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ABSTRACT
The role of the f-effect in the Rossby wave propagation mechanism is examined in the linearised shallow
water equations directly in momentum—height variables, without recourse to potential vorticity (PV). Rigorous
asymptotic expansion of the equations, with respect to the small non-dimensionalised f parameter, reveals in
detail how the Coriolis force acting on the small ageostrophic terms translates the geostrophic leading-order
solution to propagate westward in concert. This information cannot be obtained directly from the conventional
PV perspective on the propagation mechanism. Furthermore, a comparison between the f-effect in planetary
Rossby waves and the sloping-bottom effect in promoting topographic Rossby waves shows that the ageos-
trophic terms play different roles in the two cases. This is despite the fact that from the PV viewpoint whether the
advection of mean PV gradient is set up by changes in planetary vorticity or by mean depth is inconsequential.

Keywords: Rossby wave propagation, momentum-pressure perspective, role of ageostrophic flow, beta plane,

sloping bottom

1. Introduction

The Rossby wave is a cornerstone concept in geophysical
fluid dynamics, and a comprehensive understanding of the
physical mechanisms that control Rossby wave propagation
is therefore of central importance to the field. Since its
introduction (Rossby et al., 1939), the Rossby wave has been
generally understood from the vorticity perspective: the
circulation associated with a potential vorticity (PV) anom-
aly advects a background PV gradient — such as the plane-
tary vorticity gradient  — and generates fresh anomalies in
quadrature with the original anomaly, yielding propagation
to the left of the background vorticity gradient. This is the
conventional view of Rossby wave motion, presented in all
textbooks. While this perspective is mathematically simple
and physically intuitive, it yields little insight into the
fundamental forces at play or into the role played by
divergence, which requires an examination of Rossby wave
dynamics directly in momentum—pressure space. This pro-
blem has received much less attention, notable exceptions
being (Gill 1982, Section 12) and Cai and Huang (2013).
Our aim here is to provide a simple yet rigorous derivation of
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Rossby waves directly from the momentum and continuity
equations, which is not offered in Gill (1982), together with
a simpler physical picture than that presented in Cai and
Huang (2013).

The relevant small parameter intrinsic to the f-plane
approximation is f = BL/fy = Af'/fy, where L is a mer-
idional length scale over which the Coriolis parameter
variation Af is small compared to its central value fy. f8
can be regarded as the Rossby number measuring the ra-
tio between the Rossby wave and Coriolis frequencies,

O(B) = ey, /1y).

In Section 2, it is shown that in the context of a shallow-
water f plane model, an asymptotic expansion in powers of
B readily leads to the conventional Rossby wave dispersion
relation. More importantly, each of the terms in the ex-
pansion has a simple physical interpretation, giving insight
into the propagation mechanism and the role of the
divergence field. In the zeroth order the solution is in
stationary geostrophic balance, and the ageostrophic terms
responsible for propagation only come in at first order. The
solution is thus automatically quasi-geostrophic, and the
propagation is slow (order f§) because the mechanisms
responsible for propagation are entirely contained in the
higher-order corrections and are the residual result of
opposing effects. We also show (Section 3) that a very
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2 E. HEIFETZ AND R. CABALLERO

similar approach can be taken for topographic Rossby
waves, that is, in the case of a f plane shallow-water model
with a sloping bottom, in which the relevant small para-
meter is the non-dimensional measure of the bottom slope.
In Section 4, we compare the conventional PV perspective
with the present alternative perspective in more detail.
Section 5 presents a summary and conclusions.

2. Rossby waves in a shallow water f-plane model

We begin with the linearised shallow water equations in a
mid-latitude f plane (Gill, 1982):

ou oh
o r _ ot 1
5 (fo+By)v g5 (la)
ov oh
= _(f + —_o_ 1b
5 (fo+ By)u o (1b)
Py (2, 2) o
ot dx Oy

We non-dimensionalise the equations by choosing a hori-
zontal length scale L (for which the meridional variation of
the Coriolis parameter is small), a vertical scale A and 1/f,
as the time scale, yielding:

du ~ oh
- — Bu — 2
5 (I+pBy)v U (2a)
v ~ oh
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B (I+By)u uay (2b)
oh ou Ov
— ==+, 2
ot (3x 8y> (2¢)

where Bu = (L,/L)" is the Burger number, and L, = +/gH /f,
is the deformation radius.

