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ABSTRACT

A theory is developed for a two-layer inertial model of the Gulf Stream. Both layers
are in motion, but it is assumed that the ratio of the geostrophic drift in the lower
layer to that of the upper layer is small. Approximate analytical solutions are obtained
under this assumption. In addition, a criterion for the existence of inertial boundary
currents is established. An important result is the prediction of deep and surface
countercurrents to the east of the high velocity part of the Stream. These are due to
the effect of bottom topography. Another important result is that the interface at the
coast comes to the surface at a lower latitude if the deep water is in motion, and that
the intersection of the interface and the sea surface extends out to sea in a north-
easterly direction from the coast. The theory of the flow near the line of zero upper

layer depth is as yet incomplete.

1. Introduction

This paper is about the Gulf Stream, or, more
precisely, that portion of the Gulf Stream which
lies along the North American continent. In
the theory used here (cf. Charney, 1955 and
Morgan, 1956) the boundary current is con-
gidered to be driven by advection of mass at
its seaward edge rather than by the local
wind stress. The boundary current can thus be
studied as an isolated entity, provided that
the mass flux into the current is known.

In Charney’s and Morgan’s papers a two-
layer model was used, the lower layer being
assumed motionless. Their results are in good
agreoment with observations except for an
absence in the theoretical results of counter-
currents east of the high velocity part of the
Stream (see Stommel, 1965, p. 123).

More recent papers have attempted to extend
the earlier work to take account of motion of
the deep water. Robinson (1963) uses what is
essentially a quasi-geostrophic theory for a
stream with eontinuous density and velocity
variation with depth. His paper is concerned
more with setting up a theoretical framework
than with obtaining detailed results. In another
recent paper (Blandford, 1965), the earlier two-
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layer model was modified by considering three
layers, the lower one being at rest. Blandford
attempted to find a deep countercurrent,
presumably due to advection of warm water
from low latitudes which causes a zonal tempera-
ture contrast, but in this he was unsuccessful.

In the present work a two-layer model is
employed with both layers in motion. Thus,
by contrast to the other layer models, the
effect of topography on the Stream can be
included. An analytical solution is obtained
under the assumption of small velocities in the
lower layer. Some numerical results are also
presented.

The effect of topography proves to be very
important, for under the assumption that
velocities in the lower layer are small, the rela-
tive vorticity of the lower layer is negligible
except very near the coast; and consequently,
the requirement of conservation of potential
vorticity in a region of decreasing depth of the
lower layer in the shoreward direction implies
a deep countercurrent. This proves to be at
approximately the same location and with the
approximate magnitude of that observed
(Stommel, p. 188). A surface countercurrent
somewhat east of the deep countercurrent is
also predicted, though this is somewhat weaker
than observed.

In addition to the foregoing results, & cri-
terion for the existence of inertial boundary
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currents is obtained. This generalizes earlier
work by Greenspan (1963) but its conclusions
are essentially the same, namely that a sharp
northward variation of depth at the seaward
edge of the Stream may be incompatible with
the existence of an inertial boundary current.

2. Formulation

We consider a two-layer fluid on the f-plane,
with Coriolis parameter f = f, + Sy, and with co-
ordinates (z, y, z) which measure respectively
distance to the east, the north, and in the
vertical. The flow is assumed to be steady,
inviscid, and geostrophic in the  direction.
The fluid is bounded below by bottom topo-
graphy at z =b, above by a free surface at z = H,
and to the east by a meridional wall at  =0. No
mass flux is allowed across the interface, z = .

Let subscripts 1 and 2 denote quantities in
the upper and lower layers, and let subscript
k when it appears be either 1 or 2. Also, let
D, and D, be the depths of the upper and lower
layers at z =co, ¥ =0, and let IT, and II, be
defined by

H =D, + D, +10I, Ag/e,, (1a)

h =D, +1I, — I, 0,/0, (1b)

where Ap =g, —¢,. Imposing the conditions that
the pressure vanishes at the free surface and

is continuous at the interface yields
Pi/e1 +92 =g(D, + D,) +¢'I1,, (2a)

Po/os +92 =g(D,0:1/0s + Dy) +g'Il,,  (2Db)

where ¢’ =gAp/p,, while the definitions of II,
and II, lead to

H-h=D,+1I, ~1I,, (3a)
h—b=D,+II, - II,0,/0s -
~D, +1I,-1I, -b. (3b)

In the definition of the depth of the lower layer,
(3b), we have assumed that Ag/g,;<1.

