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A B S T R A C T
Localization technique is commonly used in ensemble data assimilation of small-size ensemble members. It effectively
eliminates the spurious correlations of the background and increases the rank of the system. However, one disadvantage
in current localization schemes is that it is difficult to implement the assimilation of non-local observations. In this paper,
we test a new localized implementation scheme that can directly assimilate non-local observations without pinpointing
them. A classical local support correlation function matrix is first sampled by a set of local correlation function ensemble
members (the size is M). Then, the dynamical ensemble (the size is N) is combined with the local correlation function
ensemble to form an N × M ensemble by multiplying each dynamical member with each local correlation function
member using the Schur product. The covariance matrix constructed by the N×M members is proved to approximate
the Schur product of the local support correlation matrix and the dynamical covariance matrix. This scheme is verified
through assimilating both local and non-local observations with a linear advection model and an intermediate coupled
model. The analysis results show that this scheme is feasible and effective in providing reasonable and high-quality
analysis fields with a relatively small dynamical ensemble size.

1. Introduction

The accuracy of the background-error covariance matrix is a
crucial factor of systems used to assimilate data for weather
and climate predictions, and the ensemble-based assimilation
methods depend on a set of ensemble forecasts to calculate the
background-error covariances. However, the ensemble size is
always significantly smaller than the dimension of the system
for realistic numerical predictions, and then the imperfectly esti-
mated covariances provide insufficient background-error infor-
mation to result in a relatively poor performance or even the oc-
currence of filter divergence for the ensemble-based assimilation
system. A possible solution to perform a successful ensemble-
based assimilation when only a small-sized ensemble is feasible
is the use of a technique called localization (e.g. Houtekamer
and Mitchell, 1998; Keppenne, 2000; Anderson, 2001; Hamill
et al., 2001; Houtekamer and Mitchell, 2001, 2005; Whitaker
and Hamill, 2002; Ott et al., 2004; Anderson, 2007; Oke et al.,
2007; Bishop and Hodyss, 2007, 2009a,b; Liu et al., 2009).
Localization is a simple technique to ‘localize’ the impact of an
observation to a subset of the model state variables. The sub-
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set is usually defined as those spatially close to the location
of the observation. One of the implementations of localization
is the distance-dependent covariance localization (Houtekamer
and Mitchell, 2001; Hamill et al., 2001), which is done by updat-
ing the analysis at all grid points within a predefined correlation
length from each observation. Another implementation is the lo-
cal ensemble transform Kalman filter (LETKF; Ott et al., 2004).
In LETKF, the analysis is performed at each grid point simulta-
neously using the state variables and all observations in the local
region centred at that point. The localization in spectral space
has also been tested by Buehner and Carron (2007).

There are two benefits of localization demonstrated by previ-
ous research works. One is that localization can eliminate spu-
rious correlations in the background ensemble between distant
state variables due to using only a limited number of ensemble
members. The other is that localization can effectively increase
the rank of the system by increasing the effective number of inde-
pendent ensemble members (Ott et al., 2004; Oke et al., 2007).
However, localization also has some disadvantages. Physical
balances between various physical variables present in the un-
modified ensemble may be disturbed by localization (Oke et al.,
2007). Assimilation of non-local observations (e.g. satellite ra-
diance data) cannot be readily implemented in the presence of
localization, although this problem can be partly solved by up-
dating the state at a given location by assimilating non-local
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observations that are strongly correlated to the model state there
(Fertig et al., 2007) or by assimilating the retrieved local obser-
vations from the non-local observations.

Here, we test a new localization implementation scheme of
which the basic idea is similar to that of Liu et al. (2009) with
focusing on its performance on assimilating non-local obser-
vations. We describe the scheme in Section 2. The scheme is
tested in Section 3 by a linear advection (LA) model and by
some realistic sea surface temperature (SST) data assimilation
experiments using an intermediate coupled model (ICM) of the
tropical Pacific. The non-local ‘observations’ used are pseudo,
that is generated by averaging local observations over some
spatial sub-domains. Conclusions are given in Section 4. An im-
portant implementation issue is the handling of the large size
of the combined ensemble (i.e. 1000–2000). Here we utilize a
memory-saving algorithm at the update stage without storing the
whole ensemble and the memory requirement can be kept within
a practical level. This algorithm is described in the Appendix B.

