
Ensemble data assimilation with an adjusted

forecast spread

By SABRINA RAINWATER* and BRIAN R. HUNT,

Department of Mathematics, University of Maryland, College Park, Maryland, USA

(Manuscript received 23 October 2012; in final form 28 February 2013)

ABSTRACT

Ensemble data assimilation typically evolves an ensemble of model states whose spread is intended to represent

the algorithm’s uncertainty about the state of the physical system that produces the data. The analysis phase

treats the forecast ensemble as a random sample from a background distribution, and it transforms the

ensemble according to the background and observation error statistics to provide an appropriate sample for

the next forecast phase. We find that in the presence of model nonlinearity and model error, it can be fruitful to

rescale the ensemble spread prior to the forecast and then reverse this rescaling after the forecast. We call this

approach forecast spread adjustment, which we discuss and test in this article using an ensemble Kalman filter

and a 2005 model due to Lorenz. We argue that forecast spread adjustment provides a tunable parameter, that

is, complementary to covariance inflation, which cumulatively increases ensemble spread to compensate for

underestimation of uncertainty. We also show that as the adjustment parameter approaches zero, the filter

approaches the extended Kalman filter if the ensemble size is sufficiently large. We find that varying the

adjustment parameter can significantly reduce analysis and forecast errors in some cases. We evaluate how the

improvement provided by forecast spread adjustment depends on ensemble size, observation error and model

error. Our results indicate that the technique is most effective for small ensembles, small observation error and

large model error, though the effectiveness depends significantly on the nature of the model error.
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1. Introduction

Data assimilation is used, for example, to determine initial

conditions for weather forecasts from the information

provided by atmospheric observations. Combining a prior

weather forecast with observations and taking into account

the uncertainties of each, data assimilation attempts to

provide an optimal estimate for the current state of the

atmosphere. Modifying the forecast to better fit to the

observations is called the analysis phase of data assimila-

tion. The resulting estimate, also called the analysis, is then

evolved during the forecast phase.

In data assimilation, the observation uncertainty is

typically characterised as additive errors distributed ac-

cording to a known Gaussian distribution whose covar-

iance is constant in time. Forecast errors are often treated

as Gaussian too, but the actual forecast error covariance

changes in time and can be difficult to estimate. Ensemble

data assimilation uses an ensemble of forecasts to provide a

statistical sampling of the plausible atmospheric states,

estimating the forecast error covariance through sample

statistics. Ensemble Kalman filters (EnKFs) fit the ensem-

ble mean to the observations and provide a collection of

plausible estimates (the ensemble) to represent the remain-

ing uncertainty (Evensen, 1994; Burgers et al., 1998;

Houtekamer and Mitchell, 1998; Anderson and Anderson,

1999; Bishop et al., 2001; Ott et al., 2004; Wang et al.,

2004). Propagating this analysis ensemble provides the

sample mean and covariance for the next assimilation cycle.

The Kalman filter (Kalman, 1960) is optimal for linear

models with Gaussian errors. Algorithms that extend the

Kalman filter to nonlinear models, including EnKFs among

others, are suboptimal and can diverge even if there is no

model error (Jazwinski, 1970; Anderson and Anderson,

1999). One reason is that model nonlinearity causes EnKFs

to underestimate the forecast error covariance relative

to the uncertainty in the initial conditions (Whitaker

and Hamill, 2002). Insufficient ensemble covariance can

also be caused by unquantified errors in the model and
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observations. One common way to compensate for co-

variance underestimation is to inflate the forecast error

covariance by a multiplicative factor larger than one dur-

ing each analysis phase (Anderson and Anderson, 1999;

Whitaker and Hamill, 2002; Miyoshi, 2011). Other ways

to compensate for the underestimation include additive

inflation (Houtekamer and Mitchell, 2005; Whitaker

et al., 2007), relaxation-to-prior-perturbations (Zhang

et al., 2004) and relaxation-to-prior-spread (Whitaker and

Hamill, 2012).

Typically, the ensemble is propagated with spread

representative of the approximate covariance as described

above. However, the ensemble covariance is only utilised

during the analysis phase of data assimilation. In this

article, we investigate the potential advantages of evolving

an ensemble whose spread is not commensurate with the

approximate covariance, by rescaling the ensemble pertur-

bations by a factor h before the forecast phase and

rescaling them by 1/h after the forecast phase. We call

this technique forecast spread adjustment (FSA), and we

remark that it has no net effect with a linear model.

For a nonlinear model, FSA affects the ensemble that

provides the input (‘background’) for the analysis phase in

three ways: changing its mean; changing the space spanned

by the perturbations from the mean; and to a lesser extent,

changing the size of these perturbations (the size is affected

directly by covariance inflation). In an EnKF, the analysis

phase adjusts the ensemble mean within the space spanned

by the perturbations; FSA with h�1 may improve the

ability of this space to capture the truth by increasing the

chances that the forecast ensemble surrounds the truth.

(On the other hand, h should not be so large than none

of the ensemble members are near the truth.) Further,

FSA may help overcome the rank deficiency of a small

ensemble by accentuating model nonlinearities that can

introduce new directions of uncertainty into the space

spanned by the perturbations (and thus into the back-

ground covariance used in the analysis). We argue that

FSA also has the potential to improve the forecast mean,

based on the advantage sometimes observed in ensemble

prediction of the mean of an ensemble forecast versus the

forecast of the ensemble mean (see e.g. Buizza et al., 2005).

If the mean of the forecast from an unscaled ensemble

(h�1) is more accurate (on average) than the forecast

of the mean (corresponding to h00), then the mean of

the forecast from an ensemble scaled by h"1 may be

better still.

FSA allows us to relate some aspects of data assimilation

that were previously considered independently.

� As we will later show, for a linear observation

operator FSA has the same long-term effect on

the analysis means as rescaling the observation

error covariance (e.g. Stroud and Bengtsson, 2007)

by h2, but it results in a different (and in the

scenarios we considered, more appropriate) analysis

covariance.