The equations of motion consistent with the
above definitions and assumptions are

—fo +9'TL; =0, (4)
Up Vg T Uy + iy +g'I, =0, (5)

[uy (D, +11, —11,)], + [vy(D, +1II, - Hz)]y =0,
(6)
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Fig. 1. Flow configuration.

and [us(D, + 11, — 11, —b)],

+{wa(Dy +I1, 11, -8}], =0 (7)

Taking #,(y) and #,(y) to be known functions,
we require that

(oo, y) =Uy(y), viloo, ) =0,  (8a)

l.e., we consider the boundary current to be
driven by & known zonal flow at its seaward
edge. In addition, the kinematic condition at the
coast implies

(0, y) =0. (8b)

As a last condition, we require that there be
no net transport between the coast and the
point x = oo, y =0.

It is convenient now to introduce non-dimen-
sional variables. These are

a*=(f,/Va'D)x, y*=B/f)y,
u,lt:(fg/glﬂDl)ukr ’U:=(1/l 9'Dy) vy,
Ik =(1/D)I, f*=1+y*, D*=1-b/D,,

D* being the non-dimensional depth of the
lower layer in the absence of flow.

The non-dimensional version of the equations
of motion is, with asterisks omitted,

—fop + 1L =0, (9
Uy Uz + Oy Uy + gy + I, =0, (10)
[uy(1 + 10, ~IL,)]; +{vy(1 +10, ~1)], =0,  (11)
and
{e D +(T1, ~T1)1}, + {w,[D + p(TT, - 11,1}, = O,
(12)

where y = D,/D,.
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This scaling is convenient, but overestimates
somewhat the meridional extent of the current.
It also overestimates, by a large amount,
velocities in the lower layer.

We choose to work with first integrals of the
equations of motion rather than with the
equations themselves. To this end, we introduce
transport stream functions y, and y, through

v =vy(1 + 11, - I1,),

vy, = —wl[l +11, - 11,), (13)
o =0 D +p(Il, —I1,)],
Yoy = ~ua[D +y(I, - I1)}  (14)
and define Bernoulli functions «, and «, by
o =TI + 3 0. (15)

It is easily shown that the potential vorticity
and Bernoulli function of each layer are con-
stant on streamlines, whence

oy, = o () (16)
and fAvy, =(1+10, - T} ay(yy), (17
fHve, =[D +p(I; — )] a(ys).  (18)

Replacing II, and II, in these equations and in

Y1 =vy[1 +11; ~11,], (19)

Y2, =vy[ D +p(I1, - 11,)], (20)

through the use of (15) provides a system of
four equations in the four unknowns v,, v,
¥1, ¥z in place of the original system. As bound-
are conditions, we have

¥(0, y) =0 (21a)

and also

v
g)l(oo, y)= - f dx[l“{“ﬁx—ﬁa]dyv (21 b)
0

¥
Py(c0, ) = —f Ay D(y) +p(f1, - 11))dy, (21 ¢)

o

where D(y) = D(o0, y) and where

y
Ii(y) = — f iy dy =TIi (o0, y). (22)
0

An alternate integrated form of equations
(9)-(12) which is useful for some purpcses is
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(23)

f+ (1/f(Masz =[D +p(I1, - I1)] F, [H, + 2—; n] .
(24)

These follow from the fact that the potential
vorticity and Bernoulli function of each layer
are constant on streamlines and hence func-
tionally related. Use of the z momentum
equations to express v, and v, in terms of IT, and
II, leads immediately to the desired result, a
set of two equations in the unknowns II, and
II, in place of the original system. Since from
the y momentum equations

1

[Hk+ gal_ﬁc:c:l = —wlf+(1//) Dz.],  (23)
v

the boundary conditions for this last sat of

equations are

1
II,C+2—21T7'¢I=0 at x=0, (26)

f
and (22).

3. Analytical solutions

Though the process of numerically integrating
the equations is difficult and time consuming,
some numerical solutions have been obtained
and will be presented below. Here, however,
we present an analytical solution. The method
of obtaining this is based on the fact that
velocities in the lower layer are much smaller
than in the upper layer, so that to lowest
order the flow in the upper layer and the posi-
tion of the interface are decoupled from the
flow in the lower layer. The flow in the lower
layer and higher order approximations in the
upper layer are then determined using the
method of matched asymptotic expansions
(Van Dyke, 1964). We will obtain solutions first
for a particularly simple case and then gene-
ralize.