2. Scheme

In this section, we illustrate the details of the new localization
scheme and its implementation. Table 1 describes several nota-
tions used in this paper.

2.1. Distance-dependent covariance localization

Write x, a column vector, for a model state vector with a di-
mension n. In the ensemble data assimilation algorithm, the
background covariance matrix Pb is calculated from a set of dy-
namical ensemble members x(1), x(2), . . . , x(N) (with their mean
denoted by x̄) as follows:

Pb = 1

N − 1

N∑
i=1

(x(i) − x̄)(x(i) − x̄)T = 1

N − 1

N∑
i=1

x′(i)x′(i)T.

(1)

The gain matrix is then

K = PbHT(HPbHT + R)−1. (2)

Here, H is the observation operator (for the linear case, an m × n

matrix if the observation space is m-dimensional) and R is the
observational error covariance (an m × m matrix).

Table 1. Glossary of each notation

Notation Description

n Model dimension
m Observation dimension
N Size of dynamical ensemble
M Size of local correlation ensemble
L De-correlation scale

When N is small (e.g. N = 20 for typical atmospheric and
oceanic applications), the covariance defined by (1) can suffer
from sampling errors. The current standard distance-dependent
covariance localization replaces the background error covariance
by a Schur product (an element-by-element multiplication), ρs ◦
Pb. Here, ρs is an n × n local support correlation matrix. Gaspari
and Cohn (1999) gave various examples of such functions. Then
the gain matrix becomes

K = (ρs ◦ Pb)HT
[
H(ρs ◦ Pb)HT + R

]−1
. (3)

As demonstrated in Houtekamer and Mitchell (2001), the ob-
servation operator H involves operations on vertical columns
of grid points and/or interpolations or finite differences on the
horizontal analysis grid, but ρs is a relatively broad function
with some compactly supported correlation functions presented
in Gaspari and Cohn (1999). Thus, one strategy is to rewrite eq.
(3) using the following gain matrix equation (Houtekamer and
Mitchell, 2001, 2005):

K = ρ ′
s ◦ (PbHT)

[
ρ ′′

s ◦ (HPbHT) + R
]−1

. (4)

Here, ρ ′
s is an n × m local support correlation matrix in which

each column represents correlations at an observation location
with all model grid points. Similar to ρs, ρ ′′

s is an m × m local
support correlation matrix in which each column represents cor-
relations at an observation location with all other observation
locations. ρ ′

s and ρ ′′
s share the same spatial function with ρs . For-

mally, they should be defined as ρ ′
s = ρsHT and ρ ′′

s = HρsHT.
The reason for modifying eq. (3) by eq. (4) was pointed out

by Houtekamer and Mitchell (2001), in which the order of the
observation operator H and the Schur product can be changed
because the observation operator H involves operations on ver-
tical columns of grid points and/or interpolations or finite dif-
ferences on the horizontal analysis grid, while ρs is a relatively
broad function. Therefore, the essential underlying assumption
is that H can only be a ‘local’ operation on vertical columns of
grid points comparing to ρs. In other words, if the observations
are not local, the gain matrix given by eq. (4) is no longer a
valid equivalence of eq. (3), and an example of such is given in
Appendix A.

For local observations, based on eq. (4), one can carry out
the serial processing algorithm as described by Whitaker et al.
(2004) or Whitaker et al. (2008). In serial processing algorithms,
one processes observations serially (one-by-one or batch-by-
batch) to update the analysis based on the assumptions that
observational errors are uncorrelated and there is independence
between background and observational errors.