� Multiplicative covariance inflation, described

above, is applied sometimes by rescaling the fore-

cast (background) ensemble perturbations and

sometimes by rescaling the analysis ensemble per-

turbations (e.g. Houtekamer and Mitchell, 2005;

Bonavita et al., 2008; Kleist, 2012); when using FSA

in addition to inflation, both ensembles are rescaled

by amounts that can be varied independently. From

this point of view our approach treats forecast

perturbation rescaling and analysis perturbation

rescaling as techniques that can be used in tandem,

as opposed to alternate versions of the same

technique. We also consider the possibility of, for

example, analysis perturbation inflation coupled

with deflating the forecast perturbations by a lesser

amount.

� The limit h00 discussed above also corresponds to

evolving the ensemble covariance according to the

linear approximation about the mean, as in the

extended Kalman filter (XKF; e.g. Jazwinski, 1970;

Evensen, 1992).

In Section 2, we describe various data assimilation algo-

rithms based on the Kalman filter, specifically the XKF

and the ensemble Kalman filters, ETKF (Bishop et al.,

2001; Wang et al., 2004) and LETKF (Hunt et al., 2007).

In Subsection 3.1, we describe FSA. We compare FSA to

alternative formulations that can produce the same analysis

means, specifically: inflating the observation error covar-

iance (Subsection 3.2) and inflating the analysis error

covariance in addition to or instead of the background

(forecast) error covariance (Subsection 3.3). The main

difference between these approaches is that inflating the

observation error covariance results in a larger background

and analysis error covariance than FSA. Subsection 3.4

compares the ensemble transform Kalman filter (ETKF)

and the XKF and discusses how FSA can transition from

the XKF to the ETKF and beyond. In Subsection 4.1

we describe the Lorenz (2005) Model II used for our

experiments, and in Subsection 4.2 we describe our experi-

ments. In Subsection 4.3 we describe how we tuned the

FSA parameter h, along with the multiplicative covariance

inflation factor, in order to minimise analysis errors.

We also discuss the possibility of adaptively tuning both

parameters with techniques similar to Li et al. (2009).

Subsection 4.4 depicts and discusses the results of our ex-

periments. We summarise our findings and state our con-

clusions in Section 5.
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2. Kalman filters

The Kalman filter is an optimal algorithm for data

assimilation with a linear model with Gaussian errors.

A Kalman filter can be described by the cycle of forecast-

ing the previous analysis (optimal estimate) to get the

background (forecast) and generating a new analysis by

updating the background to more closely match the

observations. Thus, we describe the Kalman filter in terms

of two phases: the forecast phase and the analysis phase.

Most data assimilation algorithms used for weather pre-

diction (including variational methods and EnKFs) have

the same statistical basis as the Kalman filter.

The analysis state according to the Kalman filter is

given by

xa ¼ xb þ K yo � hðxbÞ
� �

; (1)

K ¼ PbHT HPbHT þ Ro
� ��1

; (2)

where K is the Kalman gain matrix, xa is the analysis state,

xb is the forecast or background state, Pb is the background

error covariance, Ro is the observation error covariance, yo

is the vector of observations, h is the observation operator

that transforms model space into observation space, and

H is the matrix that linearises h about xb. The error

covariance of the analysis state xa is given by

Pa ¼ I � KHð ÞPb: (3)

Having determined xa and Pa at a certain time t, the

forecast phase evolves these to the background state xbþ

and its error covariance Pbþ at time t��t. Specifically, in

the forecast phase from time t to time t�, the model M

evolves the analysis state at time t to the background state

at time t�. The forecast phase is given by

xbþ¼Mxa; (4)

Pbþ¼MPaMT þQ; (5)

where Q is a covariance matrix representing model errors,

which, like observation errors, are assumed to be Gaussian.

Nonlinear extensions of the Kalman filter generally use

eq. (1)�(3) with minor modifications and differ primarily in

how they evolve the estimated state and covariance. For

EnKFs, a common alternative to the model error term in

(5) is to inflate Pbþ by a multiplicative factor r (Anderson

and Anderson, 1999). Such multiplicative inflation can be

helpful even if there is no model error, since a nonlinear

model tends to cause the ensemble to underestimate the

background error covariance (Whitaker and Hamill, 2002).

2.1. Ensemble Kalman filters (EnKFs)

In this section, we discuss the class of data assimilation

techniques known as the EnKFs. In the ensemble techni-

ques, rather than evolving the covariance directly as

done in the Kalman filter and the XKF, an ensemble

X
b
i j1 � i � k

� �
is chosen to represent a statistical sampling

of a Gaussian background distribution, with the sample

mean �xb of the background ensemble approximating the

background state xb in eq. (1). The subscript i here refers to

the index of the ensemble member, and the ensemble has k

members in total. All members of the ensemble estimate the

background at the same time.

Each ensemble member X
b
i can be expressed as a sum

X
b
i ¼ �xb þ X b

i of the mean �xb and a perturbation X b
i .

Letting X
b and X b be the matrices with columns X

b
i and

X b
i , respectively, we write

X
b ¼ �xb þ X b; (6)

where by adding a vector and a matrix we mean adding the

vector to each column of the matrix. The columns of Xb

represent the ensemble of background perturbations, con-

structed as departures from the mean.

The background error covariance is computed from

the background ensemble according to sample statistics,

namely

Pb ¼ q

k � 1
X bX bT; (7)

where r is the multiplicative covariance inflation factor

(discussed in Subsection 3.3).

We use a corresponding notation for the analysis

ensemble X
a with mean �xa and perturbations Xa. EnKFs

are designed to satisfy the Kalman filter eq. (1)�(5) with xb

and xa replaced by �xb and �xa. Mimicking the background,

the analysis ensemble perturbations must correspond to a

square root of the reduced-rank analysis error covariance

matrix in eq. (3), that is,

1

k � 1
X aX aT ¼ Pa: (8)

Different EnKFs select different solutions Xa to this

equation. Finally, in all EnKFs, the ensemble members

are propagated independently. For a deterministic (possi-

bly nonlinear) forecast modelM, which propagates a model

state from time t to time t�, the background ensemble

members at time t� are given by

X
bþ

i ¼M X
a
ið Þ: (9)

2.1.1. ETKF. We tested ensemble data assimilation with

FSA on the ETKF (Bishop et al., 2001; Wang et al., 2004)
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and the Local Ensemble Transform Kalman Filter (LETKF)

(Ott et al., 2004; Hunt et al., 2007). We implemented both

methods according to the formulation in Hunt et al. (2007)

(see Subsection 2.1.2 for the relationship between LETKF

and ETKF). For speedy computation, in these algorithms

the analysis phase of the Kalman filter is performed in the

space of the observations, with the background ensemble

transformed into that space for comparison.