3A. A quasi-linear case

Suppose the zonal velocities at x = oo are

14y
(1-yy)*
Tellus XX (1968), 3

dy(y)=—-1/f-¢ (27 a)



A TWO-LAYER MODEL OF THE GULF STREAM

Uy(y) = —¢ (27b)

1+y
(1-yy)”
where ¢ is a constant, and suppose also that

in the open saa the bottom is flat, so that
D(y)=1. Then

I 2

B =y +ie [(1_—+:y) - 1] . (@28a)
1
) =s(l _‘;’y) v, (28b)
f,=y+3e [(llj;’y) - 1], (28 c)
2
and Ly)=1e [( l+y) - 1]. (28 d)
1-yy
It follows that

“1("’1) =¥ (29 &)
and oy(s) = Be[(1 +1py f)" — 1] (29b)

For this flow, the potential vorticity of the
upper layer is constant, in agreement with
observations (Stommel, p. 111). We exploit
this fact in using equation (23) to describe the
flow in the upper layer, since (23) is linear in
II, for constant potential vorticity. The flow
in the lower layer will be described by equations
(18) and (20).

Another fact which will be exploited is that
e¢<1 if the flow is to be representative of oceanic
conditions, since the velocities in the lower layer
are much smaller than those in the upper layer.
Consequently, the interfacial position must be
only weakly dependent on the flow in the lower
layer, which thus behaves much like the flow
of a one-lower fluid of given depth forced by a
zonal velocity at infinity of magnitude &. This
motivates the introduction of a scaled stream
function » and meridional velocity V through

¥, =e¥, v,=VeV, (30a)

in which it is assumed that y and V are order
unity. For notational reasons, we introduce two
more new functions { and y through

¢=II,, x=IL. (30Db)

The equations to be solved can now be writ-
ten out. They are

y+(1/H8ez=Cx
Tellus XX (1968), 3
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VeW,=[D+pix-NV, (32)
VeV, —f+[D+plx-O1+¥),  (33)
x=[(1+¥) -1-77), (34)
which are to be solved subject to
£+ %,Ciﬂ}uo at x=0, (35a)
and
2
c=y+&s[(l—+ﬁ) , w- (—lﬂ) y, (35b)
1-yy I1-yy

at x=o0. When these equations are solved, p,
and v, can be computed from

v1=c,t/f, 1/’1=C+§‘U§- (36)
Also, the depth of the upper layer can be ob-
tained; it is 1 +{ — .

The fact that the small constant e multiplies
the differentiated terms of (32) and (33) indi-
cates that this is a singular perturbation
problem. In what is obviously a boundary layer

of thickness V:: near the coast the variables

must depend on a stretched coordinate & =x/ l[s
in order that the differentiated terms enter
into the balance. Away from the coast, the
variables are smooth functions of z. In each
region the equations may be solved by expand-
ing in powers of &f; in the inner region near
the coast the solutions are made to obey the
boundary conditions at z=£ =0, and in the
outer region the solutions are made to satisfy
the boundary conditions at x = co. Any remain-
ing ambiguity is resolved by requiring that the
limit as &£ - oo of an inner solution matches the
limit as x>0 of the corresponding outer solu-
tion.

We turn first to the determination of ¢, and
in this we let a subscript ¢ denote the inner
solution, a subscript o the outer solution, and
a superscript the order of the term in the
expansion. Thus, when z is order unity, z being
the outer variable,

£ =Col@) =L (@) + P (@) + LS (@) +..., (37a)

and when z is small, of order V;,

E=LuE) =) + () + L) + ..., (3TD)

where § =:v/ V; is the inner variable.
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The process of substituting (37a) and (37b)
into the equations, sorting out terms, and ob-
taining the solutions is straightforward (Jacobs,
1966). Here we present only the results, which
give  with an error of order ¢¥. These are

(0 =y+a®e VP, (38)
P =0, (39)

o0
(@ = f @z, a) 1" (z, @) d2’,  (40)
(4

@ =1-y-1,

and the Green’s function G®(z, z°) is

whore

Pz, z")

— )
= ~f: e Vie- [sinh fo( + % cosh l[fx)] ,

1-y f
(41)

where x_is the greater and x_ the lesser of
(x, ). These expressions are uniformly valid
in x; to this order, the flow in the upper layer
does not exhibit boundary layer phenomena.
From the foregoing results, the meridional
velocity and transport stream function are
computed to be
©
v, = — R e V7

+E/HP +0el),  (42)

and

p=y+a® VT 1 (@) 2116”72

+e{t® - @@ eV} roGh). (43)

Also, the depth at the coast of the upper layer
is

(1429 +6(C® = ™) )z0
=V1—y* +£L®(0) - y®(0)].