2.2. Sampling the local support correlation matrix

The local support correlation matrix ρs can be sampled by a
set of ensemble members. Through adopting the fast Fourier
transform (FFT) approach, Evensen (2003) developed a Monte
Carlo sampling algorithm that can be used to produce a set of
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smooth pseudorandom fields, which were used for generating
the initial ensemble, the model noise, and the observation per-
turbations (Evensen, 2003, 2004). With a predefined specific
de-correlation length L, an ensemble of pseudorandom fields
can be created with a mean equal to zero, a variance equal to one
and a specified covariance. More details and explanations of this
approach are given in Appendix E of Evensen (2003). Evensen
(2007) further systematically discussed efficient ways to gen-
erate a set of ensemble to present the model/observation error
covariance defined by a Gaussian function with an e-folding
scale of L.

In this study, we also use such an approach to present the local
support correlation matrix ρs. The random ensemble with zero
mean generated using the method of Evensen (2003, 2007) are
denoted by s(1), s(2), . . . , s(M) and are defined in the model space.
Therefore, ρs can be approximated by

ρs ≈ 1

M − 1

M∑
j=1

s(j )s(j )T. (5)

The size of the local correlation ensemble M can be relatively
small, as pointed out by Evensen (2007), if a sophisticated sam-
pling strategy is applied. We will illustrate this in Section 3.

2.3. Combining the dynamical ensemble and the local
correlation ensemble

Liu et al. (2009) showed that the localized covariance matrix
ρs ◦ Pb can be approximated by combining the dynamical en-
semble x(1), x(2), . . . , x(N) and some local correlation ensemble
s(1), s(2), . . . , s(M). Similarly to the Schur product of two matrices
(i.e. an element-by-element multiplication, is also meaningful
for two vectors of the same dimension). In the following we
show that the N×M ensemble,

C = (s(j ) ◦ x′(i); i = 1, . . . , N ; j = 1, . . . , M)

= (s(1)x′(1), . . . , s(1)x′(N), s(2)x′(1), . . . , s(2)x′(N), . . . ,

s(M)x′(1), . . . , s(M)x′(N)), (6)

can approximate the localized covariance matrix ρs ◦ Pb through

CCT =
N∑

i=1

M∑
j=1

(s(j ) ◦ x′(i))(s(j ) ◦ x′(i))T

=
N∑

i=1

M∑
j=1

(s(j )s(j )T) ◦ (x′(i)x′(i)T)

=
⎛
⎝ M∑

j=1

s(j )s(j )T

⎞
⎠ ◦

(
N∑

i=1

x′(i)x′(i)T
)

≈ (M − 1)(N − 1)ρs ◦ Pb (7)

Here, we used the property of (y ◦ z)(y ◦ z)T = (yyT) ◦ (zzT) for
any two vectors y and z of the same dimension. This property
can be proved straightforwardly by writing out both sides.

Using eq. (8), we can calculate the gain matrix as follows:

K = C (HC)T
[
HC (HC)T + (N − 1)(M − 1)R

]−1
. (8)

The increased rank of the system made by the localization can be
easily seen from eq. (7). If one chooses N dynamical ensemble
members and M local correlation function ensemble members,
the independent number of ensemble members from the resulting
N×M ensemble members is the rank made by the localization.
The sampling algorithm of local support correlation matrix ρs

in this study as described earlier is slightly different from Liu
et al. (2009) in which an empirical orthogonal function decom-
posed correlation function operator was introduced to modify
the background error covariance.

2.4. Implementation and memory saving

In practical implementation for ensemble data assimilation, first,
we use the dynamical forecast ensemble and the local correlation
ensemble to construct the matrix Cf and HCf :

Cf = (s(j ) ◦ x′f (i); i = 1, . . . , N ; j = 1, . . . , M)

HCf = (H(s(j ) ◦ x′f (i)); i = 1, . . . , N ; j = 1, . . . , M).

(9)

Here, the ensemble state is X = (x(1), x(2), . . . , x(N)), and the
ensemble perturbation matrix was defined as X′ = X − X. The
superscript f denotes forecast.

Then the analysis equation for traditional EnKF (e.g. Evensen,
2003) can be easily rewritten as

Xa = Xf + Cf (HCf )T

× [HCf (HCf )T + (N − 1)(M − 1)R]−1(Y − HXf ).