In the ETKF, the analysis mean is given by

�xa ¼ �xb þ 1

k � 1
X bUY bTRo�1

yo � hðxbÞ
� �

(10)

U ¼ 1

q
I þ 1

k � 1
Y bTRo�1

Y bÞ�1
;

�
(11)

where h is the (possibly nonlinear) observation operator,

and Yb are the background perturbations in observation

space derived by transferring the ensemble X
b to observa-

tion space and subtracting the mean �yb ¼ hðXbÞ; Y b ¼
hðXbÞ � yb: For a linear observation operator, the ETKF

analysis mean xa computed in eq. (10) equals the Kalman

filter analysis estimate xa of eq. (1) assuming xb ¼ xb and

Pb ¼ q
k�1

X bX bT [eq. (7)].

The ETKF analysis perturbations are given by

X a ¼ X bU
1
2; (12)

where the exponent 1
2
represents taking the symmetric

square root. These perturbations differ from the back-

ground perturbations as little as possible while still re-

maining a square root of Pa (Ott et al., 2004). For a full

discussion of the equivalence and relationship between

(10)�(12) and (1)�(3), see Hunt et al. (2007).

2.1.2. LETKF. Essentially, the LETKF performs an

ETKF analysis at every model grid point, excluding distant

observations from the analysis. At each grid point, it

computes yo
local and Ro

local , truncating yo and Ro to include

only the observations within a certain distance from the

grid point. The LETKF computes the local analysis for

each grid point from the ETKF analysis eq. (10)�(12) and
restricts the resulting analysis to that grid point alone.

Observation localisation is motivated and explored in

(Houtekamer and Mitchell, 1998; Ott et al., 2004; Hunt

et al., 2007; Greybush et al., 2011). We provide a limited

motivation here.

One problem with estimating Pb [eq. (7)] from an

ensemble is that sampling error can introduce artificial

correlations between the background error at distant grid

points. As the analysis increment �xa � �xb in eq. (10) is

computed in observation space, it is possible to eliminate

these spurious correlations (along with any real correla-

tions) for the analysis at a particular model grid point by

truncating the observation space beyond a specified dis-

tance from the grid point.

Other methods of localisation (e.g. Whitaker and Hamill,

2002; Bishop and Hodyss, 2009) modify the background

error covariance directly. For all these approaches, locali-

sation is found to greatly reduce the number of ensemble

members needed to produce reasonable analyses for models

with large spatial domains.

2.2. Extended Kalman filter (XKF)

In the XKF (see e.g. Jazwinski, 1970), the model evolves

the analysis xa as in eq. (4) to determine the subsequent

background xbþ , and the background error covariance Pbþ

is determined from Pa by linearising the model at xa. For

more information on the XKF and how it compares to

EnKFs, see Evensen (2003) and Kalnay (2003).

Like the Kalman filter, the XKF is usually formulated

with an additive model error term that increases the back-

ground covariance. However, for ease of comparison to the

ETKF, our implementation of the XKF uses multiplicative

inflation instead of additive inflation.

One major difficulty with the XKF is the computational

cost of evolving the covariance matrix (Evensen, 1994;

Burgers et al., 1998; Kalnay, 2003). This makes the model

unfeasible for high-dimensional models in a realistic setting.

However, when using simple test models such as the Lorenz

(2005) Model II, the XKF can be compared to other data

assimilation techniques.

Another potential drawback of the XKF is its linear

approximation when evolving the covariance (Evensen,

2003). As we find in our experiments, this can be disadvan-

tageous compared to the nonlinear evolution of both mean

and covariance provided by an ensemble.

3. Methodology and theory

In this section, we formally describe the method of FSA for

EnKFs. One way of implementing the FSA is to multiply

the analysis perturbations by h prior to forecasting and,

after the forecast, multiply the forecast perturbations by 1
g

(Subsection 3.1). This is only has an effect when the model

is nonlinear. Other authors (e.g. Stroud and Bengtsson,

2007) have found benefits from multiplicative observation

error covariance inflation, motivated by observation errors

other than measurement error. In Subsection 3.2, we show

that FSA by h is closely related to inflating Ro by h2; both

methods yield similar analysis accuracies after spin-up,

but they quantify the analysis covariance differently.

Thus, FSA should improve analysis accuracy in the same

situations that Ro inflation does; the method that yields a

more appropriate analysis covariance should depends on

whether the improvement is more due to model error and
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nonlinearity (the motivation for FSA) or due to unquanti-

fied observation errors (the motivation for Ro inflation).

The FSA motivation applies better to our numerical

experiments, in which the observations lie on the model

grid points, and the observation operator and observation

error covariance are known exactly.

3.1. Ensemble data assimilation with FSA

This section describes the technique of expanding (or

shrinking if hB1) the ensemble perturbations for the

forecast and shrinking (or expanding) the ensemble for

the analysis. After (1) finding the analysis through any

ensemble data assimilation technique, the background

perturbations in the next cycle are obtained by: (2) multi-

plying the analysis perturbations by h, (3) evolving the

adjusted analysis ensemble and (4) multiplying the forecast

perturbations by 1
g.

Mathematically, this can be expressed with a matrix

transformation S corresponding to an expansion factor h:

X
bþ ¼MðXaSÞS�1 (13)

where

S ¼ gIk�k þ ð1� gÞðk�11k�kÞ (14)

1k�k ¼
1 � � � 1

..

. . .
. ..

.

1 � � � 1

2
4

3
5: (15)

The model integration of the matrix X
aS in eq. (13)

refers to forecasting each ensemble member (column of

X
aS) separately, that is, MðXaSÞ :¼ Mð X

aSf g1Þ; � � � ;½
Mð X

aSf gkÞ�:
For an ensemble of size k, each column of the [k�k]

matrix 1k�k right transforms an ensemble into its row sum

so that k�1X1k�k ¼ x � � � x½ �. Thus, right multiplication by

S transforms each ensemble member X
a
i into a weighted

average of itself (prior to adjustment) and the mean of the

ensemble:

X
aSf gi¼ ð1� gÞxa þ gX

a
i : (16)

Viewed another way, right multiplication by S scales the

ensemble perturbations by h, producing a new ensemble

with the same mean:

X
aSf gi¼ xa þ gX a

i : (17)

Notice that:

S�1 ¼ g�1Ik�k þ ð1� g�1Þðk�11k�kÞ; (18)

so S�1 effectively rescales ensemble perturbations by h�1.