We now turn to solution of the lower layer.
With an error of order ¢, these equations are

Ve, =[D-ytv (448)

VeVom —f+[D—pt®Y1+¥).  (44Db)

In solving (44 a) and (44 D) it is expedient not
to use the method of matched asymptotic ex-
pansions. Instead, let

8. J. JACOBS

= f (D~ L) da;
0

then Vew,=V, (45)

VeV, =1+ —f/(D-pt®), (46)

which yield

eFu—W=1-f/(D—-y), (47)
which in turn has solution
Yo —14etlVE
_ _ o gtlVe
—tfye _e___ ,
+(f/2Ve) {e f (D—yc“”)dt
Ve ot = 1Ve
J-t (D- C(o)) w
o0 —t Ve
_etlVE
) f T )

Repeated integration by parts yields a se-

ries in ascending powers of l/e, of which we
keep only the first two terms. The result is

. f I-T\ _uye
“=[17-W>‘1]"(T)“/“°“” “9

where I'is (D —‘yC(O)) evaluated at x =0, i.e., it
is the approximate (with an error of order ¢)
depth of the lower layer at the coast.
Recalling the definitions of ¢, ¥, and V, we
obtain from the above the uniformly valid solu-

tions
_ [*L‘ _ 1] _ (f-_P
Ya=¢ D_ﬂ(o) T

. 1 * (0) 2
X exp [ “ fo (D-y )d:v]} +0(Y), (50)

and
- f——r _ i [I D- (0) d]
v,=l/s(-——r )exp[ v to (D -9y dx
Dz"' Cg))
~ ¢f (D“y’;(@ +oEh).  (51)

Note that the stretched boundary layer varia-
ble is not z/ Ve as assumed earlier, but rather

(1/V;)f (D - yt®) da.
0

Tellus XX (1968), 3
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Note also that away from the coast

vi=e [D—_’y—cm - 1] + (e,

vy =0+ 0(e),

go the term y°

@_1 o
Xo 2 (D—yC(O))’ 1{.

It is in order now to discuss these results. As
noted earlier, the flow in the upper layer and
the position of the interface behave to lowest
order as if the fluid in the lower layer were at
rest. The flow in the lower layer is as if it
were the flow of a one-layer fluid of given
depth forced by a zonal velocity at infinity of
magnitude ¢. The meridional velocity in the
lower layer is of magnitude ¢ except in a layer

which appears in (51) is

of thickness V;: near the coast where it is of

order Ve. Consequently, the relative vorticity
of the lower layer is smaller than the planetary
vorticity by a factor of ¢ except very near the
coast, wherd it is comparable to the planetary
vorticity.

This has very important consequences, for
it means that the direction of the deep meri-
dional velocity is greatly influenced by the
topography. Away from the coast the potential
vorticity is essentially equal to the planetary
vorticity divided by the depth of the layer, as
shown by the first term in equation (50), in
which, it will be remembered (D —yt®) is the
approximate depth of the lower layer. Conse-
quently, if the depth of this layer decreases in
the shoreward direction, the streamlines must
deviate to the south in order to conserve po-
tential vorticity. Since in the ocean there are
regions in which the depth of the lower layer
does decrease in the shoreward direction and in
which there is a deep countercurrent (see Stom-
mel, pp. 188-190), the present theory provides
a possible explanation for the deep counter-
current.

Near the coast the relative vorticity of the
lower layer is not small, and in this region the
deep current according to this theory is in the
same direction as the surface current.