Following Heifetz et al. (2007, hereafter HO07), we
perform an asymptotic expansion with respect to f3. Since
egs. (2a—2c) are homogeneous in time, we can assume
solutions with time dependence ¢, and we will also
expand the frequency o:

u(x,y,1) = e PO (o y Buy 4 ) 3)

with analogous expressions for v and /4. Substituting in egs.
(2a—2c¢) and gathering zero-order terms, we obtain

Oh
—iwqiy = vy — Bu —> (4a)
Ox
Oh
—iwyvy = —uy — Bu -2 (4b)
Ay
Ouy O,
oty = (2, 2) "
Loy (6}( ay (40)

which are simply the linearised shallow water equations on
a fplane. As is well known (e.g. HO7) these equations have
plane-wave solutions e/**+%=" with zonal and meridional

wavenumbers k£ and /, yielding a cubic dispersion rela-
tion with two non-zero roots — corresponding to Poincare
waves, which we will not consider further here — and a third
root ®wy=0 corresponding to stationary, non-divergent
geostrophic balance:

u, = Buz x Vh, ®)

where z is the unit vertical vector.

As in Rossby et al. (1939), we focus on the simplest form
of the wave, in which the phase lines are oriented north-
south so that the zero-order structure is independent of y:

uy =0 (6a)
vy = Buikh, (6b)
h() _ /:loei(kxﬂut) (6C)

where 7, is a constant. The infinite meridional extent is
physically inconsistent on a sphere but as discussed in
Appendix A, the basic understanding obtained from this
simple solution can be extended to narrow channels.

Rossby wave motion is obtained by considering the first-
order terms in the expansion of eqs. (2a—2c¢) and setting
o =0:

ol
—iwuy = yvy+ v, — Bu oh (7a)
Ox
oh
—iw, vy = =Yy — u; — Bu —+ (7b)
dy
. Ou, 8v,)
—iohy =—|—+—]). Tc
thy (8x oy (7o)

If we decompose the first-order velocity field into geostro-
phic and ageostrophic components'

u, = uf + uf with uf = Buz x Vh, (8)

and substitute (4a—4c) and (8) into (5), we find the solutions

uf = iw,; v, (9a)

— (9b)
—k

o= k2 + Bu!’ )

In particular, eq. (9c) implies that the frequency, up to
first-order accuracy, in dimensional form is

—Bk

- 10
L (10)

wRo
which is the classical Rossby wave dispersion relation.
Hence, it is the interaction between the zero-order geostro-
phic solution and the first-order ageostrophic component

'n order to avoid confusion in definitions with HO7 we hereafter
refer to the ‘geostrophic’ component when is f evaluated by f.
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that determines the Rossby wave propagation. Note that
the second-order terms (together with boundary condi-
tions) are required to determine the first-order height field
hy and its associated geostrophic velocity components
ui,vi. However, these first-order terms affect only on the
third-order correction to the dispersion relation (see H07)
and are beyond the scope of this note.

Solution (6) is sketched in Fig. 1 (which is equivalent to
Figure 12.2 Gill, 1982) to explain how the zero-order fields
propagate to the west in concert. The ageostrophic zonal
correction u{ added in phase with /i, enables the residual
Coriolis force to translate vy a quarter of a wavelength to
the west. Nonetheless, it is evident from Fig. 1 and (7c) that
the contribution of u{ to the divergence acts to shift the
height field Ay eastward. Hence, such a structure cannot
propagate coherently on the f plane. This is where f must
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Fig. 1. Schematic illustration of the Rossby wave propagation

mechanism on a f-plane for the case where the zero-order
geostrophic balance is independent of latitude [egs. (6a—6c)]. Long
vertical arrows represent the zero-order geostrophic meridional
velocity v, whereas short vertical arrows represent their first-order
ageostrophic correction v{. The first-order ageostrophic zonal
component u{, represented by the short horizontal arrows,

is in phase with the zero-order height (pressure) anomaly /.

The interaction between the zero-order geostrophic field and

the first-order ageostrophic correction explains the westward
propagation of the zero-order field (illustrated by being shifted
by a quarter of a wavelength, after a quarter of a period of

T /4 = n/(2|wg,|). The residual Coriolis force acting on u{ shifts
vo westward, but its contribution [Z?i\‘ to the divergence field, acts
to shift sy eastward. v{ is in (out of) phase with vy at low (high)
latitudes. This keeps the Coriolis force constant on the f-plane
so it can be balanced by the constant PGF. Its contribution

to the divergence field %, opposes and overwhelms 6'—'\', therefore
allows 5 to propagate westward coherently with the zero-order
momentum field.

come into play: on the f plane, an ageostrophic meridional
correction ¥{ must be added to (subtracted from) v, at
lower (higher) latitudes [Fig. 1 and (7a)] in order to keep
the Coriolis force constant in y, so it can be balanced
by the zero-order zonal pressure gradient force (PGF)
which is also meridionally uniform, thus keeping uy =0.
Quite remarkably, this very same structure generates the
required divergence component Jv{/dy, to oppose and
overwhelm 9u¢ /dx, and thus enable the westward propaga-
tion of hy.