(10)

Here, Y represents the ensemble of perturbed measurements.
The superscripts f and a denote the forecast and analysis, re-
spectively.

Meanwhile, for the ensemble square root filter (EnSRF; e.g.
Evensen, 2004), the ensemble mean and the anomalies are up-
dated separately by

X
a = X

f + Cf (HCf )T

× [HCf (HCf )T + (N − 1)(M − 1)R]−1(y − HX
f

).

(11)

Here, y is the unperturbed measurement vector.

X′a = Cf Z
√

I − ��T

Z�−1ZT = (HCf )T(HCf (HCf )T+ (N − 1)(M − 1)R)−1HCf.

(12)

Here, the eigenvectors Z and eigenvalues � were defined in
Evensen (2004), �T is a random orthogonal matrix (I = �T�),
and multiplication with �T is equivalent to a random rotation of
the eigenvectors about Z.
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However, using eq. (10) or eqs. (11)–(12) for the analysis
update, the memory requirement to store the entire ensemble
matrix C (n × M × N -dimensional) can be large. Appendix B
provides a memory-saving algorithm at the update stage without
storing the whole ensemble matrix C.

3. Experiments

In this section, we compare the performance of the new local-
ization implementation scheme for two models, namely the LA
model of Evensen (2004) and the ICM (Zhang et al., 2005). We
first give a detailed description of the models and the configu-
rations used in the tests, and then we describe the results. We
compare the new localization implementation scheme with the
traditional covariance localization scheme by the LA model with
local observations. In addition, we further test the new localiza-
tion scheme by assimilating some realistic (local) and artificial
(non-local) SST data into the ICM model. Both the local and
non-local data assimilation experiment results are presented.
We implement all experiments with the LA and ICM models
by using the ensemble square root filter (EnSRF) scheme with-
out perturbations of observations (e.g. Evensen, 2004), and the
scheme was upgraded to use mean preserving transformations
in the square root scheme (Sakov and Oke, 2008a).

3.1. LA model

The LA model, described later, is based on that of Evensen
(2004) and Sakov and Oke (2008b). The dimension of the state
vector x is 1000; the signal propagates (advects) in the positive
direction by one element at each time-step without changing its
shape, and the model domain is periodic:

x(t) = [x1(t), . . . , x1000(t)] , t = 1, 2, . . . ;

xi(t + 1) =
{

xi−1(t), i = 2, . . . , 1000;

x1000(t), i = 1. (13)

Here, xi(t) is the ith component of the state vector at the tth time
step.

The true initial state is sampled from a standard normal dis-
tribution, with a mean equal to 0, a variance equal to 1 and a
spatial de-correlation length of 20. The first guess solution is
generated by drawing another sample from the standard normal
distribution and adding this to the true state. The initial ensemble
is then generated by adding samples drawn from the standard
normal distribution to the first guess solution. Thus, the initial
state is assumed to have an error variance equal to 1.

Four observations of the true field are conducted and assimi-
lated into the model at every fifth time step, t = 1, 6, 11, . . . , at
equidistant locations i = {125, 375, 625, 875}. Each observation
is contaminated with random normally distributed uncorrelated
noise with a variance of 0.01.

3.2. ICM model

The more complex model we used here is an ICM that was
first developed by Keenlyside and Kleeman (2002) and Zhang
et al. (2005). Its dynamical component consists of both linear and
non-linear components. The former was essentially a McCreary-
type (1981) modal model but was extended to include horizon-
tally varying background stratification. In addition, 10 baroclinic
modes, along with a parameterization of the local Ekman-driven
upwelling, were included. A SST anomaly model was embed-
ded within this dynamical framework. The governing equation
described the evolution of the mixed-layer temperature anoma-
lies. As demonstrated by Zhang et al. (2005), having a realistic
parameterization for the temperature of the subsurface water en-
trained into the mixed-layer (Te) is crucial to the performance
of SST simulations in the equatorial Pacific. An empirical Te

model was constructed from historical data and was demon-
strated to be effective in improving the SST simulations. The
ocean model was coupled with a statistical atmospheric model
that specifically relates wind stress (τ ) to SST anomaly fields.
All coupled-model components exchange simulated anomaly
fields. Information concerning the interactions between the
atmosphere (τ ) and the ocean (SST) was exchanged once
a day.