Turning again to the flow in the upper layer,
we note that the correction due to the motion
of the lower layer must be important at least
near y =1, as seen from (41). Near y =1,

Tellus XX (1968), 3
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2 -
G(z)(:c, &)~ — e V‘Z(z)+.t<),
Vi-y
and the non-dimensional depth of the upper
layer bzcomes

2¢ oV
-y
) .
xf e—ﬁl‘ l(()?)(x/)dx/’
0

1+C—xm2+[V1—y’—2]e"V§I—V

which vanishes on the line

S

*®
X f e_ﬁt'xgz)(x/) dxl} .
o

This intersects the coast at a value of y some-
what smaller than 1,

_ 0
yal-V2 ef e_ﬁx'xf,”(x’) dz’,
]

and extends in a north-easterly direction from
the point of intersection with the coast. At
y =1 the method of solution is invalid, because
the correction term due to motion in the lower
layer is no longer small and because the non-
linear terms in the z momentum equation,
which were neglected at the outset, also become
large. In fact, the values of u, and u; become
infinite like +1/V1 ~y as y-1.

We note also that even for y <1 the present
theory is invalid unless Ve <T, for otherwise the
basic approximation that {<y does not hold
true.

In order to obtain numerical results we must
assign numerical values to the constants, pick a
representation for the bottom topography, and
carry out the integration in (40). We take
y =0 to coincide with 15° latitude, and chose
D, =500 m, D,=4700 m, f,=6.14 x10~5 m-1,
f=2.07 x10-11 m~ gec!, Agfe,=2x1073, ¢=
0.04. Thus z is measured in units of 51 km, y in
units of 2970 km, u, and u, in units of 5.4 cm/
sec, and v; and v; in units of 313 em/sec. The
transports T, and T, for the two layers are

T, =(79.8 x 10® m3/sec)y,,
T, = (750 x 108 m?/sec)y,,
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Fig. 2. Meridional velocity of upper layer vs. dimen-
sionless distance from coast at y =0.75.

and with ¢ =0.04 this yields
T, =63.8 x 10® m®/sec,
T, =27.0 x 10® m?*/sec

at y =0.75, which is close to 35° latitude. These
values are at least representative of those for
the Gulf Stream.

For the topography, we use a smoothed re-
presentation by taking

D=-0.5+2/12, 0<z<6,

D=1, x> 6.

This was chosen more for convenience than for
accuracy, though apart from omission of the
steep part of the continental shelf it is not un-
reasonable.

For evaluating the integral in (40), we make
use of the fact that y =D,/D, is small, of the
order of 0.1. Indeed, a theory could be made
(and has been, by the author, though it is not
presented here) based entirely on the fact that
the lower layer is much thicker than the
upper. For small y, we make the approximation

x (DIMENSIONLESS)

Fig. 3. Meridional velocity of lower layer vs. di-
mensionless distance from coast at y =0.75.

1
(D= yt®)
o 1 1
(D —yy—yae Vizy~ (D —py)’
) -
+ 2)/(1 36_sz
(D-yy)

in the integrand of (40), and then find that for
a constant slope bottom ¢® can be expressed
in terms of elementary functions and various
types of exponential integrals, which are
tabulated. The expression for £® s lengthy and
uninformative, and is not presented here.

In Figs. 2 and 3 the velocities v; and v, are
plotted. The maximum value of the deep coun-
tercurrent is 7 cm/sec, and it occurs some dis-
tance from the coast. There is also a surface
countercurrent, but this is weaker than the
deep countercurrent, its maximum velocity
being 3 cm/sec. The location of the counter-
currents appears to be in reasonable agreement
with observations, but their magnitudes are too
small. These could be increased by using a
larger value of ¢ or a greater amplitude for the
bottom topography, but then the method of
solution used here becomes invalid.

Tellus XX (1968), 3
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Fig. 4. Position of interface at y=0.75.

The position of the interface is shown in
Fig. 4. As can be seen, there is no indication
of a warm core, which would be characterized
by a decrease of the depth of the upper layer
in the seaward direction.

3.B. General theory

We turn now to the task of generalizing the
previous results, and in this we assume only
. that the magnitude of #, is of order unity,
while that of 4, is of order e. It follows that
o3 (,) will be of the form

ay(y1) = A(y,) +eB(y,) +0(c?),
and that
aa(y,) =eCly,fe) +0(e?);

here A, B, and C are functions with amplitude
of order unity.