We call an analysis expansion and a forecast re-contraction

forecast spread adjustment (abbreviated FSA). We remark

that for a linear model, the S and S�1 in eq. (13) cancel

each other out, so that FSA with h"1 does not change the

result from that of a forecast without FSA.

The full Kalman filter cycle from X
b to X

bþ with the

forecast phase described by eq. (13) is given in the following

algorithm.

(1) Perform analysis on X
b to find X

a.

(2) Left multiply X
a by S to scale the perturbations Xa by a

factor of h, (i.e. Xa,f�hXa)

X
a;f ¼ X

aS: (19)

(3) Evolve each member of the resulting ensemble:

X
bþ ;f
i ¼MðXa;f

i Þ: (20)

(4) Left multiply X
bþ ;f by S�1 to rescale the perturbations

of the evolved ensemble by 1
g

X
bþ ¼ X

bþ ;fS�1: (21)

Here and elsewhere, X
b;f and X

a;f refer to the ensemble

during the forecast phase. We abbreviate the ETKF with

FSA and the LETKF with FSA (via a scaling factor of h)

as the hETKF and the hLETKF respectively.

We remark that when h�1, ensemble data assimilation

with FSA reduces to standard ensemble data assimilation.

Furthermore, if the model is linear, FSA has no net effect.

When the model is nonlinear, FSA can affect both the

background mean and the background covariance. Since

multiplicative inflation is already affecting the covariance,

the additional impact of FSA may be mainly due to its

effect on the mean.

3.2. Relation to inflation of the observation error

covariance

Some authors have recommended scaling the reported

observation error covariance, assuming that it is misrepre-

sented (e.g. Stroud and Bengtsson, 2007; Li et al., 2009).

As we will show below, inflating the observation error

covariance is closely related to FSA, and thus in many

cases both approaches can improve the analyses. Indeed,

if the observation operator h is linear then we will show

that both approaches, if initialised with the same forecast

ensemble, will produce the same analysis means. Having

the same forecast ensembles implies that during the analysis

phase, the two approaches will use different ensemble

perturbations (related by a factor of h) and hence different

covariances.

3.2.1. hETKF without Ro inflation. Let X
b be the initial

background ensemble. In this case, we perform ensemble

ENSEMBLE DATA ASSIMILATION WITH ADJUSTED FORECAST SPREAD 5



data assimilation with FSA to find X
bþ . The hETKF

analysis ensemble X
a ¼ xa þ X a is given by eq. (10)�(12)

repeated here for convenience

xa ¼ xb þ 1

k � 1
X bUY bRo�1ðyo � ybÞ; (22)

U ¼ 1

q
I þ 1

k � 1
Y bTRo�1

Y b

� ��1

; (23)

X a ¼ X bU
1
2: (24)

The next background ensemble X
bþ is given by eq. (13)

X
bþ ¼MðXaSÞS�1: (25)

3.2.2. ETKF with Ro inflated to h2Ro. Let the initial

background ensemble be X
b2 and assume that X

b2 ¼ X
bS.

Based on eq. (21), we also write X
b;f ¼ X

bS. It follows that

this implies the additional equivalences xb2 ¼ xb and

X b2 ¼ X b;f ¼ gX b. We perform standard ensemble data

assimilation to find X
bþ

2 assuming an observation error

covariance of h2 times its value in Case 3.2.1. We compare

X
bþ

2 with X
bþ and X

bþ ;f ¼ X
bþS.

In this case (3.2.2), the analysis ensemble is given by

eq. (10)�(12), with Ro2�h2Ro replacing Ro. After algebraic

manipulation, these equations are

U2 ¼
1

q
I þ 1

k � 1

1

g
Y bT2 Ro�1 1

g
Y b2

� ��1

; (26)

xa2 ¼ xb2 þ 1

k � 1

1

g
X b2 U2

1

g
Y b2 Ro�1ðyo � yb2Þ; (27)

X a2 ¼ X b2 U
1
2

2 : (28)

Substituting Xb2�hXb and assuming a linear observation

operator so that Yb2�hYb, we find that

U2 ¼ U (29)

xa2 ¼ xa (30)

X a2 ¼ gX a: (31)

Thus, X
a2 ¼ X

aS. And from eq. (19), X
a;f ¼ X

aS; thus, the

ensembles are identical during evolution.

The next background ensemble is given by

X
bþ

2 ¼MðXa2Þ ¼MðXaSÞ: (32)

Comparing this to eq. (25), we see that X
bþ2 ¼ X

bþS ¼ X
bþ;f;

therefore xbþ
2 ¼ xbþ . In other words, the means remain

the same and the perturbations maintain the same

ratio.

We remark that although both cases evolve the same

ensemble, the error covariances in the two cases differ by

the factor h2. This is demonstrated in Fig. 1.

From the correspondence described above, which as-

sumes that the two filters are initialised with the same

forecast ensemble, it follows that they will produce similar

means in the long term even if they are initialised

differently, as long as the filters themselves are insensitive

in the long term to how they are initialised.

3.3. Which to inflate, Pa or Pb?

As discussed in the beginning of Section 2, due to non-

linearity and model error ensemble data assimilation

tends to underestimate the evolved error covariance.

Multiplicative inflation of the background error covariance

was proposed (Anderson and Anderson, 1999; Whitaker

and Hamill, 2002) to compensate. For practical reasons,

some implementations (e.g. Houtekamer and Mitchell,

2005; Bonavita et al., 2008; Kleist, 2012) inflate the analysis

ensemble rather than the background ensemble; this

amounts to inflating before the forecast rather than after.

With FSA, it no longer becomes a question of inflating one

or the other; instead FSA provides a continuum connecting

Pb multiplicative inflation and Pa multiplicative inflation.

