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ABSTRACT

A formula is obtained for the standard error of cosmic ray data which have been cor-
rected for atmospheric effects. It is used to estimate standard errors of the nucleonic
and meson components corrected by different methods. The relative standard error is
found to decrease with increasihg counting rate up to an approximate value of 108
counts per time interval if simultaneous meteorological measurements are available
for each recording interval. Above that counting rate the relative standard error is

essentially constant.

Mathematical treatment

In order to estimate standard errors of cos-
mic ray data an investigation was carried out
by one of the authors (Dyring 1962). This
work deals with uncorrected neutron monitor
and meson telescope data as well as pressure
corrected neutron monitor data. It now seems
urgent to us to extend the study to meson tele-
scope data which are corrected for atmospheric
effects.

There exist different methods to correct cos-
mic ray data for atmospheric effects. We will
here discuss simple pressure correction (nucle-
onic and meson component) and two more
complex corrections according to DUPERIER and
DorRMAN (meson component).

The basic equations are:
for simple pressure corrections

N.=N,(1—a,0P) (1)
for corrections according to DUPERIER (1949)
N,=N,(1—odP — f6H — ydT) (2)

and for corrections according to DorMAN (1958)
n

N.=N, (1 — adP —thtﬁT, . (3)
-1

N, stands for the recorded intensity, N, for the
corrected intensity. 6P, 6H, and 8T are devia-
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tions of surface pressure, height of the 100 mb
level, and mean temperature between 100 and
200 mb from the values adopted as normal. In
the DorMAN case the atmosphere is divided
into n layers. 07T is the deviation of the mean
temperature of the ith layer from the normal
one, and b; is the product of the density of the
temperature coefficient and the thickness of the
ith layer. Eqs. (1), (2), and (3) can be gene-
ralized to

k
Nc=’2eriAi- (4)
The variance of x is by definition
D? () = E («*) — E* (), (5)

where E (z) stands for the true mean of the
variable . We now form the variance of N, by
means of eqs. (4) and (5) under the assumption
that all variables are independent.

D*(N,)= ;Dz (N, 4y)
+2D* (N,) é Em) EA)E () E(4), (6)
where

D*(N,vA) = E*(N,»)D*(4) + E*(N, A) D* (%)
+ E? wA) D* (N,) + D*(N,) D? (v) D (4).

Each variable in eq. (6) may be written as

xz=FE (x)+ &, (7)
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where &, is assumed to be approximately nor-
mally distributed with E (g;) = 0. Accordingly
eq. (6) can be written

D*(en,) = 2D (N, 4)
+ 2D? (GN')iZ v 49545 (8)
)
where

D¥*(N,vA)=N2A2D? (¢,) + N%»2 D% (¢,)
+ 4292 D® (sw,) + D (en,) D? (e,) D (g4).

As already remarked. eq. (8) is valid only if
&n,, & and g4 are independent. If there is some
dependence between the quantities £4,, we have
to add a third term to the right member of eq.
(8), and then we get

D*(ex,) =2, D* (N, v, 4,) +2D* (aN,)gy, Ay, Ay
i J
+2[NZ + D? (eN,)]‘Zjv, v, E (cas€a)). (9)
+.

Estimates of errors affecting the corrected
intensity values

In the calculations based on eq. (8) we have
used the values of %, and D(e,) shown in
Table 1, which is valid for sea level stations.
The »-values for the Duperier case were taken
from Table 5 in LINDGREN and LinpHOLM (1961).
The accuracy D(g,,) of the atmospheric para-
meters must also be known. The aerological
data are obtained by radiosondes. In the methods
of both Duperier and Dorman the accuracy of
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the temperature recordings is important. The
temperature values to be used in the corrections
can be obtained in different ways. DORMAN et
al. (1958) suggest to use the temperature at the
mean pressure of the layer. Another method
often used is to calculate the mean of the tem-
peratures at the lower and upper surfaces of
the layer. However, it must be stressed that
these methods can both give big errors for single
observations especially in layers near the sur-
face of the earth and around the tropopause.
Although for a series of data over a long period
these errors tend to group symmetrically around
the mean =0, one can avoid these difficulties
by calculating the true mean temperature, or,
which is practical, by using the height differ-
ence between the upper and lower surfaces of
the layer. This difference will cover all existing
temperature variations.

