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ABSTRACT

The Newton method is used for optimisation in the maximum likelihood ensemble
filter (MLEF) to improve analysis convergence and accuracy. The proposed method
is compared against the original method using the conjugate gradient (CG) method
preconditioned by the Hessian for optimisation. The mechanisms of the two
minimisation methods are illustrated with optimisation for the Booth and Rosenbrock
functions. Comparisons are then made in simple data assimilation experiments. In the
assimilation of a single wind speed, the Newton method is affected by the gradient
and Hessian approximated by the forecast ensemble but the gradient norm decreases
geometrically. The CG method is terminated at the first step unless the ensemble
perturbation matrix in the observation space is fixed. In the cycled experiments using a
Korteweg-de Vries-Burgers equation model with a quadratic observation operator, the
Newton method and the preconditioned CG method with gradients updated during
iterations yield an analysis with comparable accuracy, but the CG with the fixed gradient
is found to produce an analysis that leads to unstable forecast. When the number
of Newton iterations is limited to one, the solutions remain suboptimal, significantly
destabilising the model. The experimental results indicate that the Newton method is
a promising alternative to the CG method with a line search for optimisation in MLEF.
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1 INTRODUCTION

Optimisation of a cost function is a key component in
variational data assimilation (VAR) and determines the
analysis quality. For atmospheric applications, popular
choices include the conjugate gradient (CG) method and
quasi-Newton methods, such as the limited-memory
Broyden-Fletcher-Goldfarb-Shanno  (L-BFGS) method
(Navon and Legler 1987). The CG method searches
mutually conjugate directions, while quasi-Newton
methods progressively approximate the Hessian from the
initial guess, typically anidentity matrix. A small footprint
of several vectors is one of the benefits of these gradient-
based optimisations for large-scale problems in VAR.

The control variable for optimisation may be
transformed and alternatively be optimised in an
ensemble space (Lorenc 2003). Due to the complexity
of the forecast model, a typical ensemble size is
0(10)-0(100), O(1000) at most. For such a problem size,
the linear system can be solved, and a matrix can be
inverted efficiently and accurately with a direct solver.
The storage and computational load for the Hessian
and its inverse are prohibitive in the physical space but
tractable in an ensemble space. The Newton method
exactly solves the quadratic approximation of the cost
function and has quadratic convergence. The Newton
method may or may not be used with a line search.
In contrast, the CG and quasi-Newton methods with a
line search (Nocedal and Wright 2006) inexactly solve
the Newton equation and have linear and superlinear
convergence, respectively.

The maximum likelihood ensemble filter (MLEF,
Zupanski 2005) is a deterministic ensemble square-root
filter that maximises the posterior probability distribution
(maximum a posteriori estimation). The MLEF can be
regarded as an ensemble VAR (Liu et al. 2008) as it can
produce an analysis by minimising the cost function in
the ensemble space using a nonlinear unconstrained
optimisation method, such as CG or L-BFGS. The use
of an ensemble eliminates the need for tangent linear
and adjoint models and provides a flow-dependent
forecast error covariance matrix. In addition, the Hessian
can be calculated from an ensemble. In the MLEF, the
Hessian is used for preconditioning by transforming the
control variable to accelerate convergence. The MLEF
can be formulated to accommodate non-differentiable
observation operators (Zupanski et al. 2008) and non-
Gaussian cost functions (Fletcher and Zupanski 2006).

The MLEF can improve an analysis by iteratively
minimising the cost function and can effectively extract
information from nonlinear observations. However,
the minimisation with CG or quasi-Newton methods is
often discontinued before reaching the minimum, and
sometimes the analysis is not improved from the first
iteration. This paper applies the Newton method to
the MLEF and examines the analysis convergence and

accuracy. The Newton equation is exactly solved without
a line search at each iteration, hence called the exact
Newton (EN) method. It should be noted that ‘exact’
does not refer to the exact solution of the line search
subproblem. The Kalman gain calculation is equivalent
to exactly solving the Newton equation (Zupanski 2005).
The Gauss-Newton (GN) or Newton methods were
chosen for the iterated Kalman smoother (Bell 1994) and
for the iterative ensemble Kalman filters (Gu and Oliver
2007; Sakov et al. 2012). However, the advantages of the
Newton method and its convergence properties are not
necessarily obvious.

In this study, EN is compared against CG with Hessian
preconditioning under the MLEF framework. Section
2 revisits optimisation with CG and EN with the Booth
and Rosenbrock (1960) benchmark functions. Section 3
reviews the MLEF formulation and derives an alternative
formulation using the EN method. Section 4 presents the
assimilation of a single wind speed observation (Bowler
et al. 2013) and cycled experiments with a Korteweg-de
Vries-Burgers (KdVB) equation model (Zupanski 2005).
Section 5 presents the summary and final remarks.

2 OPTIMISATION OF BENCHMARK
FUNCTIONS

This section applies the CG and EN methods to
optimisation of two-dimensional Booth and Rosenbrock
(1960) functions, which are expressed as a sum of
squares of functions

0= 2> T, &)

The minimisation of the functions of this form is called
linear or nonlinear least-square problems, depending
on the linearity of residuals f,(x). The Booth function
is a quadratic function with linear residuals, which is
analogous to a cost function with a linear observation
operator. Meanwhile, the Rosenbrock function is quartic
function with a nonlinear residual, which is reminiscent
of a quadratic observation operator.

The two functions are optimised with the CG method
(Appendix A) with a line search (Appendix B), the
preconditioned CG method (PCG), and the EN method
(Navon and Legler 1987). The Rosenbrock function is
also optimised by the Gauss-Newton method (GN). The
quadratic approximation of a function f(x) is obtained by
a truncated Taylor series

fix-+d)~fx)+g'd +%dTGd 2)

where d is a descent vector, g=Vf and G:vzf are
the gradient vector and the Hessian at x, respectively.
The minimum of (2) is achieved by solving the Newton
equation
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Gd=-g 3)
The GN method is often used to solve a nonlinear least-
square problem. GN uses a Jacobian matrix

8—fyf:(f1(X) f,(x)

o ol (4)

F=

where f is called a residual vector, to approximate the
gradient

g=F'f (5)
and the Hessian

G=FTF, (6)

ignoring the contribution from the Hessian of the
residual vector V*f. The solution of the Newton equation
becomes

d=-G'g=—(F'F) 'F'f. (7)

The preconditioning can be done by a transform with a
square root of the Hessian as

X/:GT/ZX. (8)

In PCG, the descent direction is updated by the same
way as CG but the state vector x is preconditioned using
the Hessian (V*f). Thus, the first descent direction of PCG
becomes the Newton direction.