This combined momentum—height (pressure/mass) de-
scription of how the f-effect ensures the coherent propaga-
tion of the zero-order geostrophic fields may be regarded as
an alternative perspective to the classical PV one. From
the PV perspective, it is clear how the planetary vorticity
gradient breaks the symmetry and prevents an eastward
propagation to the right of it. This is also clear from the
momentum-height one — flipping the arrows of u{ in Fig. 1
yields a coherent eastward propagation of vy and /4, but it
also generates a non-vanishing u field.

The momentum—height description explains why Rossby
waves are relatively ‘slow” the mechanisms that translate
both the momentum and height fields are residual. For
the momentum, it is the residual imbalance between the
Coriolis force and the PGF, whereas for the height it is the
residual imbalance between the divergence components
along and perpendicular to the direction in which the
Coriolis parameter varies. This stands in contrast with the
‘fast” Poincare waves propagation mechanism on the f
plane. There, both the PGF and the Coriolis force and the
two components of the divergence act constructively to
translate the momentum and the height fields.

It also explains why non-divergent Rossby waves are
faster than divergent Rossby waves, or more generally why
the frequency increases as L, and thus Bu increase. For a
given zonal wavenumber, the larger the amplitude of u{ the
faster is the meridional velocity propagation and hence the
propagation of the wave as a whole. When the flow is
divergent, the zonal component of the divergence du{/0x
must be smaller in magnitude than the meridional compo-
nent 9v{/dy in order to yield a non-zero total divergence
and allow / to change. However, the meridional conver-
gence is fixed by the f effect, and it is therefore the zonal
component that is flexible. In fact, it can be seen from
eq. (6) that

ouj/ox — —k*
/Ay K2+ But

ko, (11

so that Ou{/Ox (and therefore u{) increases with Bu,
reaching its maximum value in the limit Bu — oo when
the flow is non-divergent.
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3. Topographic Rossby waves

On an f'plane with a meridionally sloping bottom such that
H(y) = H, — 7y, the linearised equations of motion become:

ou oh
o fy—g— 12
y Jov L (12a)
ov oh
A 12b
or -fout gay (12b)
oh ou Ov
—=—(H, — —+—]+) 12
5 (H, M(ax ay> Py (12¢)

Note that there is now an additional term in the con-
tinuity eq. (7c), representing the advection of the back-
ground height gradient; as shown below, this is the term
responsible for Rossby wave motion in the present case,
playing the role of the f terms in eq. (1).

Non-dimensionalising as in Section 2, we obtain

@ =v— Bu % (13a)
ot ox
@ = —u— Bu 6_11 (13b)
ot dy
oh ou Ov
o= == ] 13
o )(ax+a)+w (13
where
::E: _A_H (14)
H, H,

is the small parameter of the problem. As before, we expand
the variables in powers of 7. At zero order, we re-obtain eq.
(3), and focus again on the zonally-propagating plane-wave
solution (4). At first order, the equations become

—iwuy = (15a)
—io, vy = —uf (15b)
Ou, 8v1)
—iohy = —( =L+ L)+ 15¢
17y (ax oy 0 (15¢)
whose solutions are
ui = iw;v, (16a)
vl = (16b)
—k
= . 16¢
YTk 4 B! (160)

Comparing with the dynamics on the f-plane (Fig. 1) the
picture is the same but v{ = 0. The ageotrophic zonal wind
uf is responsible for translating vy westward, but tends to
translate /iy eastward. The latter tendency is overwhelmed
by the meridional advection at the zero order of deep water
from the south and shallow water from the north, instead
of convergence due to ageostrophic meridional wind as in
the B plane.