Consider the standard data assimilation cycle as it

applies to Pa and Pb with multiplicative analysis and back-

ground covariance inflation of ra and rb respectively

(Fig. 2a), and assume as in the previous section that the

observation operator h is linear. Following the algorithms

given in Hunt et al. (2007), in our implementation of

the hETKF, we effectively inflate the background error

covariance (Fig. 2b). By setting h��r, we transform a

data assimilation algorithm that inflates the background

error covariance Pb into a data assimilation algorithm that

inflates the analysis error covariance Pa. Furthermore, this

analysisforecast

Pb

Ro

analysis

Pa

forecast

(a) (b)

X b,f=ηX b Xb2=ηXb

Xa2=ηXa
Pa2=η2 Pa

Pb2=η2 Pb

Ro2=η2 Ro

X a,f=ηXa

Fig. 1. (a) Data assimilation with a forecast spread adjustment

of h. (b) Standard data assimilation with Ro inflated by h2. The two

data assimilation cycles depicted above are initialised during the

forecast phase, that is, X b2 ¼ X b;f .

Pb,f Pb,f

analysis

PaPa,f=η2 Pa

forecast analysis

Pa

forecast

η-2ρPb,f=Pb ρbP
b,f=Pb

Pa,f=ρaP
a

(a) (b)

Fig. 2. (a) The data assimilation cycle on Pb and Pa including a

forecast spread adjustment of h and inflation of Pb with r. (b) The

data assimilation cycle on Pb and Pa including inflation of Pb with

rb and inflation of Pa with ra.
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comparison demonstrates that ensemble data assimilation

with an adjusted forecast spread and with multiplicative

background error covariance inflation can be alternatively

interpreted as standard data assimilation, inflating both the

background and analysis error covariances. In particular,

adjusting the forecast spread by h and inflating the back-

ground error covariance by r is equivalent to inflating the

background error covariance by rb�r/h2 and inflating the

analysis error covariance by ra�h2, provided the observa-

tion operator h is linear.

Houtekamer and Mitchell (2005), using additive rather

than multiplicative inflation, observed improved results by

inflating the analysis ensemble rather than the background

ensemble. They suggest that the advantage may be due to

allowing the model to evolve and amplify the perturbations

that compensate for errors in the analysis as well as model

errors. Our results indicate that, in some cases, there is a

further advantage to using values of h that are significantly

larger than �r, that is, over-inflating the analysis pertur-

bations (ra�r) and deflating the background perturba-

tions by a lesser amount (qb ¼ 1
qa

qB1).

3.4. Comparison to the XKF

The ETKF (Bishop et al., 2001; Wang et al., 2004) and the

XKF (Jazwinski, 1970; Evensen, 1992) are similar in that

they both evolve the covariance matrix in time. The XKF

evolves the best estimate along with its error covariance.

The ETKF evolves a surrounding ensemble which approx-

imates the error covariance and does not explicitly evolve

the best estimate, which is the mean of the ensemble.

Previous articles, for example, Burgers et al. (1998),

demonstrate the equivalence between the analysis phases

of the XKF and the EnKF, provided the ensemble is

sufficiently large. However, this equivalence does not

continue into the forecast phase. Starting from the same

analysis state xa
XKF ¼ xa and the same analysis error

covariance Pa
XKF ¼ 1

k�1
X aX aT

, the XKF and the EnKF

will evolve different states xbþ

XKF 6¼ xbþ with different error

covariances Pbþ

XKF 6¼ 1
k�1

X bþX bþ
T

.

Varying the ensemble spread changes the evolved

ensemble in a nonlinear fashion, affecting the mean and

perturbations (in both magnitude and direction). In the

limit as h00, the ensemble perturbations become infinite-

simal and the forecast evolves the ensemble mean and the

perturbations evolve according to the tangent linear model.

If the ensemble is large enough that the perturbations span

the model space, then a full-rank covariance is evolved

according to the tangent linear model, just as in the XKF.

Therefore, for a sufficiently large ensemble, the hETKF

should approach the XKF as h tends to zero; otherwise,

it approaches a reduced-rank XKF. Furthermore, when

h�1, the hETKF is the standard ETKF. Thus, for

intermediate values of h, the hETKF can be considered a

hybrid of the XKF and the ETKF.

In the scenarios we explored where tuning h was

especially effective, h tuned to values greater than one,

enhancing the advantages of the EnKF over the XKF.

4. Experiments and results

Our experiments are observed system simulation experi-

ments (OSSEs). In OSSEs, we evolve a truth with the

model, adding error at a limited number of points to

simulate observations. Treating the truth as unknown, we

use data assimilation to estimate it. Comparing the analy-

sis to the truth, we estimate the accuracy of the data

assimilation techniques being tested. Thus, we can evaluate

and compare the accuracy of data assimilation techniques.

We assessed accuracy via the root mean square error

(RMSE) difference between the analysis mean and the

truth evaluated at every grid point.

4.1. Models

We tested FSA on the Lorenz (2005) Model II with a

smoothing parameter of K�2 [smoothing the Lorenz 96

model (Lorenz, 1996; Lorenz and Emanuel, 1998) over

twice as many grid points]. For a forcing constant F and

smoothing parameter K, the model state at grid point j is

evolved according to

dxj

dt
¼ �x

avg
j�2K x

avg
j�K þ ðx

avg
j�K xjþKÞ

avg � xj þ F ; (33)

where x
avg
j refers to averaging xj, the model state at grid

point j, with the model state at nearby grid points.

When K�2, the averaging includes only the grid point

itself and the immediately adjacent grid points namely:

x
avg
j ¼ 1

4
xj�1 þ

1

2
xj þ

1

4
xjþ1: (34)

Note that the avg function is applied to (xavg
j xj) by

ðxavg
i xjÞ

avg ¼ 1
4
x
avg
i�1xj�1 þ 1

2
x
avg
i xj þ 1

4
x
avg
iþ1xjþ1:

Model II is evolved on a circular grid, in our experiments

a circular grid with 60 grid points. We evolved the forecasts

according to the Runge-Kutta fourth order method over a

time step size of dt�0.05, performing an analysis every

time step. Lorenz and Emanuel (1998) and Lorenz (2005)

considered the time interval of 0.05 to correspond roughly

to 6 hours of weather.

To generate the observations, we evolved the truth with

a forcing constant of F t�12 and added independent

Gaussian errors with mean 0 and standard deviation s

at every other grid point. Thus at each time step, we have
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30 observations, evenly spaced among the 60 grid points,

with known error covariance Ro�s2I30�30. Fig. 3 gives a

snapshot of these observations for s�1 along with the

truth.