2.1 BOOTH FUNCTION
The Booth function is defined by

in two dimensions. Unlike the sphere function (a circle
in two dimensions) two variables are correlated, i.e.
the off-diagonal elements of the Jacobian matrix are
nonzero. The squashed shape and small gradients
near the solution (1, 3) cause the minimisation with
a simple optimisation method, such as the steepest
descent method, challenging and demanding numerous
iterations with a small step size. With f,(x, y) =x + 2y - 7
and f,(x, y) = 2x + y -5, a square root of the Hessian

12
GT/Z _ FT _
2 1

(10)
yields X’ = x+ 2y, y’=2x + y; therefore, (9) is preconditioned
to be

fx',y") = =77 +(y' =5V (11)
Minimisation is conducted with EN, CG, and PCG methods
with the initial position at (0, 0). As expected, the EN
and CG methods require only one and two steps to the
solution, respectively (blue and green curves in Figure 1a).
Here, the line search in CG is exact for the quadratic
function. Preconditioning using the Hessian of (9) leads
to the diversion of the descent direction of CG from the
steepest to Newton directions and enables convergence
in a single step (PCG, orange in Figure 1a), indicating
that the Hessian preconditioning works effectively for
quadratic cost functions.

2.2 ROSENBROCK FUNCTION
The two-dimensional Rosenbrock function is defined by

f,Y) =(x+2y =77 +(@2x+y -5 9) f(x,y)=(1—x)* +100(y — x*)* (12)
A (@) Booth 5 (b) Rosenbrock
1_
3,
0_
2,
_1-
1_
_2-
s EN 5
0] —— EN1 | _3| — PCG23
—— PCG 1] —— CG 18
— CG2 —— GN2
-1 . A . —4 \ A\ .
-1 0 1 2 3 4 -3 -2 1 0 1 2 3

Figure 1 Minimisation of the (a) Booth and (b) Rosenbrock functions with the exact Newton (EN, blue), conjugate gradient (CG, green),
preconditioned CG (PCG, orange) and Gauss-Newton (GN, red). Black contours are drawn in logarithmic intervals.
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with standard parameters. The optimisation is initiated
at (-1, -1) with the control vector (x, y) for EN, CG and
GN, and with (x’, y’) for PCG. The residual functions are
defined as described in Appendix C. It should be noted
that the behaviours of the optimisation schemes are
not affected by the initial position except for x = 1 as
discussed below. The gradient norm below 10 is used
as a criterion for convergence. A banana-shaped valley
hinders convergence and usually requires more iterations
to reach the minimum at (1, 1).

CG (green in Figure 1b) starts with the steepest
descent direction and falls into the ditch in two steps. The
minimisation continues along the ravine before arriving
at the minimiser in 18 steps. EN (blue) dives into the
abyss in a single step but climbs the hill at the second
step. The Rosenbrock function is minimised in a total
of five steps, significantly fewer than CG. PCG (orange)
shares the first descent direction with EN caused by the
Hessian preconditioning. Unfortunately, PCG drops into
the valley farther away from the goal at the first step and
spends 23 iterations, with an increase of 5 steps from
CG. GN (red), with the Hessian approximated by Jacobian
matrix, converges in only two steps. The GN or EN
methods with a line search (not shown) are conservative
and guarantee a smaller cost than the initial value at the
expense of slower convergence as CG and PCG.

The GN and EN tracks imply that an erroneous solution
due to the increase of the cost can be obtained when
the iterations are terminated at first and second steps,
respectively. The descent vector of EN (and PCG) is not
directed towards the minimiser, indicating adverse
effect of the higher order derivatives. The Hessian
approximated with the Jacobian matrix is no better than
the full Hessian since it also leads to a state distant from
the solution. However, it is an vantage point x = 1, where
the Rosenbrock function (12) is a quadratic function f(y) =
100(y-1)% therefore, it leads to the minimiser in the next
step. The Jacobian-based Hessian that ignores second
and higher derivatives is consistent with the quadratic
assumption of the cost function. It should provide a
good approximation of the full Hessian near the solution
and reduces an error due to the inaccurate higher order
derivatives away from the solution. Therefore, the
Jacobian matrix can be beneficial when available. The EN
and GN outperformance can be explained by obtaining
the descent vector analytically in Appendix C.

3 FORMULATIONS

This section summarises the original MLEF formulation
(Zupanski 2005; Zupanski et al. 2008) and describes our
maodifications.

Assuming the Gaussian distribution, the cost function
may be written as

)= 2x =XVB = x7)+ 2y —HOO] R Ty —HOX)] (13)

where x represents the state vector, i.e. the control
variable of iterative minimisation, xf and y represents
the first guess of the control forecast and observation,
respectively; B and R are the background and observation
error covariance matrix, respectively; and H is a nonlinear
function that represents the observation operator. In
ensemble-based data assimilation, the forecast error
covariance matrix P, approximates the background error
covariance matrix. Each column of the square root of P,
is taken to be the deviation from the first guess x' for the
corresponding ensemble forecast.

P2 =|p p; - Pi (14)
where k is the ensembile size,
pl=M(x*+p9)-M(x°)=x}-x' (15)

and Pj=X{—X" qgre the forecast and analysis
perturbations, respectively. The departure of the state
x from the control forecast xf is represented by a linear
combination of ensemble perturbations with a weight w
defined as

X*Xf :Pfl/ZW (16)

In terms of the ensemble weight w as the control
variable, the cost function (13) may be written as

Jw) =2 w'w + 2y ~HR [y —HO)L (17)

In this form, the background (first) term of the cost
function (17) is quadratic in w and its Hessian is the
identity matrix, but the observation (second) term
is not quadratic unless the observation operator is
linear.

In the following subsections the original and proposed
methods are described. Because the original method
does not specify which optimisation method to be used,
CGis chosen in this study. The proposed method uses EN
for optimisation.

3.1 HESSIAN PRECONDITIONING

The original MLEF employs the square root of the Hessian
to precondition the forecast error covariance matrix in
the following form

X_xf :Pf‘l/2(:[+c)—T/2C (18)
where C=27"Z and I +C is the Hessian, and

Z=R?Hp}” (19)
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is a normalised ensemble perturbation matrix in the
observation space. When the Jacobian matrix H= dH/9x
is available, Z can be directly calculated by (19). With
an ensemble, Z is approximated by the difference of
the simulated observations between the perturbed and
control states as

Z=[z, z, zk],zj:R*“z[H(x+pj)—H(x). (20)
At the beginning of iterations, Z is calculated using x = x°
and using x with (18) when it is updated.

