /Vl0’), 

= rf /(vP’)’l 

(68) 

which can also be solved by quadrature. This 
completes the solution for the flow in the upper 
layer, since from the solutions for 5‘” from (67) 
and for c‘2’ from (68) the other variables of 
interest can be calculated. 

If  we let 

t = IOr ( D  - yc“’) d x  

as before and neglect terms of order E ,  the equa- 
tions describing the flow in the lower layer 
become 

C’&Y, = v, (69) 

1/; V ,  = D’(Y)  - f /G( t ) ,  (70) 

where G ( t )  = D - y(‘O’. 

These will be solved by the method of matched 
asymptotic expansions, the inner variable being 
t =t/C/E. Thus when t is order unity, 

Y=YbO’(t)+ IIEYp(t)+ ..., 

YP =Y:0’(t) + I/EYll)(t) + ..., 

- 
and when t is smdl, cf order YE, 

and V is treated in the same way. 
In  the outer region, 

V r )  = 0, C’(Y:)) = f / G ( t ) ,  (71) 

and V p  ,y$), y6“ = 0. (72) 

Bearing in mind the definition of G(t ) ,  this 
indicates that as in the case treated in 3.A the 
velocity in the lower layer is found by requiring 
conservation of f divided by the depth of the 
layer. 

For matching the outer solution to the inner 
solution, we need the results that when t is 
order 1 ,  

SO C~[Y%)(O)I = f / c t ( O ) ,  

C~[YlP)(O)] = - fQ’(0) /[G’(O) Y::’(o)l. 

In the inner region, 

Yi, = v,, 
Vt,=C’(Yj) -f/a(L~),  

which combine to 

(73) 

(74) 

Yi*,=C’(Yi) - f / G ( L ) .  (75) 

Y$’r= Cr(Yio)) - f /G(O) ,  (65) 

Consequently, 

Y::; =Yf(’)C”(YiO)) +fG’(O) t / G z ( 0 ) .  (77) 

Multiplying (76) by Yi:) and integrating, we 
obtain 

4(Y$:))2 =C(Yf“’)  - fY;”/ ia(O)  +d(O). (78) 

Here d“) is a constant of integration which is 
found by using 

Y$+Y$’(o) as t+w. 

Using the value of d(O) obtained in this way, 
we can then solve (78) by quadrature, using 
the boundary condition a t  t = 0. 

Before solving (77),  we note that as  t+w, 
Y$’)--> t Y $ ( O ) ,  hencs 

Y$’)C’’(’Y~)) + - fG’(0) t / G z ( 0 ) ,  

as i t  should. Now 

1 

hence (77) becomes 

[ ?‘~)Y$)- V$:)Y$l)]r =fG’(O) t V ~ ’ / G ’ ( O ) ,  (79) 

and integration together with application of 
the mstching condition yields 

[Y$”/VT’]T = -[fG’(O)/(G(O) V ~ ) ) ’ ]  t V T ’ d t ,  

(80) 
IrW 
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so the solution of this equation also is obtained 
by quadrature. Hence the equations of the 
lower layer are solved, and a uniformly valid 
solution can be constructed. 

It is important to note that as in 3.A the 
relative vorticity of the lower layer is negligible 
except very near the coast. Consequently, away 
from the coast, a decrease of depth of the lower 
layer in the shoreward direction implies south- 
ward motion of the deep water. 

4. Numerical results 

In order to check the analysis an attempt has 
been made to obtain numerical solutions for the 
case discussed in 3.A. The method consists of 
guessing values of v1 and w1 at x -0 and then 
integrating. A Runge-Kutta scheme with spa- 
tial steps of 0.005 was used. 

In  general the initial guesses will be incorrect 
and the integration must be repeated with 
different values of ~ ~ ( 0 )  and v,(0) until the solu- 
tions appear to obey the boundary conditions 
at x = 03. The integration is easier if topography 
is ignored, for then it can be shown that 

A = f ( ~ i  + ~ h )  -ni - ~ z / Y  -?An1 -nz)* 
is independent of x. Since A is a function only 
of y it can be computed from the known con- 
ditions at x = co. This provides a relation be- 
tween wl and vp so that (say) only vJ0)  need 
be guessed. No such simplification was found 
for the topographic case. 