Several authors have studied the accuracy of
radiosonde data. RaaB and Ropsxier (1950)
and NyYBERG (1952) have made special investi-
gations where more than one radiosonde are
launched by each balloon. From the simultane-
ous recordings estimates of D (e7)p and D (&p)
are obtained for certain pressure layers. These
errors include both recording errors and radio-
sonde errors. For practical applications in cosmic
ray corrections the temperature error must be
assumed to be a function of both D (e7)p and
D (ep) which is expressed by (NYBERG, 1952):

D¥(ep)=D%(er)p+0.01 D% (gp).  (10)

Table 2 shows the results of RaasB et al. and

TaBLE 1.
Component Method A v, £D (ev‘)
Nucleonic Pressure 4, 1 A 1
k=2 A, P (mb) - V=0, —0.71 20.02 (%/mb)
Meson Pressure A,y 1 " 1
k=2 Aq P (mb) V=0, —0.1510.02 (%/mb)
Meson Duperier A,y 1 v, 1
k=4 A P (mb) -Vy = -0.12+0.01 (%/mb)
Ag H (km, 100 mb) —vy=p —5.010.5 (%/km)
4, T (°C, 200-100 mb) V=Y 0.05+0.01 (%/°C)
Meson Dorman A, 1 121 1
k=11 Aq P (mb) —v3=a —0.14£0.01 (%/mb)

A, T, (°C, 1000-900 mb)

T, (°C, 200-100 mb)

—¥3=b,
. —0.03010.005 (%/°C)
—V1=by
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TaBLE 2.
RaaB & RoDSKJIER
(1950) NyBERG (1952)
(Der), D(er) Dfer)
Level, mb °C Level,mb night, °C day, °C
1000-600 0.7 1000-850 0.6 0.6
600-350 0.9 850-750 0.7 1.1
350-150 0.85 700-500 0.6 0.95
500-300 0.8 1.2
300-200 1.1 1.2

NyBERG when eq. (10) is used. It must be stressed
that these investigations have been carried
out by specialists and under careful control.
Thus the results are certainly underestimates
compared with radiosonde data obtained during
ordinary working conditions at the aerological
stations. TREFALL and NorDO (1959) have esti-
mated the error variance for some aerological
parameters by comparing the records of two
adjacent aerological stations on Spitzbergen.
Their results (Table 3) seem to us to be more
useful for cosmic ray applications as they con-
tain all sources of errors. No results are ob-
tained for the lower part of the atmosphere and
we have tried to extrapolate these values (Table
3). These estimates are used in the following
caleculations.

It must also be stressed, that the aerological
observations are carried out only twice a day
(at some stations four times a day) and that it
is tempting to make a linear interpolation be-
tween the points of measurement. Such a treat-
ment will also introduce errors. For long periods
the distribution of these errors tends to be sym-
metrical around the mean = 0.

The discussion above has given us reasons to
believe that the estimates of D (g7) and D (gg)
used in this paper are by no means too large.
We rather think that they are underestimates.
However, more accurate estimates are hard to
find.

Instead of using temperatures there is a pos-
sibility to use the heights to the pressure layers
obtained from aerological maps. BERGGREN
(1959) has studied the accuracy of these data.
At the 500 mb level D (gy) is estimated to 16 m
and at the 300 mb level to 22 m.

Table 3 also shows estimates of D (gp) and
D (eg). There is no reason to assume that there
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TABLE 3. References: TN = Trefall & Nordé
(1959), D =Dyring (1962).

Level or
component Estimate Ref.

1000-500 mb D (e7)=1.0°C

500-400 mb 1.3°C

400-300 mb 1.6°C TN

300-100 mb 2.2°C TN
100 mb D (en)=0.072 km TN
Surface D (ep)=0.2 mb D
Nucleonic D(en,)=12N;} D
Meson =1L14N D
1000-100 mb E (e, 8T/) =0
H: 100 mb _ °
T 200-100 mb } E (e;€,)=0.1 km °C TN
T:1000-100 mb  E(eper,) =0
H: 300-100 mb E(speg)=0