In terms of the transformed control variable ¢, the
cost function and gradient can be written as

J©) :%(;T(I +07'¢ +%[y —HX) R Y[y —HX)]  (21)

and

VI=I+07"¢—-0+0 "ZR [y-HX)], (22

respectively. Prior to the optimisation, the eigenvalue
decomposition C=VAV' is used to compute the inverse
of the Hessian I+C and its square root, which are
used consistently during iterations to evaluate the cost
function (21) and its gradient (22).

After the minimisation, the ensemble update is
performed with the optimised ensemble perturbation
matrix in the observation space C=C(x?),

—T/2

P2 =P (14C) " (23)

The transposed square root of the inverse Hessian is
calculated with the eigenvalue decomposition

I+C) " =V({I+A) "2V, (24)

In this study, PCG (simply denoted as CG hereafter) is
used for optimisation with a line search (Appendix B.)
It should be noted that Z" in (22) can be either fixed or
updated during iterations. The CG using updated Z is
similar to EN described in Subsection 3.2 in which Z is
updated during iterations. The choice has a profound
influence on optimisation hence the analysis, as will be
shown in the data assimilation experiments (Section 4).

3.2 EXACT NEWTON OPTIMISATION

The original solution method is modified to improve
convergence and accuracy by using the Newton method.
In addition, the proposed formulation avoids the
square root matrices except for the ensemble update.
The quadratic approximation of (17) is obtained by a
truncated Taylor series

Jiw +d) ~ Jw) + vud +%dTV2Jd (25)

whose minimum is achieved by solving Newton equation

where the gradient vector and Hessian are
VyJ=w-YR [y —H(x)] (27)
and
Vi J=I1+YRY, (28)
respectively, and
Y =HPY? (29)

is an unnormalised ensemble perturbation matrix in
the observation space. Here, Y is adopted instead of
the normalised ensemble perturbation matrix in the
observation space Z to avoid the inverse square root
of the observation error covariance matrix. As for the
normalised case, Y can be approximated by the difference

Y=[y: ¥, i)y =HX +p))—Hx").  (30)
In (26), —VJ and d are called the steepest descent and
Newton directions, respectively. These two directions
coincide when the Hessian is an identity matrix, which
is the case for the initial step for the CG and quasi-
Newton methods with the Hessian preconditioning.
To solve (26), the Hessian is not explicitly inverted but
implicitly used in the linear system solution for the
Newton equation because the linear system solution is
numerically more accurate and stable than the inverse.
It should be noted that eigenvalue decomposition is
not performed here because the inverse square root of
Hessian is not required.

As with ensemble Kalman filters the Newton equation
(26) is solved exactly for the linear observation operator.
The quadratically approximated Newton equation (26)
is solved iteratively for a nonlinear observation operator.
The gradient vector (27) and Hessian (28) are updated
during minimisation for the weight w with innovation y -
H(x) and ensemble perturbation matrix in the observation
space Y. The ensemble update is analogous to the
original scheme (23) except for the use of the Hessian
(28) with Y recomputed using the analysis x° in (30).

The method in this study differs from the original in
the following aspects. First, instead of the CG or a quasi-
Newton method with Hessian preconditioning, the
Newton equation is solved exactly, avoiding re-evaluation
of the cost function (21) in the iterative line search
subproblem. Second, the Hessian is updated during
iterations, and its inverse is not explicitly computed.
Finally, the square root of inverse of the observation error
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covariance matrix is not used. The off-diagonal elements
of R are assumed to be naught in this paper but are
nonzero in general. The proposed method avoids a non-
unique square root of R and its computational cost. The
original and the proposed methods yield the identical
analysis for the linear observation operator, but can
behave differently for nonlinear observation operators
or for R with non-zero off-diagonal elements, due to the
different optimisation methods and to non-uniqueness
of the square root, respectively.

4 DATA ASSIMILATION EXPERIMENTS

The two optimisation methods (EN and CG) in MLEF are
compared in idealised data assimilation experiments.
Unlike those analytically given for the benchmark
functions in Section 2, the cost, gradient and Hessian are
typically approximated with ensemble members. First,
the two methods are validated without a forecast model
in the assimilation of a single wind speed observation
with an ensemble normally distributed around a first
guess. Cycled experiments are then conducted with the
KdVB equation model.

4.1 ASSIMILATION OF A SINGLE WIND SPEED
OBSERVATION

The transform between the wind vector u and its
magnitude |u| and direction @ is nonlinear.

ul_ ([u]sing
v|  ||u]cos8/ (31)

This is identical to a transform between Cartesian
and polar coordinates for object tracking besides the
definition of the direction. A Gaussian distribution in the
magnitude-direction space can be distorted in a banana
shape with a small magnitude error and a large angle
error. The linear transformation not only underestimates
the covariance but also yields a biased posterior mean
(Julier and Uhlmann 2004).

Anassimilation of asingle wind speed observation tests
this nonlinear observation operator Hu,v) = U + v
(the inverse of (31)) (Lorenc 2003; Bowler et al. 2013).
The test uses a forecast ensemble with a size of k = 1000
distributed with a standard deviation of 6, = 6, = 0, = 2
ms around the first guess at x" = (2, 4) ms™ (Figure 2q)
and a single wind speed observation of V_ =3 ms™ with
an error standard deviation of ¢, = 0.3 ms™. Using the
linearised observation operator H = u/|u|, this problem
has the analytical solution of the form

x? — Vo yf
Ve

where

_ oY+ oV,

2 2
O +Uo

V,

a

and V; =H(x"). For the above settings, the analytical
solution is V= 3.03 ms? and x° = (1.36, 2.71) ms™.
Iterations are terminated if the maximum number of
steps (100) is reached or the gradient norm satisfies a
criterion. EN is deemed converged when the gradient
norm becomes smaller than 10°. CG uses a smaller
threshold of approximately 1.5 x 10 considering the
transformation of the control vector (18). To determine
the criterion for CG, that for EN is scaled with a
factor /1+o0f/ol ~6.74 that represents the Hessian
preconditioning. With MLEF, the control forecast is used
as the first guess and the anomalies from the control
forecast are used as the square-root forecast error
covariance matrix. This assumption leads to the ratio
of the forecast to observation error covariance k times
larger than of/o2. To be consistent with the specified
background-observation error ratio, R is multiplied by k.