Defining ¥, V, { and y as before, and again
letting superscripts denote the order of a term
in expansions in powers of &¥, we have

¥ =oll+8—2), (52)

Vip = ~fH(L+L~ 1) (4 (p) +eB'(y,) +...),  (53)
Ve, = V(D -yt +yy), (54)

VeVy= ~f+(D -yt +px)C(F) +...), (55)
where  [=A(y,) +eBly,)+... —} o5, (56)
1 =e(C(T) +... -3V, (67)

to ba solved subject to

Tellus XX (1968), 3
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(0, ¥) =¥ (0, 4) =0,
vi(00, y) =9, (y),
‘I"(oo, y) = ‘ipx(y)'

(68)

In discussing the top layer, we use the results
found previously, that with an error of order
¢! the variables in the top layer do not exhibit
boundary layer character, and furthermore
have no term proportional to et in their expan-
sion. Also, we use

,fvl = C;s
which comes from the x momentum equation.

Now Y =C(1+8)/f-vy (59)

-]

82 %=(4‘+&C’)//+f vydz +b. (60)

T

Here b is a function of ¥ which is determined by
the values of ¢, and { at = co. In general, it is
of the form

b=b@ +® +....

Inserting perturbation series and sorting out
terms, we arrive at

vi” =01+ 3V /f 7, (61)
$ =L+ 10® + f Oy Cdz+5P. (62)
xz
Since
A(p,)+eBy,)
= A") +elyP 4 (p™) + Bp®)1+0("), (63)
and since
fHo2=(1+29) A" "), (64)
we have from (66)
£ = A7) - &) 121 (85)

and

EP=yP(f+ V) /(1 + L)+ By - oD /f.
(66)

Consequently, frcm (61) and (65), we obtain

g0+ €21 = ALEP QL + 3 P)f + 60, (67)



510

a differential equation which can be solved by
quadrature, while the equation for {® becomes

€@ o),

=[f/(@)]
x {B(w‘f”) + A’ (pl”) U - o7y dx + b‘”] },
(68)

which can also be solved by quadrature. This
completes the solution for the flow in the upper
layer, since from the solutions for ¢ from (67)
and for t® from (68) the other variables of
interest can be calculated.

If we let

t= f (D-yt0)da
[

as before and neglect terms of order ¢, the equa-
tions describing the flow in the lower layer
become

Vew,=V, (69)

VeV,=D'(¥)-1/G(), (70)

where G(t)=D - ¢®,
These will be solved by the method of matched
asymptotic expansions, the inner variable being

T =tf V; Thus when ¢ is order unity,
¥ —wO(t) + Ve¥ () + ...,
and when ¢ is small, ¢f order V;,

W =) + Ve¥ @)+ ..n,

and V is treated in the same way.
In the outer region,

V=0, C(¥)=1/6(), (71)

and Ve =w, v’ -o. (72)
Bearing in mind the definition of G(t), this
indicates that as in the case treated in 3.A the
velocity in the lower layer is found by requiring
conservation of f divided by the depth of the
layer.

For matching the outer solution to the inner

solution, we need the results that when ¢ is
order Ve,

S. J. JACOBS

¥~ FO(0) + Ver¥$(0),

11 .
a5~ a0 Ve@(0)7/GY(0),
50 T (0)]=1/G(0),

CTEP(0)] = - 167(0) /(G (0) P (0)].

In the inner region,

\Fi‘t = V{, (73)
Vie=C'(%) —1/G(Ver), (74)
which combine to
Yoo = C(¥) - 11G(Vex). (75)
Consequently,
Wi =C'(¥{”) - f/&0), (65)
Yin =07 () + 167(0) T /GH0).  (TT)

Multiplying (76) by Wi and integrating, we
obtain

WYY =¥ - 11" /G(0) +d°.  (T8)

Here d® is a constant of integration which is
found by using

OLy®0) as

T—>CO,

Using the value of d obtained in this way,
we can then solve (78) by quadrature, using
the boundary condition at 7=0.

Before solving (77), we note that as r—oo,
¥’ 7¥§(0), henes

FPC(FP) > — fG7(0) 7 /G*(0),

as it should. Now

1
CFP) = G [O(F ) = Vin/ Vi7,
i

hence (77) becomes
[VOFR - VWL =6(0) e V¥ /G7(0),  (79)

and integration together with application of
the matching condition yields

(¥ V) = - [fG'(0)/(G(0) Vi)'] f V(" dr,

(80)

Tellus XX (1968), 3
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80 the solution of this equation also is obtained
by quadrature. Hence the equations of the
lower layer are solved, and a uniformly valid
solution can be constructed.