exist any correlations between the errors of the
cosmic ray intensity values and the errors of
the constants nor between these errors and the
errors of the atmospheric parameters. However,
it is not clear that the errors of the different
atmospheric parameters are uncorrelated. By
use of the Spitzbergen data mentioned above
TrREFALL and NorDO (1959) have obtained the
correlations between gy, (100 mb) and er, (100
mb) as well as between ¢y, (100 mb) and ey,_y,
(200 and 300 mb). Their results are not surpris-
ing as the height of an isobaric level is a func-
tion of the temperature distribution in the under-
lying atmosphere. Trefall and Nordé did not
find any significant correlation between &y, (200
mb) and &g,_gy, (100-200 mb) nor between ¢y,
(300 mb) and eg,_p, (100-300 mb) where the
atmospheric layers are not overlapping. This
indicates that there are no correlations between
the different £7; terms appearing in eq. (8) when
it is applied to the Dorman case. We also as-
sume that the error of the surface pressure and
the error of the parameters obtained from radio-
sonde measurement are uncorrelated.

The estimated values of E (g4 £4;) are also
shown in Table 3. The standard deviations of P
and 07 are obtained from meteorological records:
D(P)=12 mb Stockholm (58° N, 18° E),

mean over 10 years.
Larkhill (51° N, 2° W),

mean over 4 years.

D(T)=86°C
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TABLE 4. TABLE 5.

Nucleonic Meson Duperier ~ Dorman

8P, mb c, Cs ¢, C, OP,mb OT,°C éHkm €, C, ©C; OC,

30 1.91 38.0 1.39 36.1 20 12 0.8 1.45 33.7 146 9.0

20 1.74 18.0 1.36 16.1 6 0.4 1.39 19.7 141 6.6

10 1.58 6.0 1.33 4.1 0 0 1.36 153 137 5.8

0 1.44 2.0 1.30 0.1 -6 —-0.4 1.31 19.7 1.33 6.8

- 10 1.30 6.0 1.27 4.1 -12 -0.8 1.27 33.7 129 9.0

- 118 3us i o 10 12 0.9 142 297 142 6.0

* : i ) 6 0.4 1.38 16.7 1.38 3.6

0 0 1.33 143 134 2.8

-6 —-0.4 1.29 16.7 1.29 3.6

Concerning the height of the 100 mb level a -12 -08 124 207 125 6.0

value of D (H;) =400 m has been found corre- 0 12 0.8 139 287 139 5.0

sponding to D (T) = 6°C. 6 04 134 157 134 2.6

D h h . I 0 0 1.30 11.3 1.30 1.8

(T;) has the same order of magnitude at all -6 —04 1.26 157 128 2.6

levels of the atmosphere up to 100 mb (LARK- -12 -08 121 287 122 5.0

HILL, 1952). For long periods the distribution -10 12 0.8 1.36 2907 1.35 6.0

of P and T tends to be symmetrical and thus 6 04 131 16.7 131 3.6

we can roughly assume that 60-70 per cent of 0 0 1.27 143 1.26 2.8

all values are inside the limits of plus and —6 —04 122 167 1.22 3.6

. . . —12 —-0.8 1.18 297 118 6.0
minus the standard deviation.

- 20 12 0.8 1.33 33.7 1.29 9.0

6 0.4 1.28 19.7 1.27 6.6

0 0 1.24 153 1.23 5.8

Results -6 -04 119 107 119 6.6

-12 -0.8 1.15 33.7 114 9.0

The standard error of N, is estimated by
means of eq. (8) and the values in Tables 1 and
3. The calculations have been carried out for
the following values of 6P, 6H and 6T

0P =0mb, +10mb, =20 mb,
0H=0m, +400 m, —+800m,
8T =0°C, +86°C, +12°C.

We have assumed the temperature change to
be the same through the whole atmosphere up
to 100 mb.

The results for the different methods of cor-
rection come out in the form

D*(en)=C, N +C, 107 N?
C, and C, constants. (11)
The values of C, and C, for the three cases

represented by eqs. (1), (2), and (3) are listed

in Tables 4 and 5. Concerning Table 4 it should
be added that the usual correction of the nu-
cleonic intensity by a logarithmic formula leads
to standard errors which do not differ appreci-

ably from those in Table 4.