4.1.1 Comparison between optimisation methods
EN and CG are compared in wind speed assimilation
experiments. Figure 2 shows the prior and posterior
distributions. As discussed in Section 3.1, the ensemble
perturbation matrix in the observation space Z may
be fixed (CG) or updated (CGZ) during iterations. The
analysis (orange dot) falls within the observation
standard deviation marked with double circles. The
posterior ensembles (blue dots, in Figure 2b, ¢, d, ) look
almost identical but differences exist in the £,-norm
error and convergence. EN converges in 15 steps while
CGZ fails to converge due to the failure in the line search
at step 1 (Figure 2b, c, respectively.) It turned out that
the fixed Z acts as a remedy for the stagnation. CG can
improve the solution further and converge in three steps
(Figure 2d). The CG analysis error at the third step is
reduced by approximately an order of magnitude from
that of CGZ at the first step and comparable to that of
EN at 15th step.

The reason why the remedy works can be explained
as follows. A descent direction towards the origin leads
to the solution (cf. H = u/|u|) because the observation V_
is any point on a circle of 3 ms. Therefore, the steepest
direction should be selected at each iterative step. CGZ
fails because g, # g, for the updated Z to yield g, # 0
(38 in Appendix A), i.e. the contribution from the initial
descent direction d, = -g,, where the subscript denotes
the counter of iterations and g is the gradient, remains
and the descent direction is not the steepest descent
direction at the first step. The cost function for the first
step J(w,) is monotonically increasing and the line search
fails to terminate the optimisation. CG descends along
the steepest direction because g;,,(g,,; —9,)<0 thus
$,.= 0 (Appendix A).
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Figure 2 Distributions of (a) prior and posterior ensembles with the (b) exact Newton (EN), (c) conjugate gradient with updated Z
(CGZ), (d) conjugate gradient with fixed Z (CG), (e) EN with the linearised observation operator applied during optimisation and the
ensemble update (ENJJ) and (f) EN with the observation operator linearised during optimisation and approximated by ensemble
on the ensemble update (ENJ), for the single wind speed assimilation. The orange dots represent the control forecast in (a) and the
control analysis in (b)-(d). The wind speed observation is marked with the circles of radius 3.0 £ 0.3, ms™. The title of each panel

shows the optimisation method and £, analysis error.

48
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Figure 3 Intermediate values of the zonal and meridional

winds (ms™) during optimisation for the single wind speed
assimilation. The number below and above a dot represents

the number of iterations for the exact Newton (EN, blue)/

EN with the analytical Jacobian (ENJ, orange) and conjugate
gradient (CG, green)/CG with the analytical Jacobian (CGJ, red),
respectively. The curve at the bottom left corner shows a part of
circle |u| = 3.0 ms™. The dotted grey line represents the steepest
descent direction connecting the first guess and the origin. The
green and red dotted lines represent the descent directions for
CG and CGJ, respectively, connecting the first guess and the
analysis. The black dot represents the analytical solution.

4.1.2 Approximated and analyitical Jacobian
matrices

CG with the Jacobian (CGJ) and EN with the Jacobian
(ENJ) that use the analytical form H = u/|u| in (19)
and (29), respectively, are compared against CG and
EN to examine the influence of the finite-difference
approximation of the Jacobian of the observation
operator. The optimisation history in the zonal and
meridional winds (Figure 3) shows that EN becomes
closer and farther alternatively, corresponding to the
cost oscillation (blue curve in Figure 4a). In addition, EN
slightly staggers perpendicular to the descent directions,
probably due to the error introduced by ensemble
approximation of the gradient and Hessian, i.e. the
Newton direction is not always towards the solution.
CG with the fixed Z steadily approaches the solution
in the Newton direction that is shared by the first step
of EN and attains the minimiser in five steps. The first
steps of CG and EN are identical due to CG’s step size
of 1. ENJ jumps to a point very close but not identical

to that of CGJ in a single step with an £, analysis error
of 3.31 x 10 however, it moves along the circle for
another five steps until the convergence criterion in the
gradient norm is satisfied.

The above result shows that the gradient and Hessian
calculated from the ensemble can be inaccurate, unlike
optimisation for the benchmark functions. CG is less
sensitive to the approximation because the Hessian and
the perturbation matrix Z are fixed before iterations.
When available, it is better to use the analytical Jacobian
to avoid the finite-difference error. However, ensemble
members are aligned around the tangent to a circle
at the analysis (ENJJ, Figure 2e) when the ensemble is
updated with the ensemble perturbation matrix in the
observation space (29) computed with the Jacobian of
the observation operator. Therefore, the finite-difference
approximation of the ensemble perturbation matrix in
the observation space (30) is preferred for the ensemble
update (ENJ, Figure 2f).

Figure 4 compares the cost functions, gradient
norm and analysis error during iterations for the four
optimisation methods. EN (blue) requires the largest
number of iterations (15 steps) to satisfy the stopping
criterion; however, the gradient norm decreases
geometrically with diminishing oscillations and the
changes of cost function are small from the third iteration.
CG (green) is terminated in three steps but achieve the
comparable error as the converged EN solution when Z

(a) cost function
1072 — EN
—— ENJ
— CG

1073

0 2 4 6 8 10 12 14
iteration

(b) gradient norm

10°

1072

W/l

1074

iteration
(c) analysis error

100 — EN  — Cg
—— EN} - obs std
— CG |

0 2 4 6 8 10 12 14

analysis error
=
Q

iteration

Figure 4 Changes in the (a) cost function, (b) gradient norm
and (c) analysis error during iterative optimisation for the single
wind speed assimilation with the exact Newton (EN, blue), EN
with the Jacobian (ENJ, orange), conjugate gradient (CG, green),
and CG with the Jacobian (CGJ, red). The tolerance of the EN
gradient norm (10-°) is represented as a broken grey line in

(b). The gradient norm of CG/CGJ is plotted with a scaling of
1+ 0#/o? ~6.74. The observation standard deviation and

the first iteration are marked by broken horizontal and dotted
vertical lines, respectively, in (c).
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is fixed otherwise CGZ stagnates at the first step. Using
of the analytical Jacobian helps in achieving faster
convergence (ENJ, orange; CGJ, red). The analysis error
goes below the observation standard deviation and
CGJ converges at the first iteration. Unlike EN, the cost
function and gradient no longer oscillate with ENJ.