It is important to note that as in 3.A the
relative vorticity of the lower layer is negligible
except very near the coast. Consequently, away
from the coast, a decrease of depth of the lower
layer in the shoreward direction implies south-
ward motion of the deep water.

4, Numerical results

In order to check the analysis an attempt has
been made to obtain numerical solutions for the
case discussed in 3.A. The method consists of
guessing values of », and v, at £ =0 and then
integrating. A Runge-Kutta scheme with spa-
tial steps of 0.005 was used.

In general the initial guesses will be incorrect
and the integration must be repeated with
different values of v,(0) and »,(0) until the solu-
tions appear to obey the boundary conditions
at « = co. The integration is easier if topography
ig ignored, for then it can be shown that

A =f(p, +yyfy) —II; —Tafy — IT, — I1,)2

ig independent of x. Since A is a function only
of y it can be computed from the known con-
ditions at & = oo. This provides a relation be-
tween v, and v, so that (say) only v,;(0) need
be guessed. No such simplification was found
for the topographic case.

It is difficult to say whether the numerical
integrations represent true solutions because in

Table 1. Comparison of analytical and
numerical results

Velocities are given in cm-sec—!

Analytic Numerical
r— A ey, ——P e,

Y v,(0) 2,(0) v1(0) v5(0)
Non-topographical case
.25 83 16 82 16
.50 174 32 171 31
.75 285 46 265 45
Topographical case
.25 105 82 79 82
.50 215 114 178 111
.75 364 152 284 119
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Fg. 5. Numerical solution for meridional velocities
at y =0.75.

many cases the numerical solutions diverge
with z. It is felt that this is due to incorrect
values of »,(0) and v,(0), since the solutions are
extremely sensitive to the initial conditions.
The results of a typical calculation are shown in
Fig. 5, which represents the best result that
could be obtained with a reasonable amount of
effort. It is apparent that for x greater than 2.5
the numerical solution is inaccurate. In Table 1
the values of v,(0) and v,(0) as found analyti-
cally and numerically are compared for dif-
ferent values of y. The agreement is much better
for the non-topographic case, in which both
the analytical and numerical solutions are more
accurate.

In view of the great difficulty in obtaining
numerical solutions the principle conclusions
of this paper must rest on the analytical work
of the previous section. The numerical results
serve to check some of the qualitative features
of the analysis, however, and for this reason
have been presented.

5. Concluding remarks

An interesting result is the separation of the
boundary current from the coast at s slightly
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smaller value of y than that predicted by the
Charney-Morgan theory and the existence of
large positive zonal velocities in both layers
near the separation latitude. The flow in the
region mnear this latitude is not accurately
described by the present theory. In order to
obtain such a description and thus to treat the
portion of the Gulf Stream northward and
eastward of Cape Hatteras a much more exten-
sive theory is necessary.

The present work is applicable south of the
separation latitude and appears to account for
a number of observed features of the Stream.

8. J. JACOBS

However, frictional effects, which have been
ignored here, are undoubtedly important at
least very near the coast. An extension of the
present theory by inclusion of frictional effects
would serve to put the work on a firmer basis.
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APPENDIX

An existence criterion

A necessary condition for the existence of
solutions can be obtained by linearization about
the flow at infinity. The solutions of the linear-
ized equations are then examined to see if they
decay with «, as they should.

‘We will use the dimensional form of (23) and
(24) for this purpose,

f+(g'/f)nirz___ _-q_’_ 2
Do [Hl of nlz], (A.1)
g 1) My

D, +1,-T0,-b 2f

=F, [Hz + —g_zngr] ,  (A2)
and linearize taking ¢, =1II, —II, to be small.
We will also take b = b(y), thus assuming that
there is no appreciable dependence of the topo-
graphy on z far from the coast.

In what follows, we let

P1 =f/[g/(D1 +ﬁ1 +1:Iz)]y
s a e o (A.3)
P,={/lg’'(D3+11-1I, - b)),
and remember that
fty + ' Ty, = 0. (A.4)

Then

F [T, +¢' /2115, )~ Fy[T1, + ]
~ F(I1) + o, Fi(IIy)
= Fy(IT) + (9/TT) 2/0y F(TL)
=g'[P) - (Q'V’k/!)'ﬁ'k)Pky]- {A.5)

We now let

Qi = (1/4,) /0y log Py (A.6)

and obtain, after linearization of the left sides
of (A.1) and (A.2),

(V) @1z +(@1 ~Pr)ps + Pr =0, (A.7)