It is evident from eq. (9) that a positive cor-
relation between the &r; values of the different

atmospheric layers would increase the values in
Table 4 (Dorman method). Assuming a corre-
lation coefficient of 0.5 this increase would
amount to the constant value of approximately
4-107° N2,

The relative standard errors of N, calculated
according to eq. (8) are shown in Figs. 1 and 2
as functions of the counting rate.

Conclusions

Estimates are obtained of standard errors for
cosmic ray data which have been corrected for
atmospheric effects. If we assume that all the
&’s involved in the calculations (eq. 7) are ap-
proximately normally distributed (a reasonable
assumption) the true corrected intensity has a
probability of § to be inside the limits formed
by plus and minus the standard error of the
recorded values.

We have tried to choose the parameters in
the calculations so a8 to make the results ap-
plicable to the instrumentation in common use

Tellus XIV (1962), 2



STANDARD ERRORS OF COSMIC RAY DATA

§P=-20mb
§P= 0 mb
§P=+20mb

1.04

1.04

NUCLEON
0.5

POISSON

104 105 106 107 N

F1c. 1. Relative standard errors for pressure cor-
rected cosmic ray data as functions of the number
of counts per recording interval (N).

at present. Of course, every cosmic ray and
meteorological station has its own characteris-
tics as concerns the recording accuracy. Until
now very little has been made to establish these
characteristics. If we want to have a more de-
tailed error calculation for cosmic ray data
special studies have to be made. This may be of
importance for a critical cosmic ray analysis.
However, we believe that the standard errors
obtained in this report can be used as fairly good
estimates for most cosmic ray purposes.

The results can be summarized as follows:

(1) The standard error of the corrected cos-
mic ray intensity is of course a function of the
recorded intensity and the errors of the atmos-
pheric parameters. Besides, it is also dependent
on the magnitude of the deviations of the at-
mospheric parameters from the normal values.

(2) The results shown in this report are valid
for single observations. In cosmic ray analyses
sums or means over a period are often used.
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\ cerss §T2-12°C. ¥Pz-20mb
=== §T:+32°C. §P=+20mb
—— &= 0°C. §Px Omb
10 9
DUPERIER
25 ¢

05 1
DORMAN

10 105 106 107 N

Fi1a. 2. Relative standard errors for corrected meson
data as functions of the number of counts per re-
cording interval (N).

The error variance of a mean over M inter-
vals is

M
D? (emean) = M‘”‘ZID’ (&)

From Figs. 1 and 2 we can easily see that
D (Emen) > D (e) M~

if D (g) is calculated for 8P =0, 67 =0.

The actual value is dependent on the distri-
bution of the intensity values and the atmos-
pheric parameters during the period.

(3) Figs. 1 and 2 show that the relative stand-
ard error tends to a constant level with in-
creasing counting rate. The standard error of
the corrected intensity can be said to consist
of two components, the standard error of the
uncorrected intensity and a standard error
which is due to the uncertainty in the correc-
tions. The former component tends to zero with
increasing counting rate, whereas the latter is
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approximately constant. For that reason the
relative standard error is roughly constant from
about 108 counts per recording interval and up-
wards. Thus, for each interval length there
exists a critical counting rate which it is mean-
ingless to pass in order to decrease the standard
error, as long as no improvements are made in
the meteorological recording methods. This
counting rate depends on the accuracy of the
meteorological values which are inserted in the
correction formulas. The use of interpolated
values moves the critical counting rate towards
lower values and increases the plateau value of
the relative standard error.

It must be observed that our calculations
have been carried out under the assumption
that simultaneous meteorological measurements
are available for each recording interval. If we
want to study short time variations of cosmic
rays we must also have corresponding meteoro-
logical data at our disposal. Otherwise the sta-
tistical advantages of a high counting rate will
be seriously affected by uncertainties in the

E. DYRING OCH 8. LINDGREN

atmospheric corrections. In the case of simple
pressure correction the use of a good barograph
can solve our problem. Concerning corrections
for other atmospheric effects (meson component)
the use of short time intervals is more doubtful
as long as the frequency of aerological measure-
ments is only two or four per day. Today we
know very little about the magnitude of the
errors which are introduced by interpolation
of atmospheric parameters between two points
of measurement.

(4) Standard errors calculated directly from
a Poisson distribution of the corrected intensity
values are definitely underestimates.
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