It is difficult to say whether the numerical 
integrations represent true solutions because in 

Table 1. Comparison of analytical and 
numerical reaults 

Velocities are given in cm-sec-1 

Analytic Numerical 
> - 

Y V l ( 0 )  4 0 )  V A O )  V * ( O )  

Non-topographical m e  

.25 83 16 82 16 

.50 174 32 171 31 

.75 285 46 265 45 

Topographical w e  
-25 105 82 79 82 
.50 215 114 178 111 
.75 364 162 284 119 

4001 
I \  

x (DIMENSIONLESS 1 
Fig. 5. Numerical solution for meridional velocities 
at y=a.75. 

many cases the numerical solutions diverge 
with x. It is felt that this is due to incorrect 
values of vl(0) and v,(O), since the solutions are 
extremely sensitive to the initial conditions. 
The results of a typical calculation are shown in 
Fig. 5, which represents the best result that 
could be obtained with a rea~onable amount of 
effort. It is apparent that for x greater than 2.5 
the numerical solution is inaccurate. In  Table 1 
the values of vl(0) and vp(0) as found analyti- 
cally and numerically are compared for dif- 
ferent values of y. The agreement is much better 
for the non-topographic case, in which both 
the analytical and numerical solutions are more 
accurate. 

In  view of the great difficulty in obtaining 
numerical solutions the principle conclusions 
of this paper must rest on the analytical work 
of the previous section. The numerical results 
serve to check some of the qualitative features 
of the analysis, however, and for this reason 
have been presented. 

5. Concluding remarks 

An interesting result is the separation of the 
boundmy current from the coast a t  a slightly 
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smaller value of y than that predicted by the 
Charney-Morgan theory and the existence of 
large positive zonal velocities in both layers 
near the separation latitude. The flow in the 
region near this latitude is not accurately 
described by the present theory. In order to 
obtain such a description and thus to treat the 
portion of the Gulf Stream northward and 
eastward of Cape Hatteras a much more exten- 
sive theory is necessary. 

The present work is applicable south of the 
separation latitude and appears to account for 
a number of observed features of the Stream. 

However, frictional effects, which have been 
ignored here, ar‘e undoubtedly important at 
least very near the comt. An extension of the 
present theory by inclusion of frictional effects 
would serve to put the work on a firmer basis. 
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A P P E N D I X  

An existence criterion 

A necessary condition for the existence of 
solutions can be obtained by linearization about 
the flow a t  infinity. The solutions of the linear- 
ized equations are then examined to see if they 
decay with x, as they should. 

We will use the dimensional form of (23) and 

We now let 
Qk = ( l / Q k )  a /ay  log P k  (-4.6) 

and obtain, after linearization of the left sides 
of (A.l )  and (A.2), 

(24) for this purpose, ( l / f ) V l * *  +(&l --P,)V, +PZ% =o, (-4.7) 

and linearize taking cpk = nk - f r k  to be small. 
We will also take b = & y ) ,  thus assuming that 
there is no appreciable dependence of the topo- 
graphy on z far from the coast. 

In what follows, we let 

which in turn leads to 

The expression inside the curly bracket is 
easily shown to be positive, and hence the eigen- 
values A are either pure real or pure imaginary. 
In order that they be real, so that the solutions 
decay exponentially with x, 

=g‘[Pk - (g‘plk/gllik)Pku]. (A.5) which is the desired criterion. 
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Now let d,<O, u,<o (A.14) 
6, =D, +I?, -IL and 

6, = D a  +Ii* - iI1 -8; 

p(6,~Y~ +d,S,) +j6,8, ( 0 ,  (A.17) 

which is a special case of a result proved by 
Pedloskeg (1965) for a baroclinic fluid and which <616zS"(Bs1)(Bsa +f8u)1'fa* (A'13c) 

It is now a matter of working through the reduces to Greenspan's criterion if 6, -ha. It 
should be noted that a rapid variation of topo- 
graphy with y can be highIy important even 
though 6, is in general quite small. 

inequalities to find that: 

(1) for /IS, t f 8 ,  > O  
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ABYXCJIOBHAH MOAEJIb rOJIbQCTPI4MA 

TOfi 06nac~a T e W H H R ,  B KOTOpOfi ~ a 6 n m n a m ~ c ~  
6 0 n b w ~ e  CKOPOCTH. O H H  I IpenCTaBXRIOT ~06010 
a@@eKT IIpHAOHHOfi  T O n O r p a @ H H .  ApyI 'Ofi  B a r n -  
HbIfi P e a y J I b T a T  COCTOHT B TOM, 9 T O  IIOBepXHOCTb 

HU3KHX UIHpOTaX, eCJIH r J I y 6 k i H H a R  B O n a  H I X O -  

BepXHOCTH paanena C IIOBepXHOCTbIO MOPR YXO- 
AHT B M o p e  B CeBePO-BOCT09HOM H a n p a B n e H U H  

pasnena BEJXO~HT y Bepera H a  n o s e p x H o c T b  R 

~ H T C R  B n B H H c e H u n ,  M JIHHHR n e p e c e q e H m  no- 

OT 6epera. Teopm T e q e H m  B ~ J I H ~ H  JIHHHH HY- 
n e B o f i  rny6uan B e p x H e r o  C ~ O R  B c e  ewe H e  
nonea. 
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