An ensemble data assimilation system for this model was
firstly developed by Zheng et al. (2006, 2007). In the system,
the ensemble data assimilation is implemented using EnSRF
algorithm without perturbations of observations (e.g. Evensen,
2004). The assimilation scheme was further improved by using
a balanced multivariate model-error approach (Zheng and Zhu,
2008), and upgraded to use mean preserving transformations in
the square root scheme (Sakov and Oke, 2008b). This balanced
model-error approach was verified that it not only can gener-
ate accurate and dynamically consistent initial conditions for
the model, but also provide reasonable initial stochastic uncer-
tainties by combining both background and observation errors
during the assimilation cycles.

The data used in this study includes the daily SST observa-
tions from the Tropical Atmosphere Ocean (TAO) array and the
monthly OI.v2 SST data (Reynolds et al., 2002).

3.3. Assimilation experiments of the LA model
with local observations

The results using the LA model are shown in Fig. 1. The behav-
ior of the root mean square (RMS) errors of the analyses and the
ensemble spread during the initial stage of one particular real-
ization of the system are shown. Here, we define the ensemble
spread as the ensemble mean of the root mean squared devia-
tion of the anomalies. The LA model runs are conducted with
a series of experiments with different ensemble configurations.
Four experiments with different combinations of N and M: (i.e.
N = 20 & M = 20, N = 20 & M = 40, N = 40 & M = 20, and
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Fig. 1. Time series of the (a) RMS errors and (b) spread of EnSRF assimilation experiments for the LA model.

N = 40 & M = 40) are carried out to verify the capabilities of
the new localization scheme. Two experiments with 20 and 40
dynamical members are performed with the traditional covari-
ance localization scheme to compare the performance of the new
localization scheme during the assimilation process. The EnSRF
also runs with 20, 40, 60, 80, 100 and 1000 members and without
localization. Also, the de-correlation scale in both the local cor-
relation ensemble (i.e. see Section 2.2) and the local covariance
matrix (i.e. Gaussian localization function) is set as 10 grids. At
the same time, inflation is not considered in these experiments,
so these experiments should result in a relatively small residual.
And in order to reduce the effect of random sampling error, we
perform all experiments of LA model five times.

When the EnSRF runs with 20 dynamical ensemble members,
the experiment without localization can observe the filter col-
lapse, whereas the experiments with two different localization
schemes can somewhat alleviate the filter divergence. Besides
these experiments with 20 dynamical ensemble members, af-
ter the initial transient period, for all other experiments with or
without applying localization, the RMS errors and the ensem-
ble spread become approximately equal. Also, the two kinds of
localization experiments with 40 dynamical ensemble members
can achieve similar assimilation results as the traditional EnSRF
experiments with greater than 60 dynamical ensemble mem-
bers. This demonstrates a consistency in this particular case

between the actual analysis error covariance (represented by
RMS error) and its representation by the ensemble for relatively
large dynamical ensemble members or considering the localiza-
tion approach. In particular, based on the LA model and local
observations, the performances of the EnSRF with covariance
localization and the EnSKF with the combined ensemble are
very comparable, with a slightly smaller residual achieved by
the EnSRF with covariance localization for the LA model. This
is due to the sampling errors introduced by the local correlation
ensemble with small size, and this will be further illustrated by
Fig. 3.