4. Discussion

The aim of this note is to provide a simple yet rigorous
mathematical derivation and associated physical interpre-
tation of Rossby waves directly from the momentum and
continuity equations. To appreciate what is gained by
taking this perspective, it is useful to contrast with the
conventional approach — which dates back to the original
work by Rossby et al. (1939) — in which the equations are
combined to form expressions for the evolution of PV and
divergence. In the f-plane case, these are

0q _~

o By (17a)
k) ~ - R
5=(1+ﬂy)cfﬁufBth, (17b)

where { and & are respectively vorticity and divergence
while ¢ = { — (1 + fy)h is the linearised PV. In the sloping-
bottom f plane case, we have instead

%: v (18a)
% ={— BuV?h, (18b)

where now g = (1 — 99){ — h. Expanding in powers of the
small parameter as previously, to zero order (11b) and (12b)
both give {, = BuV?*h,, which expresses non-divergent
geostrophic balance, while to first order (11a) and (12a)
both give —iw,({, —hy) = —v,, from which the Rossby
wave dispersion relation follows.

Thus, the classical Rossby wave dispersion relation
solution in the PV approach only involves structures of
the zero-order terms, which makes the f-plane and sloping-
bottom cases completely indistinguishable. The physical
interpretation, which was discussed in the Introduction,
is also identical for both cases and involves only the
meridional advection of the mean PV gradient — whether
that gradient is set up by changes in planetary vorticity or
mean depth is inconsequential. The price to be paid for the
simplicity and unity of this viewpoint is a loss of informa-
tion: the PV approach yields no insight into the role played
by the ageostrophic perturbation in shifting the wave
westward, which instead are fundamental in our alternative
approach. Note also that the ageostrophic terms are quite
different in the f plane and sloping-bottom cases, so that
the two cases are not isomorphic from the momentum—
pressure perspective.

Information about the ageostrophic terms is of course
not truly ‘lost’ in the PV perspective, since the vorticity and
divergence contain the same information as the raw wind-
field. The first-order ageostrophic terms can in fact be
derived from the first-order expansion of the divergence
equation, but this is cumbersome as it requires an inverse
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Helmholtz decomposition. The ageostrophic terms are
much more easily and intuitively accessible through the
momentum equations, as we have shown here.

It is important to note that the above analysis only
explains how the zero-order structure propagates with the
Rossby phase speed due to its interaction with the first-
order ageostrophic correction. In order to explain how the
latter propagates, one must explore its interaction with the
second-order correction. This interaction adds a third-
order correction to the dispersion relation and is beyond
the scope of this note. Furthermore, in order to find the
complete first-order correction fields (the missing geos-
trophic component which is irrelevant to the discussed
mechanism), one should incorporate the suitable boundary
conditions on the channel walls (see H07).

The Rossby dispersion relation can be obtained alter-
natively from manipulating equation set (1) to obtain a
single homogeneous third-order equation for the meridio-
nal velocity (e.g. Vallis, 2014). After approximating f by f,
but leaving f as a constant, the solution for a plane wave
yields a cubic equation for the frequency with constant
coefficients. The high frequency limit provides the Poincare
frequencies and the low limit the Rossby one. For com-
pleteness, we show in Appendix B how a rigorous expan-
sion of this equation in f§ provides the Rossby dispersion
relation and the associated wave structure.

Paldor et al. (2007) and Paldor and Sigalov (2008) found
that non-harmonic trapped Rossby waves may have much
faster phase speeds (by a factor of four) than the zero-order
harmonic waves discussed here. Recently, Paldor et al.
(private communication) analysed oceanic altimetry data
and found such fast Rossby waves, trapped to the south
Australian shores. It will therefore be interesting to analyse
this fast propagation mechanism from the momentum-—
pressure perspective.

5. Summary and conclusions

We have presented a simple yet rigorous derivation of
Rossby waves directly from the momentum and continuity
equations based on an asymptotic expansion in terms of the
non-dimensional f parameter (in the f-plane case) or mean
height gradient (in the f plane case with a sloping bottom).
As opposed to the conventional PV explanation, it shows
in detail how the Coriolis force acting on the small
ageostrophic terms translates the geostrophic leading-order
solution to propagate westward in concert. In the f-plane,
this mechanism can be summarised as follows: in order
for the zero-order harmonic wave to maintain its structure
when the Coriolis parameter increases with latitude, a first-
order correction to the meridional velocity field is required
to keep the Coriolis force harmonic to zero order; this cor-
rection in turn generates a cross-isobaric flow which leads

to westward propagation of the zero-order height and
velocity fields. In the sloping-bottom case, the meridional
advection of the background height gradient requires
cross-isobaric flow in order to maintain the height field
harmonic, again leading to westward propagation.