The single wind speed assimilation is a challenging
problem for ensemble methods. The gradient and the
Hessian matrix are inaccurate even with a large ensemble
size of 1000 members. The observation operator
is nonlinear and the cost function is not quadratic.
Moreover, the cost function in the magnitude-direction
space is quadratic, and the minimiser can easily be
found by consistently proceeding towards the steepest
descent direction. The quadratic nature of the problem
can explain the effectiveness of the analytically obtained
Jacobian and the fixed Z for CG.

4.2 CYCLED EXPERIMENTS
This subsection validates EN against CG with a model of
the Korteweg-de Vries-Burgers (KdVB) equation

au u d&u AL
— 4 bU—+—=v

= 32
ot ox  ox® Ox? (32)

where u is the model state, t and x are the time and
space dimension, respectively, and v is a diffusion
coefficient. The inviscid case, where v =0in (32), is called
the Korteweg-de Vries (KdV) equation. The KdVB model
is discretised in space and time with the centred finite-
difference method and the fourth-order Runge-Kutta
method, respectively (Marchant and Smyth 2002). The
model configuration follows that of Zupanski (2005).
There are grid points n = 101 with a spacing of Ax = 0.5.
A time step of At = 0.01 and a diffusion coefficient v =
0.07 is used for the control run. In this study, the model
domain is chosen to be -25< x < 25.

The initial state of the true run is taken from a two-
soliton solution of the KdV equation. The two-soliton
solution can be written as a sum of two single solitons
for the regular (sech) and irreqgular (csch) solutions
(Yoneyama 1984).

racsch?d, + kisech’d,

u(x,t)= —2(/-@% —Iilz)

(k, coth#, — k, tanhd, )’ (33)
where
By
ey
0, = iy, (X — brit) = &(X—Zﬂlzt)
2 2N : (34)

0, +6, :%{JE (x=26,0)+ B (26,1}
00, = (VAL -280- JBr (23]

and g, are Bdcklund parameters. The two-soliton
solution (33) can then be rewritten with cosh as

K3 — K} + 12 cosh(26,) + k2 cosh(26,)
{(k, — 11)cosh(8; + 6,) + (k, + K1) cosh(6; —02)}2

ulx,t) = 43 — k7) (35)

The true run, from which observations are generated, and
the control run, to which observations are assimilated,
are integrated from the two-soliton solutions with g, =
0.5and p,= 1.0 at t = -5 and with g, = 0.4 and g, = 0.9
at t = -6, respectively. The ensemble members of size
k = 10 are generated as follows. The unperturbed run
uses the same Bdcklund parameters as the control run
but integrated from t = -7. For the perturbed runs, the
Bdcklund parameters and initial time are perturbed with
a standard deviation of o, =0.04,0, =0.09 (10% of 3,
and g,) and 6, = 2, respectively. The ensembleis integrated
for 400 steps. The unperturbed run is subtracted from the
perturbed runs to generate the initial perturbations and
discarded. The perturbations are added to the control run
to form the ensemble members. The Monte Carlo method
is used to estimate the initial forecast error covariance,
i.e. initial perturbations are scaled by vk. The scaling is
not used during the cycle following the philosophy behind
MLEF (Zupanski 2005) that error covariance is propagated
by the model in a similar manner to the Kalman filter.
An analysis is conducted every 200 model time steps. An
observation is generated at every grid point by adding
Gaussian noise of an amplitude 0.05 to the true run
using a quadratic observation operator (H(u) = u?). Each
experiment performs 100 analyses from t = -6.

4.2.1 Comparison for a particular realisation
The KdVB model is used to compare EN and CG in cycled
data assimilation experiments with the same initial
ensemble and observations. Deterministic (EN1) and
iterative (EN) solutions are examined for optimisation
effectiveness. Because the forecast is unstable for CG
when the ensemble perturbation matrix in the observation
space Zis fixed (CG), Z is updated during the analysis (CGZ).
Figure 5 shows the analyses for the first four cycles.
EN (blue) is the smoothest solution with two peaks
after cycle 2, and quickly converges to the true run
(broken black). EN1 has short-scale noise that is most
noticeable at cycle 2. All methods achieve an error below
the observational error (grey) in several cycles, showing
the effectiveness of data assimilation over the free
run, in which error grows until about 10 cycles due to
nonlinearity of the model (Figure 6). The final error for EN
(blue) is almost an order of magnitude smaller than that
for EN1 (green). In the middle of the cycles, CGZ reduces
error significantly and is almost as good as EN, although
the analysis error is saturated in all experiments, and the
error of the free run even diminishes due to diffusion.
Therefore, the several cycles from the beginning, where
the error reduction is largest, are examined.
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Figure 5 Analysis using the exact Newton (EN, blue), conjugate gradient with updated Z (CGZ, brown) and EN terminated at the
first iteration (EN1, green) for the first four cycles with the Korteweg-de Vries-Burgers model. The black broken curve and grey dots

represent the true run and its observations, respectively.
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Figure 6 Analysis RMSE (solid) against the true run and
analysis ensemble spread (dashed) for the data assimilation
experiments over 100 cycles with the Korteweg-de
Vries-Burgers model using the exact Newton (EN, blue),
conjugate gradient with updated Z (CGZ, brown), and EN
terminated at the first iteration (EN1, green). The grey and
red curves show the prescribed (dotted) and actual (solid)
observation error, and RMSE for the free run without data
assimilation, respectively.

The iterative optimisations with EN and CGZ are
compared forthefirst cyclein Figure 7.EN (blue) converges
in 15 steps. After cycle 3, no further significant reduction
is observed in the cost function and analysis error even
though the gradient norm does not meet the stopping
criterion. The cost function and gradient norm are
reduced, but the analysis is slightly increased, implying
the distance from the solution. CGZ (brown) benefits
from the updated Z and achieves an analysis error as
small as that of EN. The iteration is terminated before the
gradient norm meets the criterion (10-°). The results are
in contrast with the wind speed experiments, in which
CG is optimised because the descent is guaranteed in the
steepest descent direction computed for the first guess.

4.2.2 Repeated tests

It turns out that the KdVB model may be unstable for a
combination of certain initial ensemble and observations.
In fact CG with the fixed Z failed for the ensemble and
observations used in the Section 4.2.1. The stability of the
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Figure 7 As in Figure 4 but for the first analysis cycle with the
Korteweg-de Vries-Burgers model using the exact Newton (EN,
blue), conjugate gradient with updated Z (CGZ, brown). The
gradient of CGZ is plotted with a scaling to match that of EN at
the beginning of the iterations.

analysis-forecast cycle with the MLEF and KdVB model
are examined in a test repeated for 100 times. Each test
uses a different realisation of an initial ensemble and
observations. The numbers of successful tests are 100,
100, 81, and 42 for EN, CGZ, CG, and EN1, respectively.