Table 2 shows the mean value of the RMS errors over the
time interval t = [1, 500] versus the dynamical ensemble size N
and local correlation ensemble size M. For small size N, as M
increases, the performance of the combined ensemble improves.
The performance of the combined ensemble N = 40 & M =
40 is almost identical to that of the traditional EnSRF with
80 dynamical ensemble, but the experiment of the combined
ensemble N = 40 & M = 40 can reduce the model integration
time by almost half and will also not induce a significantly
additional memory requirement, through adopting the memory-
saving algorithm in Appendix B. This will be further discussed
in Section 3.4 for the ICM model, and the ability of the new
localization scheme to assimilate “non-local” observations will
be shown in Section 3.5.
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Table 2. Time-averaged RMS errors of the assimilation results for the LA model

Dynamical ensemble

N = 20 N = 40 N = 60 N = 80 N = 100 N = 1000

Traditional EnSRF 0.491 0.294 0.245 0.221 0.196 0.172
EnSRF with covariance localization 0.329 0.224 – – – –
EnSRF combined with the local correlation ensemble M = 20 0.426 0.266 – – – –

M = 40 0.346 0.235 – – – –

Fig. 2. (a) The locations of the in situ TAO SST data. Observations at the black squares are assimilated, while observations at the red squares are
used to verify assimilation results as the independent data; (b) RMS errors of experiments verified using the independent TAO SST data. The green
solid line denoted by ‘ENS Fore (N = 100)’ is the RMS error of the mean of the free run ensemble forecasts without data assimilation. See text for
details; (c) the same as (b), but the RMS errors are calculated using the OI.v2 SST data set over the entire model region.

3.4. Assimilation experiments of the ICM model
with local observations

The ICM adopted here further verifies the capability of the new
localization scheme in a more complex model. Several local data
assimilation experiments are performed over the period January
1997–December 1997 with assimilated monthly averaged in situ
TAO SST observations (black square points in Fig. 2a). The ex-
periments are performed in a SGI Origin 2000 server with 8
CPUs and 4-GB memories, and the memory-saving algorithm is
also applied for the assimilation experiments with the combined
ensemble. These experiments are carried out with different con-

figurations of N and M (i.e. N = 20 & M = 20, N = 20 & M =
40, N = 40 & M = 20 and N = 40 & M = 40). At the same time,
the EnSRF runs with 20, 40 and 100 members, and a free run
without data assimilation is also performed. The free run is an
ensemble forecast of 100 members with model error perturba-
tions described by Zheng et al. (2009). For the EnSRF runs with
20, 40 and 100 members, there is no localization applied. All of
these experiments are verified here by only using their ensemble
means. The assimilation updates the model forecast once per
month. Figure 2b displays the RMS errors compared with the
independent TAO SST data (their locations are shown by the red
square points in Fig. 2a) of the ensemble-mean analysis results
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Table 3. CPU time consumption and memory requirements of the assimilation experiments with local observations for the ICM model

Dynamical ensemble Combined ensemble

N = 20 N = 20 N = 40 N = 40
N = 20 N = 40 N = 100 M = 20 M = 40 M = 20 M = 40

CPU time consumption (min) 12-Month forecast process 128.0 254.0 643.0 128.0 128.0 254.0 254.0
12 Times analysis process 26.0 43.0 112.0 37.0 54.0 52.0 71.0
Total 154.0 297.0 755.0 165.0 182.0 308.0 325.0

Memory requirement (Mbytes) 12-Month forecast process 265.0 349.0 627.0 265.0 265.0 349.0 349.0
12 Times analysis process 17.0 33.0 81.0 23.0 37.0 42.0 64.0

of these experiments. A further comparison is also performed by
comparing all assimilation results with the OI.v2 SST anomaly
data in all of the model grids, and this is presented in Fig. 2c.
To provide a thorough benchmarking of the performance for
the implementation of the new localization scheme, a summary
and comparison of the CPU time consumption and the memory
requirements of the different assimilation experiments is given
in Table 3.