This physical picture is not entirely new, being already
present in Gill (1982) and in somewhat different form in
Cai and Huang (2013). However, Gill (1982) only provides
a qualitative discussion, while Cai and Huang (2013)
provide full mathematical solutions but the treatment is
highly complex. Our aim here was to marry the simple
physical insight to a correspondingly simple mathematical
treatment, and demonstrate that the momentum—pressure
perspective is as accessible, intuitive and satisfying as the
conventional PV perspective. Whether one considers the
PV or the momentum—pressure perspective to be the more
fundamental is a question of taste; we have strived here to
show that they provide alternative and complementary
insight into Rossby waves, and deserve to be treated on an
equal footing.
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7. Appendices

A. Bounded Rossby waves

While a channel wave guide is not necessarily a realistic
feature in the mid-latitudinal atmosphere, it is consis-
tent with the f-plane approximation which requires a small
meridional extension. This motivated HO7 to solve analy-
tically the first-order correction to a zero-order harmonic
wave on a channel:

2n+1) =
L 2

ikx—wmt

vy = Poe ™ cos by, £ = (A1)
where the quantisation of the meridional wavenumber (7 is
an integer) ensures the vanishing of the meridional velocity
on the channel ‘walls’ at the zero order, vy(y = £L) = 0.
The associated first-order correction to eq. (5) that also
satisfies the boundary conditions is somewhat complex
[equation set (20) and Figs. 1, 2 in HO7]; however, it obeys
the following basic principles obtained from the infinite
channel width solution. Up to the first order, the Rossby
dispersion relation isindeed w, = —k/[(k* + I*) + Bu~'] and
is influenced only by the interaction between the zero-
order dynamics and by the ageostrophic component of the
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first-order correction.” The role of the first-order ageos-
trophic component is double. It first ensures the undistorted
propagation of the zero-order momentum of the harmonic
wave, despite the meridional linear variation of the Coriolis
force. This requires the ageostrophic solution to be com-
posed of a combination of harmonic and non-harmonic
structures [equation set (22) in HO7]. Second, the harmonic
component of the divergence field acts to shift the zero-
order height field /g, eastward, however this tendency is
overwhelmed by the non-harmonic convergence part that
shifts /oy westward, in concert with the zero-order momen-
tum fields.
B. Expansion in /? of the meridional velocity third-order
equation

Equation set (1) can be transformed into a single
homogeneous third-order partial differential equation of
the meridional velocity vy (e.g. Vallis, 2014):

» 2 a9 0
{§+{(Ifo+ﬁJ’) —gHVz}a—ﬁa}vﬂl (B1)

Expanding the meridional velocity in f5:
V(X,y, t) _ e—i((l](’+/}(01+...)l (f’o + E‘A)l + m)eikx (B2)

and substitute in (B1) yields:

{(w0+[§cu1 +...)[—(w0 + oy 4 21 +[?%)2 —gHVZ}
+ kgH%ﬁ}(ﬁo +fo +..) =0
(B3)
The zero-order expansion yields:
wo(—wf +f5 —gHV)vy =0 (B4)

and for a non-trivial vy solution (of say a plane wave) we
obtain

w, = 0;wpPo = f + K’gH (B5)

corresponding to the stationary, non-divergent geostrophic
balance and the two non-zero Poincare roots. As pointed out
by HO7, the symmetry properties of system (1) implies that only
a solution with zero even powers of w (@, = w, = ... = 0) can
be expanded in series of positive integer powers of ﬁ Therefore,

>The first-order ageostrophic component has a non-vanishing
meridional velocity field on the boundaries and therefore must
be ‘corrected’ by the geostrophic first-order component of the
solution. However, the latter affects only on the third-order
correction to the Rossby dispersion relation. Hence, the only
relevant influence of channel walls on ® at the first order is the
dictation of a quantised meridional harmonic solution on the zero-
order wave structure.

Poincare waves are zero-order solution of (B3) on the f~plane
but require a different type of expansion.

Hence, for the ®y =0 branch the O(f) of (B3) yields:

o, (ff — gHV?) +kgH]% vy =0 (B6)
which for v, = 9y admits:
_z P oo — Pk
o = fo, + O(B); po, ST Yw (B7)

The O(f*) provides the relation between the first and
zero-order structures of v:

29 2
Y d

so that for unbounded domain

1 2
5(%) —l] (%)Ao:v.gw,a (B9)

VII
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