Figure 8 compares the number of successful
convergence for each cycle. EN (blue) always converges
within 100 iterations except for the first cycle, where
convergence is achieved in 81 tests. CG and CGZ never
converges for the first cycle and convergence is achieved
in equal to or less than 40 and 21 tests, respectively, for
the first ten cycles. The number of successful convergence
increases gradually with cycles with a median and
maximum of 58 and 81 for CGZ and 51 and 62 for CG,
respectively.

100
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|

# of successful convergence

20
L

cycle

Figure 8 Number of successful convergence in data assimilation
experiments with the exact Newton (EN, blue) and conjugate
gradient with fixed and updated Z (CG, orange and CGZ, brown,
respectively) using the Korteweg-de Vries-Burgers model.
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Figure 9 Number of iterations for the first 10 cycles in data
assimilation experiments with the exact Newton, (EN, blue)
and conjugate gradient with fixed and updated Z (CG, orange
and CGZ, brown, respectively) using the Korteweg-de Vries-
Burgers model. The thick lines represent the medians, the
bottom and top of the box are first and third quadrants, and
the minimum and maximum values are marked by whiskers.

EN consumes a greater number of iterations in the
first five cycles than CG or CGZ (Figure 9). It should be
noted that the boxes and whiskers include cases without
convergence. The smaller numbers of iterations for CG
or CGZ do not indicate faster convergence but immature
termination and inability to continue minimisation.
The medians of the number of iterations for EN are
comparable to that for CGZ after cycle 6 and its variance
is smaller. It should be noted that EN always converges
after the first cycle and CG or CGZ does not in the majority
of tests.

The analysis error is compared in Figure 10. Figure
10a and b are plotted for 81 cases of EN, CG, CGZ and 42
cases of EN and EN1, respectively. Compared with CG, an
error is indeed more effectively reduced with EN or CGZ
especially in earlier cycles (Figure 10a). EN1 is inferior to
EN statistically (the median, mean, minimum, maximum,
first and third quantiles), indicating the optimisation
effectiveness.

To determine the statistical differences, paired
Student’s t-tests and Wilcoxon rank sum tests are
conducted (Figure 11) with a confidence level of 0.95.
The null hypothesis is that the difference is insignificant.
The alternative hypothesis is that the analysis error
of CG, CGZ, or EN1 is greater than that of EN. In the
Wilcoxon rank sum tests the ranks of the failed tests are
set to the last place, i.e., 82th and 43th for CG and EN1,
respectively. EN is significantly more accurate than CG
up to the the first eight cycles in Student’s t tests and
throughout the first ten cycles in the Wilcoxon rank
sum tests. The advantage of EN over CGZ is clear both
in Student’s t and the Wilcoxon rank sum tests. EN is
significantly more accurate than EN1 only for the first
two cycles in Student’s t-tests, but at all cycles in the
Wilcoxon rank sum tests.



Enomoto and Nakashita Tellus A: Dynamic Meteorology and Oceanography DOI: 10.16993/tellusa.3255 53

m EN
i = CG |
S m CGZ
o
= L
e
= L

]

]

T ]
T

m EN
T | W EN1|
(=]

Al -
Wi,

cycle

Figure 10 Two-norm error with the (a) exact Newton (EN, blue)
and conjugate gradient with fixed and updated Z (CG, orange
and CGZ, brown, respectively) (b) EN and EN terminated at the
first iteration (EN1, green) with the Korteweg-de Vries-Burgers
model for 81 and 42 successful tests of CG and EN1, respectively.
The means for each cycle are represented by white circles.

5 SUMMARY AND DISCUSSION

A simplified variant of the MLEF has been proposed in
which the cost function is minimised by exactly solving
the Newton equation (EN) as an alternative to the
original formulation of Zupanski (2005) using the Hessian
for preconditioning and optimisation with a line search.

First, EN and CG methods are tested against two
benchmark functions. The Hessian preconditioning
effectively works for the Booth function, and both
preconditioned CG and EN converge in a single step. This
is not the case for the Rosenbrock function, but EN and
GN converge fast, as discussed in Appendix C.

Then the modified MLEF has been validated with asingle
wind speed assimilation test and cycled experiments with
a quadratic observation operator. The solutions with CG
and EN for the wind speed assimilation are similar due to
the comparable error. With CG, the normalised ensemble
perturbation matrix in the observation space (Z) used
to calculate the gradient must be fixed; otherwise, the
optimisation cannot proceed beyond the first step and
the analysis remains suboptimal. The gradient norm
of EN reduces geometrically; however, it increases and
decreases alternatively and the convergence is slower
than that of CG with fixed Z. The number of iterations
significantly reduced with analytical Jacobian is used,
indicating influence from the error in the gradient and
Hessian approximated by ensemble.

In the cycled experiments with the KdVB model, EN
more effectively and efficiently minimises the cost than
CG and yields outstanding stability. When the number of
iterations is limited to 1, the analysis is degraded, and the
forecast becomes unstable. The results of repeated tests
indicate a statistically significant difference. The updates
of Z are beneficial in CG, for the stability and accuracy
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Figure 11 The p-values in paired Student’s t-tests (a) and those in Wilcoxon signed rank tests for (b) with the Korteweg-de Vries-
Burgers model. The conjugate gradient with fixed (CG, orange) and updated Z (CGZ, brown), respectively, vs exact Newton (EN), and

EN terminated at the first iteration (EN1, green) vs EN.
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of CG with the updated Z and EN are comparable for
cycled experiments with the KdVB model. The superiority
of EN or CGZ to CG probably stems from the updated
observation perturbation matrix in ensemble space at
each iterative step. EN and CGZ can use a better gradient
than CG and EN can also take advantage of the updated
Hessian.

MLEF with EN adaptively iterates depending on the
distance from the solution. The maximum number
of iterations is set 100, in this study, but only several
iterations are required, except for the first few cycles. A
smaller limit may be used to reduce computational cost.
Alternatively, the limit is left large enough to let EN deal
with a cycle in which observations are farther from the
first quess.

The results show that EN has an excellent convergence
property and can iteratively minimise the cost to yield
optimal analysis for nonlinear observations in simple
assimilation experiments with MLEF. Moreover, MLEF
with EN is successfully applied to an atmospheric
general circulation model SPEEDY (Molteni 2003) and
a nonhydrostatic regional atmospheric model NCEP
RSM (Juang 2000). It should be noted that practical
considerations, such as inflation and localisation of the
forecast covariance, are required for such large-scale
problems. EN effectively minimises the cost function
although the convergence is not always attained as with
the KdVB model. The results with these models will be
reported in separate papers.