4.2. Experimental design

We explored the effectiveness of tuning h in various

scenarios with the LETKF. Our default parameters for

data assimilation are: an observation error s�1, an

ensemble of k�10 members and a forcing constant of

F�14 for the ensemble forecast to simulate model error. In

all cases, we use a localisation radius of 3 grid points, that

is, 3�4 observations in a local region.

Keeping the other two parameters constant at their

default value, we varied the observation error, the ensemble

size and the forcing constant. For instance, we varied s�1
2
,

1, 2, keeping k�10 and F�14. We tested ensemble sizes of

5, 10, 20 and 40. We varied the forcing constant from F�9

to F�15.

In each experiment, we tuned r for h�1 and plotted the

analysis RMSE for different values of h:

RMSE ¼ 1

4500

X5000

i¼501

rmsðxaðtiÞ � xtðtiÞÞ; (35)

where xtðtiÞ is the truth at time ti; x
aðtiÞ is the analysis

ensemble mean at time ti, and rms is the root mean square

function over the 60 grid points; that is, the RMSE is

the time averaged root mean square difference between

the analysis mean and the truth. (In some cases we also

computed and plotted the background RMSE, defined

similarly.) In each case, we compared the minimum RMSE

among the various values of h tested to the RMSE when

h�1 and plotted the percent improvement

% Imprv: ¼
RMSEðg ¼ 1Þ� min

0BgB1RMSEðgÞ
RMSEðg ¼ 1Þ

(36)

We also tested how the hETKF compares to the XKF for

large ensembles and small h. Specifically, we tested the

hETKF for h�1, 1
2
, 1

4
, 1

8
and 10�6 and ensembles of size

k�40, 60 and 80. For h�10�6 and k�80 we expect the

RMSE from the hETKF to be very similar to the RMSE

from the XKF.

4.3. Tuning h and r

Recall that varying h does not affect the results in the linear

setting. Thus, linear theory cannot predict how the results

will depend upon h in the nonlinear setting. Hence, we

tune h to get the lowest RMSE during data assimilation.

Similarly, we also tune the multiplicative covariance infla-

tion factor r. Fig. 4 depicts the ensemble spread during

both the forecast phase (red) and the analysis phase (blue)

as a function of h. We define the ensemble spread by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N
trace

1

k � 1
XX T

� �s
; (37)

where N�60 is the length of the circular grid and 1
k�1

XX T

is an N�N matrix approximating the error covariance as

described in eq. (7) and (8). When h�1, the ensemble

spread [eq. (37)] is intended to estimate the actual RMSE

[eq. (35)]. As demonstrated in Fig. 4, when h"1, the

ensemble spread only estimates the actual RMSE during
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Fig. 3. Sample Model II output with observations for 60 grid

points, half of which are observed (*), observation error s�1,

smoothing parameter K�2 and forcing constant F�12.
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Fig. 4. Tuning h (grey) and the effect of h on ensemble spread

during the forecast phase (red) and analysis phase (blue) for our

default parameters: k�10, F�14 (F t�12), s�1. Comparison of

the ensemble spread during the analysis phase (blue) to the actual

RMSE for various values of h (grey). The solid grey curve shows

that h tunes to 2.5. We tuned h using the tuned value of r for h�1.
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the analysis phase. In other words, the FSA parameter h

only strongly affects the ensemble spread during the

forecast phase (red). During the analysis phase (blue),

the ensemble spread does not vary significantly with h. The

minimum of the solid grey curve corresponds to the tuned

value of h, which for our default parameters is h�2.5.

Recall (Subsection 3.2) that with observation error

covariance inflation, the analysis perturbations Xa2 are

the same as the perturbations Xa,f for the FSA. Thus, in

this scenario, according to Fig. 4, when h is tuned to a value

different to one, the ensemble spread Xa for FSA corre-

sponds much better to the actual analysis errors than the

spread Xa2 for observation error covariance inflation.

Figure 5 (black) demonstrates that multiplicative back-

ground error covariance inflation by r (Anderson and

Anderson, 1999; Whitaker and Hamill, 2002) carries

through to both phases of data assimilation. We remark

that in this example r tunes to 1.20 (grey), even though the

ensemble is underdispersive (the spread is lower than the

RMSE). However, in this case (Fig. 4) we find that tuning h

as well as r decreases the error to be commensurate with

the ensemble spread. To tune r in our LETKF experiments

we let h�1 and tested values of r differing by 0.01,

choosing the value of r associated with the lowest analysis

RMSE. The tuned values of r for the different cases are

described in Table 1. When comparing the hETKF to the

XKF, we tuned r�1.29 for our XKF experiment and used

that r for our hETKF experiments as well.

In our experiments, we determined the optimal values of

r and h through tuning. However, there are methods that

adaptively determine the values of r (Anderson, 2007; Li

et al., 2009; Miyoshi, 2011). In particular, Li et al. (2009)

simultaneously estimate values for a background error

covariance inflation factor and for an observation error

covariance inflation factor. When determining the analysis

mean, these two parameters are equivalent in some sense to

r and h (see Subsection 3.2). Thus, the adaptive techniques

explored by Li et al. (2009) could potentially be applied to

simultaneous adaptive estimation of r and h. On the other

hand, some adjustment may be necessary if h is mainly

compensating for the nonlinearity and model bias as

opposed to a misspecification of the observation error

covariance.

4.4. Results

Our results are given graphically as both h versus RMSE;

as well as k (ensemble size), F (forcing constant) and s

(observation error) versus percent improvement in the

RMSE. The RMSEs are generally accurate to the hun-

dredth place (90.01); the RMSEs from five independent

trials with our default parameters and h�1 are 0.86, 0.86,

0.87, 0.88 and 0.88. When k�5, the RMSEs with h�1 and

with the tuned value of h�3.5 are less precise with

accuracy approximately 90.04. In all of our other experi-

ments (LETKF varying k, F or s, and hETKF vs. XKF)

the RMSEs are accurate to about 90.01.