(1) @oze +@: ~Po) g, +Prgp, =0.  (A.8)

Assuming solutions of the form exp [f t 3] leads
to the characteristic equation

A [Py —Qy) +(Py —Qq)] 22
+[(Py —Q) (P, —Qy) —P1P;] =0, (A.9)
which in turn leads to
242 = (P, —Q,) + (P, —Qy) +{[(P, -Q))
+(Py ~ Q)] —4[(P1 — Q) x (Py —@Q,) —P,Py]}t.
(A.10)

The expression inside the curly bracket is
easily shown to be positive, and hence the eigen-
values 1 are either pure real or pure imaginary.
In order that they be real, so that the solutions
decay exponentially with «,

(P, —@,) +(Py —@Q2) >0,
(Pl _Qx)(Pz _Qz) >P1P,, (A-ll)
which is the desired criterion.

Tellus XX (1968), 3
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Now let )
6, =D, +1I, —1I,,

8y =D, +1I, — 11, _&

these are the depths of the upper and lower
layers at x = co. Using (A.4) and the fact that
each of the terms (P, -Q,), (P, —@,) must be
separately positive, we arrive at

418, >g'h, Bo,/f2,

@y > g'Ga(By +10,)/17,

(A.13a)

(A.13D)
and

by o[ty 8, +1058,) + fidgh,]
<4, h.g'[(B,) (B8, + 1)1/ (A13c)

It is now a matter of working through the
inequalities to find that:

(1) for o, +1b, >0
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%, <0, u; <0 (A.14)
and
(@) for B8, +1b, <0,
B, 6, +1,6,) +f“28y <g'(Bd,) (B, +f8u)/f’
(u,u, >0); (A.15)
and
9'(B:) (B3 +fb,)/f* < Bty Oy +1i58) +fus b, <0
(fiydiy <0). (A.18)
These conditions are subsumed by
By 8, +159,) + i, b, <0, (A.17)

which is a special case of a result proved by
Pedloskey (1965) for a baroclinic fluid and which
reduces to Greenspan’s criterion if @, =&, It
should be noted that a rapid variation of topo-
graphy with y can be highly important even
though 4, is in general quite small.
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IBYXCJIIONHAA MOJEJDb IOJIbOCTPUMA

PaseuBaercA TeOpHA miIA NBYXCIoitHON wuHep-
nuonHolt mopenu Ioasderpmma. Ob6a caos ua-
XOJATCA B /[BHMEHNM, OXHAKO, IpeAnoJara-
eTCA, YTO OTHOIIEHHE reocTpodHUECKOro cme-
eHHA B HUZKHEM CJI0€ K 3HAJOFMYHOMY CMe-
HIeHNI0 B BepXHeM choe Mayo. Ilpm aTux ycio-
BUAX MOJNYYalOTCA NpHOIMIKEHHBe aHAJIKTH-
deckue perreHud. JOMOMHUTENBHO YCTAHABIIM-
BAaeTCA KpUTepui#l CyulecTBOBaHMA WMHEPINOH-
HHX TPaHUYHHIX TeyeHuil. BakHEM peaynb-
TATOM ABIAETCA NpeackaszaHue Triay0okoro m
MOBEPXOHCTHOr0 MPOTUBOTEYEHHH K BOCTOKY OT

Tellus XX (1968), 3

Toif o6iracTu TeyeHHA, B KOTOpol HalmOga0TCA
6oapmue ckopoct. OHM mpefcTaBAAKT cobol0
apdexr npupoHHoN Tomorpadum. pyro#t Bamk-
HBIfI pe3yabTaT COCTOUT B TOM, YTO [TOBEPXHOCTD
pasnesna BHXoOAMT y Oepera Ha IOBEPXHOCTb B
HU3KMX HIMPOTAX, eclM riayGMHHAA BOJA HaXo-
JUTCA B [BUKEHMM, M JIMHUA TepeCcedeHMA Io-
BEPXHOCTA pasfella ¢ MOBEPXHOCTHI0 MOPH YXO-
AUT B MOpe B CeBepO-BOCTOYHOM HAamNpaBJeHUHM
or Gepera. Teopusa TeueHusa BOIM3N JUHUM HY-
Z1eBOlf rayGUHHI BEPXHETro CJOA Bce elie He
MOJIHA.