A CONJUGATE GRADIENT METHOD

This appendix briefly describes the CG method as
implemented in scipy.optimize (Polak and Ribiere 1969;
Navon and Legler 1987).

The initial descent direction is set to the steepest
descent direction.

dy =—go (36)

where the subscript indicates the number of iteration
(0 for the initial position) and g= Vf is a derivative of a
function f(x) with respect to the state x.

The state is updated with

Xk+1:Xk +akdk7k:O,1,... (37)

where q, is a step size that minimises f(x, +«d,)
(Appendix B).
The descent direction is updated as

A1 = —Gip1 + Beady (38)
where

Bis1 =max

0 glﬂ(gkﬂ _gk)l
) T .
9x9k

When g,.; =9,,5 =0 and the steepest descent direction
is chosen as a descent direction as for the first descent
directiond,, i.e. CG is restarted.

B LINE SEARCH

The line search subproblem finds the step size a > 0 such
that

Plar) =f(x + ed) (40)

is minimised for the fixed state x and the descent
direction d (Moré and Thuente 1994; Nocedal and
Wright 2006).

To avoid possibly expensive function evaluations,
an inexact line search is conducted with a sufficient
decrease condition (Armijo condition)

flx +ad) < f(x)+caVf(x)'d (41)
and a curvature condition (strong Wolfe condition)
[Vi(x+ed)'d|<c, | ViX)'d| (42)

where 0 < ¢, < ¢, < 1. The parameters c, = 1x
10* and ¢, = 0.4 are used in scipy.optimize.
minimize (method="CG’). The first guess
of the step size is 1 at the beginning and
a =max(0,min(1,1.01x2(¢"™(0) — ¢ D(0))/$'(0)) at n-th
(n > 1) descent direction, where ¢™(a)=f(xx"" +ad"™)
and ¢'(a)=dé(a)/da. Then, the applicable step size
is searched iteratively by try-and-error with suitable
interpolations.

C FAST CONVERGENCE OF NEWTON
AND GAUSS-NEWTON METHODS

The gradient vector, Hessian, and its inverse of the
Rosenbrock function (12), which are required to solve the
Newton equation (3), are derived from (12) as follows

f = —2(1—x)—400x(y — x%)
200(y —x?) (43)
v — 2—400(y — x*)+800x* —400x
- —400x 200 | (44)

200 400x
v 1 [

~ 40001 —200(y — x)] | 400x 27400(y7x2)+800x2]’ (45)
Then the descent vector for each step is

i (1—x)/[1-200(y —x%)]
[ 2x(1=X)/[1-200(y — x))] - y + X2

(46)
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Away from y = x?, the descent vector is d = (0, -y+x?)
because [200(y-x?)| is large and yields y = x%. For y = x?,
200(y-x?) is negligible, and the descent vector becomes d~
(1-x, 2x(1-x)) and x = 1 in the next step. Starting from x, =
(-1,-1),i.e.1200(y-x3)| = 400, x, = (-1, 1), i.e. y = X%, x, = (1,
-3), where the subscript denotes the number of iterations.
Two more steps are required to exactly arrive at x =1
where d = (0, 1-y) that moves the state to the minimum.
GN requires a Jacobian matrix to approximate the
Hessian. The vector of residual functions for the nonlinear
least squares (1) for the Rosenbrock function (12) are

B fi(x) - 1—x
f[fz(x,w]ﬁ[m(y—xz)]' 47

The Jacobian matrix is composed of derivatives of the
residuals

O Of
ox oy -1 0
F= =42 .
P e
ox oy

The gradient Vf can be expressed exactly with the
residual functions and the Jacobian matrix as Vf =F'f
and the Hessian is approximated by ignoring the second
and higher derivatives.

Vf~FF=2
~200x 100

1+ 400x2 200x]

The gradient and Hessian inverse

L [100 200x

~200/(200x 1+400x2] (50)

are combined to obtain the descent vector

_eeyapre | 12X
d=—(F'F)F f_[X(Z—X)—y]' (51)

The decent vector (51) leads x to 1 for any initial x and

y to 1 for any y if x = 1. Consequently, the Rosenbrock
function is minimised in only two steps with GN.

DATA ACCESSIBILITY STATEMENT

The source code is available from https://github.com/
tenomoto/kdvb.

ACKNOWLEDGEMENTS

Scipy is used for the linear algebra and conjugate
gradient method. The authors thank Prof. Milija Zupanski
for helpful discussions.

FUNDING INFORMATION

This research was supported by JSPS KAKENHI 19H05605,
21K03662 and 22KJ1966.

COMPETING INTERESTS

The authors have no competing interests to declare.

AUTHOR CONTRIBUTIONS

Takeshi Enomoto developed the code, conducted all the
experiments and wrote the main text. Saori Nakashita
conducted  preliminary  experiments,  suggested
experimental designs and contributed the interpretation
of the results.

AUTHOR AFFILIATIONS

Takeshi Enomoto " orcid.org/0000-0003-1946-1168

Kyoto University, JP
Saori Nakashita
Kyoto University, JP

orcid.org/0009-0002-8522-1250

REFERENCES

Bell, BM. 1994. The iterated Kalman smoother as a Gauss-
Newton Method. SIAM J. Optim., 4(3): 626-636. DOL:
https://doi.org/10.1137/0804035

Bowler, NE, Flowerdew, J and Pring, SR. 2013. Tests of
different flavours of EnKF on a simple model. Quart. J.
Roy. Meteor. Soc., 139(675): 1505-1519. DOI: https://doi.
0rg/10.1002/qj.2055

Fletcher, SJ and Zupanski, M. 2006. A data assimilation
method for log-normally distributed observational errors.
Quart. J. Roy. Meteor. Soc., 132(621): 2505-2519. DOL:
https://doi.org/10.1256/qj.05.222

Gu, Y and Oliver, DS. 2007. An iterative ensemble Kalman
filter for multiphase fluid flow data assimilation.