4.4.1. Default parameters. When k�10, F�14 (F t�12)

and s�1, we obtain the most accurate results when

h�2.5, providing a 14% improvement over the RMSE

when h�1 ( 0.74 vs. 0.87). Although we generally did not

retune r after tuning h, we remark that doing so further

improves the RMSE; setting h�2.5 and r�1.16 improves

the RMSE by 19% as opposed to the 14% improvement

when h�2.5 and r�1.20.

1.1 1.12 1.14 1.16 1.18 1.2 1.22 1.24 1.26 1.28 1.3
0

0.2

0.4
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1

1.2
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RMSE: a 
spread: Xa & Xa,f
RMSE: b 
spread: Xb & Xb,f

Fig. 5. Tuning r and the effect of r on ensemble spread for our

default parameters with h�1. The dotted lines correspond to the

background and the solid lines correspond to the analysis. The

spread is indicated in black and the RMSE in grey.

Table 1. Tuned values of r for LETKF with various parameters

k F s r

Default parameters 10 14 1 1.20

Vary k 5 14 1 1.20

10 14 1 1.20

20 14 1 1.17

40 14 1 1.15

Vary F 10 9 1 1.19

10 10 1 1.17

10 11 1 1.13

10 12 1 1.06

10 13 1 1.13

10 14 1 1.20

10 15 1 1.22

Vary s 10 14 0.5 1.25

10 14 1 1.20

10 14 2 1.14

These values of r are used for the corresponding h sensitivity

experiments shown in the results, although the tuning is done when

h�1.
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Figure 6a shows the RMSE for various values of h assum-

ing the default parameters. The curve is minimised when

h�2.5. Figures 6b�6d show the effect of varying one of the

default parameters (k, F, s), while keeping the other two con-

stant. Thus, the curve in Fig. 6a also appears in Figs. 6b�6d.

4.4.2. Varying the ensemble size. Figures 6b and 6f show

how varying the ensemble size, k, affects the RMSE and

the tuned value of h. We find that FSA improves results

more with smaller ensembles than with large ensembles.

This may be in part because increasing the ensemble size
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Fig. 6. (a�d) The analysis RMSE as a function of h for: (a) our default parameters:an ensemble with k�10 members, model error due to

the forcing constant F�14 where the true forcing is F t�12, and observation error of 1; (b) various ensemble sizes: k�5, 10, 20 and 40

members; (c) different amounts of model error: F�9, 10, 11, 12, 13, 14 and 15 with F t�12; (d) different amounts of observation error:

s�0.5, 1 and 2. In each of (b), (c) and (d), one of the parameters from (a) (k�10, F�14, s�1) is varied, keeping the other two parameters

at their default values; the curve graphed in (a) appears in (b), (c) and (d) as well. We restrict the range of the y-axis in (a) to better show the

structure of the curve. (e�h) Comparing the RMSE when h�1 to the minimum RMSE when h is allowed to vary. Subplot (e) shows the

percent improvement (of the optimal h versus h�1) in the RMSE with our default parameters, that is, setting h�2.5 gives results with an

RMSE, that is, 14% smaller than when h�1. Also shown are the percent improvements versus (f) various ensemble sizes, (g) different

forcing constants and (h) different amounts of observation error. Each right hand figure (e), (f), (g) and (h) is derived from the same data as

the figure immediately to its left, that is, (a), (b), (c) and (d), respectively.
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generally improves the accuracy of the results, so small

ensembles have more room to improve their accuracy.

It may also reflect the fact that FSA with h�1 accentuates

the effect of model nonlinearities on the background en-

semble covariance, which could allow greater representa-

tion of directions of quickly growing uncertainty that are

difficult for a small ensemble to capture. For ensembles

with k�10 or more members, the RMSE improvement due

to tuning h levels out at around 15%.

4.4.3. Varying the model error. We simulated model

error by forecasting the ensemble with a different forcing

constant than F t�12 used for our truth run. Figures 6c

and 6g show how varying the amount of model error (i.e.

varying F) can change the effectiveness of tuning h. FSA is

more helpful in the presence of model errors that result in

to larger amplitude oscillations than the truth, such as

when F�13, 14, or 15 and F t�12. Averaging the forecast

ensemble to produce the background mean tends to reduce

the amplitude of these oscillations, and by increasing h we

intensify this reduction. We believe this is compensating

for some of the model error. We did not find benefits to

tuning h in the perfect model scenario or when the forcing

constant for the ensemble was smaller than the true forcing

constant.

4.4.4. Varying the observation error. Figures 6d and 6e

show that effectiveness of FSA and the tuned value of

h depend on the size of the observation error s. As with

smaller ensembles, larger observation errors imply larger

analysis errors and hence greater room for improvement.

The tuned values of h for observation errors of s�0.5, 1

and 2 are h�4, 2.5 and 1.75, respectively. Thus, more

observation error corresponds to a smaller tuned value of

h. The ensemble spread in each of these three cases is about

1.8. The ensemble spread roughly determines the size of the

difference between the mean of the ensemble forecast and

the forecast of the ensemble mean; thus, our finding of an

ideal forecast ensemble spread independent of observation

error size is consistent with the hypothesis above that

ensemble averaging is compensating for some of the model

error present.

4.4.5. Approximating the XKF with the hETKF. Table 2

lists the RMSE from the hETKF with FSA parameter

g ¼ 1; 1
2
; 1

4
; 1

8
; and 10�6 and ensembles of size k�40, 60 and

80. We remark that the RMSE associated with the hETKF

approaches the XKF-RMSE from below (increasing the

error) as h tends to zero and from above (decreasing the

error) as k becomes large.

4.4.6. Forecast accuracy. Thus far, we have reported the

analysis and background RMSEs for a 6-hour analysis

cycle (using Lorenz’s conversion of 1 model time unit

representing 5 days). We also tested the effect varying h has

on the RMSE for forecasts longer than one assimilation

cycle. In Fig. 7, we show the 48-hour forecast RMSE, that

is, the error in the ensemble mean after the h-adjusted

analysis ensemble has been evolved for 48 hours. The

absolute improvement from varying h remains similar to

the analysis RMSEs shown in Fig. 6, while the h that

provides the most improvement is slightly smaller in many

cases, including our default parameter case. This could be

explained by the greater growth of nonlinear forecast errors

with longer lead times, making it appropriate to use less

h-inflation.

5. Summary and conclusions

FSA is a technique that builds upon ensemble data

assimilation. After the analysis phase we scale the ensemble

perturbations from the mean via multiplication by the

factor h, forecasting the adjusted ensemble. Prior to the

next analysis, we rescale the perturbations from the back-

ground mean by a factor of 1/h before forming the

background error covariance matrix.

For linear models, ensemble data assimilation with

FSA by any factor h reduces to standard ensemble data

assimilation (h�1). For nonlinear models, however, FSA

with h"1 can be beneficial. Further, FSA with a tuned

value of h will always perform at least as well as the

standard value h�1.

FSA affects the ensemble spread during the forecast

phase, so for nonlinear models, an ensemble with a dif-

ferent spread will evolve to a different mean with different

perturbation sizes and directions. Like multiplicative co-

variance inflation, FSA only directly affects the amplitude

of the perturbations; it indirectly affects the directions of

the perturbations via the nonlinear forecast. In some cir-

cumstances, methods such as additive inflation (Houtekamer

and Mitchell, 2005; Whitaker et al., 2007), which directly

alters the directions of the perturbations, might be more

Table 2. Comparison between the XKF RMSE and the hETKF

RMSEs for g ¼ 1; 1
2
; 1

4
; 1

8
; and 10�6 and k�40, 60 and 80 with our

default parameters

k�40 k�60 k�80 XKF

h�1 0.88 0.77 0.76

h�1/2 0.95 0.82 0.81

h�1/4 0.97 0.83 0.82

h�1/8 0.97 0.83 0.83

h�10�6 0.96 0.83 0.83

XKF 0.83
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beneficial. Other techniques for inflation such as the

relaxation-to-prior-spread (Whitaker and Hamill, 2012)

and the relaxation-to-prior-perturbations (Zhang et al.,

2004) could also be beneficial, especially with inhomoge-

neous observation networks. Unlike these techniques, FSA

is a type of method that does not assume an optimal or

near-optimal error sampling for the forecast phase. We

have shown that, while it is important to have the correct

statistics during the analysis phase, there can be benefits

to a suboptimal error sampling during the forecast phase.

As such, FSA could be used in combination with any of the

inflation methods described above.

Some authors (e.g. Stroud and Bengtsson, 2007) have

found benefits to inflating the observation error covar-

iance, assuming errors in addition to measurement error. In

addition to correcting the underestimation of the observa-

tion error covariance, they might also be benefiting from

the effects of FSA. If the ensembles are identical during the

model evolution, then FSA and observation error covar-

iance inflation will produce the same analysis mean and will

evolve the same ensemble. This is because both maintain

the same the ratio between the background and observa-

tion error covariances. The difference is that when inflating

the observation error covariance, the size of the assumed

errors (Pb, Ro and Pa) is h2 times bigger than those assumed

with FSA.

Due to nonlinear effects and model error, an ensemble

that appropriately describes the uncertainty at the analysis

time will underestimate the uncertainty after it is evolved in

time. To compensate for this, many algorithms implement

multiplicative covariance inflation on either the background

(e.g. Anderson and Anderson, 1999; Whitaker and Hamill,

2002; Miyoshi, 2011) or the analysis (e.g. Houtekamer and

Mitchell, 2005; Bonavita et al., 2008; Kleist, 2012). FSA can

transition between these two options. Furthermore, FSA

can be described as doing both, that is, inflating the analysis

error covariance by h2, evolving the ensemble, then inflating

the background error covariance by r/h2 (which corre-

sponds to deflation if r/h2B1). We prefer to think of

the inflation or deflation as happening to the ensemble

perturbations from the mean, and we do not consider these

perturbations to represent a covariance matrix during the

forecast phase.

We demonstrated that the ETKF with FSA (hETKF)

provides a continuum from a reduced-rank XKF (h�0)

to the ordinary ETKF (h�1) and beyond. If the ensemble

is sufficiently large, we recover the full-rank XKF in the

limit h00. On the other hand, we generally found the

lowest analysis errors when h was close to or larger than 1.

We tested FSA with a relatively simple model proposed

by Lorenz (2005) to study potential improvements in

numerical weather prediction. With our standard para-

meters, the LETKF with FSA (hLETKF) improves by 14%

upon the standard LETKF. In comparison, a 10 member

ensemble with FSA performs better than a 40 member

ensemble without FSA. The parameter h tunes to larger

than 1 in all scenarios where we saw significant improve-

ments. This corresponds to evolving an ensemble with a
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parameters as in Fig. 6.
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larger spread than when h�1. Our standard parameters

include model error induced by changing the forcing

constant used when evolving the ensemble to a larger value

than the true forcing constant. FSA proved even more

effective in our tests with a larger forcing constant.

However, in perfect model scenarios and when the ensemble

forcing constant was smaller than the true forcing, tuning

h did not significantly improve the RMSE. Our interpreta-

tion of why h�1 improves results when F�12 but not

when F512 is that larger values of F are associated with

higher amplitude oscillations and larger values of h tend

to more efficiently reduce these oscillations in the back-

ground mean.

In comparison to the RMSE when h�1, tuning h was

just as effective in improving the RMSE with ensembles of

40 members as it was with ensembles of 10 members, and

was even more effective with ensembles of five members.

Lower observation errors increased the tuned value of h in

such a way as to suggest that during the forecast phase there

is an ideal ensemble spread, that is, relatively independent

of the analysis uncertainty. This conclusion is reinforced by

the lower value of h desirable for longer term forecasts; the

decrease in h can be viewed as compensating for the growth

of the ensemble spread over the longer forecast period,

keeping the average spread near the ideal. This ideal spread

presumably depends on both the model nonlinearity and the

model error.

For a more physical model, there may be more significant

drawbacks to using values of h significantly larger than 1; in

particular, balance (see for example, Daley 1991 Subsection

6.3 or Kalnay 2003 Subsection 5.7) could be an issue. But we

argue that at worst, FSA will amplify imbalance already

created by the analysis, rather than creating new imbalance.

Indeed, if the analysis does not change the ensemble (as

would be the case with no observations and r�1), then the

h-inflation after the analysis simply reverses the h-deflation

before the analysis.

In conclusion, FSA with h�1 provided significant

improvement compared to h�1 (no adjustment) in some

of our experiments with a simple model. FSA was particu-

larly effective for small ensembles, small observation errors

and large model errors.
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