SPE Journal, 12(4): 438-446. DOL: https://doi.
0rg/10.2118/108438-PA

Juang, HH-M. 2000. The NCEP mesoscale spectral model: a
revised version of the nonhydrostatic regional spectral
model. Mon. Wea. Rev, 128: 2329-2362. DOTI: https://doi.
0rg/10.1175/1520-0493(2000)128<2329:TNMSMA>2.0.
CO;2

Julier, SJ and Uhlmann, JK. 2004. Unscented filtering and
nonlinear estimation. Proc. IEEE, 92: 401-422. DOI: https:/
doi.org/10.1109/JPROC.2003.823141

Liu, C, Xiao, Q and Wang, B. 2008. An ensemble-based
four-dimensional variational data assimilation scheme.
Part I: technical formulation and preliminary test.

Mon. Wea. Rev., 136: 3363-3373. DOL: https://doi.
org/10.1175/2008MWR2312.1


https://github.com/tenomoto/kdvb
https://github.com/tenomoto/kdvb
https://orcid.org/0000-0003-1946-1168
https://orcid.org/0000-0003-1946-1168
https://orcid.org/0009-0002-8522-1250
https://orcid.org/0009-0002-8522-1250
https://doi.org/10.1137/0804035
https://doi.org/10.1002/qj.2055
https://doi.org/10.1002/qj.2055
https://doi.org/10.1256/qj.05.222
https://doi.org/10.2118/108438-PA
https://doi.org/10.2118/108438-PA
https://doi.org/10.1175/1520-0493(2000)128<2329:TNMSMA>2.0.CO;2
https://doi.org/10.1175/1520-0493(2000)128<2329:TNMSMA>2.0.CO;2
https://doi.org/10.1175/1520-0493(2000)128<2329:TNMSMA>2.0.CO;2
https://doi.org/10.1109/JPROC.2003.823141
https://doi.org/10.1109/JPROC.2003.823141
https://doi.org/10.1175/2008MWR2312.1
https://doi.org/10.1175/2008MWR2312.1

Enomoto and Nakashita Tellus A: Dynamic Meteorology and Oceanography DOI: 10.16993/tellusa.3255 56

Lorenc, AC. 2003. The potential of the ensemble Kalman filter
for NWP-a comparison with 4D-Var. Quart. J. Roy. Meteor.
Soc., 129: 3183-3203. DOLI: https://doi.org/10.1256/
qj.02.132

Marchant, TR and Smyth, NF. 2002. The initial boundary
problem for the Korteweg-de Vries equation on the

negative quarter-plane. Proc. Roy. Soc. London A, 458(2020):

857-871. DOL: https://doi.org/10.1098/rspa.2001.0868
Molteni, F. 2003. Atmospheric simulations using a GCM with
simplified physical parametrizations. I: model climatology
and variability in multi-decadal experiments. Climate
Dynamics, 20(2): 175-191. DOL: https://doi.org/10.1007/
s00382-002-0268-2
Moré, JJ and Thuente, DJ. 1994: Line search algorithms
with guranteed sufficient decrease. ACM Transac.
Math. Software, 20(3): 286-307. DOI: https://doi.
org/10.1145/192115.192132
Navon, IM and Legler, DM. 1987. Conjugate-Gradient
methods for large-scale minimization in meteorology.
Mon. Wea. Rev., 115(8): 1479-1502. DOI: https://doi.
0rg/10.1175/1520-0493(1987)115<1479:CGMFLS>2.0.C0O;2
Nocedal, J and Wright, SJ. 2006. Numerical Optimization. 2nd
ed. New York: Springer.

Polak, E and Ribiére, G. 1969. Note sur la convergence de
meéthodes de direction conjuguées. Revue francaise
d’infomatque et de recherche opérationelle, 3(R1): 35-43.
DOLI: https://doi.org/10.1051/m2an/196903R100351

Rosenbrock, HH. 1960. An automatic method for finding
the greatest or least value of a function. The Computer
Journal, 3(3): 175-184. DOL: https://doi.org/10.1093/
comjnl/3.3.175

Sakov, P, Oliver, DS and Bertino, L. 2012. An Iterative EnKF for
strongly nonlinear systems. Mon. Wea. Rev., 140(6): 1988~
2004. DOL: https://doi.org/10.1175/MWR-D-11-00176.1

Yoneyama, T. 1984. The Korteweg-de Vries two-soliton solution
as interacting two single solitons. Progress Theoretical
Phys., 71: 843-846. DOI: https://doi.org/10.1143/
PTP.71.843

Zupanski, M. 2005. Maximum likelihood ensemble Filter:
theoretical aspects. Mon. Wea. Rev., 133(6): 1710-1726.
DOLI: https://doi.org/10.1175/MWR2946.1

Zupanski, M, Navon, IM and Zupanski, D. 2008. The
maximum likelihood ensemble filter as a non-
differentiable minimization algorithm. Quart. J. Roy.
Meteor. Soc., 134(633): 1039-1050. DOI: https://doi.
0rg/10.1002/qj.251

TO CITE THIS ARTICLE:

Enomoto, T and Nakashita, S. 2024. Application of Exact Newton Optimisation to the Maximum Likelihood Ensembile Filter. Tellus A:
Dynamic Meteorology and Oceanography, 76(1): 42-56. DOI: https://doi.org/10.16993/tellusa.3255

Submitted: 21 September 2023 Accepted: 28 March 2024  Published: 22 April 2024

COPYRIGHT:

© 2024 The Author(s). This is an open-access article distributed under the terms of the Creative Commons Attribution 4.0
International License (CC-BY 4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original
author and source are credited. See http://creativecommons.org/licenses/by/4.0/.

Tellus A: Dynamic Meteorology and Oceanography is a peer-reviewed open access journal published by Stockholm University Press.

il )6


https://doi.org/10.1256/qj.02.132
https://doi.org/10.1256/qj.02.132
https://doi.org/10.1098/rspa.2001.0868
https://doi.org/10.1007/s00382-002-0268-2
https://doi.org/10.1007/s00382-002-0268-2
https://doi.org/10.1145/192115.192132
https://doi.org/10.1145/192115.192132
https://doi.org/10.1175/1520-0493(1987)115<1479:CGMFLS>2.0.CO;2
https://doi.org/10.1175/1520-0493(1987)115<1479:CGMFLS>2.0.CO;2
https://doi.org/10.1051/m2an/196903R100351
https://doi.org/10.1093/comjnl/3.3.175
https://doi.org/10.1093/comjnl/3.3.175
https://doi.org/10.1175/MWR-D-11-00176.1
https://doi.org/10.1143/PTP.71.843
https://doi.org/10.1143/PTP.71.843
https://doi.org/10.1175/MWR2946.1
https://doi.org/10.1002/qj.251
https://doi.org/10.1002/qj.251
https://doi.org/10.16993/tellusa.3255
http://creativecommons.org/licenses/by/4.0/