In general, the RMS errors of the assimilation results with
different M and N are all smaller than those of the free run, in-
dicating that the assimilation experiments are all effective. The
small-size EnSRF runs combined with the local correlation func-
tion ensemble are better than those of the small-size EnSRF runs
not combined with the local correlation function ensemble (e.g.
the assimilation run with N = 20 & M = 20 vs. the assimilation
run with N = 20), and both of the two experiments have sim-
ilar CPU times and memory costs. For small-size N (e.g. N =
20 and 40), as M increases, the performance is more improved.
This means that the combined ensemble is able to obtain more
reasonable assimilation results than the same dynamical ensem-
ble size when N is small, while their CPU time consumptions
and memory requirements increase only a little. The RMS errors
of the combined ensemble with 40 dynamical members and 40
local correlation function members (i.e. N = 40 & M = 40)
are very close to those of the 100-member dynamical ensemble
and are even smaller than those of the 100-member dynamical
ensemble at some assimilation steps, while the experiment of
the combined ensemble (i.e. N = 40&M = 40) reduces almost
half of the CPU time consumption and memory cost compared
with the 100-member dynamical ensemble during the 12-month
ensemble forecast process (shown in Table 3). These all indicate
that the new localization scheme with a relatively small dynami-
cal size is capable of providing high assimilation quality through
assimilating local observations, without increasing its price too
much.

Next, we look at the impacts of the combined ensemble on
the horizontal correlations of the point in the middle of the equa-
torial Pacific with other points at the first analysis step. Here,
we further perform some additional experiments of an EnSRF

with N = 200 ensemble members and an EnSRF with N = 20 &
M = 100 at only the first analysis step. As displayed in Fig. 3,
the left column shows the horizontal correlations estimated from
the random ensemble sampled from a local correlation function
with 20, 40, 100, 400 and 1000 members, respectively. The local
correlation function has a Gaussian form with length scales of
Lx = 2000 km and Ly = 1000 km. The shapes of the correlations
are converging to a normal ellipse as the size of the ensemble
increases. The middle column of Fig. 3 shows the correlations es-
timated from different sizes of dynamical ensemble of the above
experiments. The long-distance correlations are obvious for N =
20 and 40, and the horizontal distributions of the correlations are
reasonable until the dynamical ensemble size exceeds 100. For
the combined ensemble shown in the right column of Fig. 3, the
long-distance correlations are effectively truncated even with
20-member dynamical ensemble when combining with a set of
small-size (e.g. M = 20) local correlation function ensemble.
When N = 40 & M = 40, the horizontal correlation distribu-
tion is similar to that of the 100-member dynamical ensemble
and is comparable to that of the 400-member local correlation
ensemble or 200-member dynamical ensemble.

3.5. Assimilation experiments of the ICM model
with non-local ‘observations’

As described in the Introduction, the assimilation of non-local
observations (e.g. satellite radiance data) cannot be readily im-
plemented in the presence of localization, while our new local-
ization scheme can overcome this disadvantage. To verify the
ability of the new localization scheme to directly assimilate non-
local observations, similar to the design of the local observation
assimilation experiments, some 1-year non-local ‘observation’
assimilation experiments are performed with generated pseudo
non-local ‘observations’ by averaging the OIv2 SST observa-
tions over some meridional or zonal model lines of model grids,
as shown in Fig. 4a (11 meridional lines and 9 zonal lines).
Except for non-local ‘observations’, the other configurations of
the experiments are the same as the previous local observation
experiments for the ICM model.
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Fig. 3. Correlations of the SST anomaly at every model grid points to the SST anomaly at the middle point of the tropic Pacific (denoted by the
black dot) estimated from different experiments. Left column: Correlations estimated from the random local correlation function ensemble with 20,
40, 100, 400 and 1000 members, respectively. Middle column: Estimated from the dynamical ensemble with 20, 40, 80,100 and 200 members,
respectively. Right column: Estimated from the combined ensemble of the new localization scheme.

Figure 4b shows the RMS errors of different experiments
that are validated by the OIv2 SST data over all model grid
points. Similar to the comparison results for the local ob-
servation experiments, the assimilation qualities for different
combined ensemble are all better than those of the experi-
ments with 20- and 40-member dynamical ensemble. Also, the
combined ensemble with 40-member dynamical ensemble and
40-member local correlation function ensemble has similar qual-
ities of analysis as the 100-member dynamical ensemble.

To check how the analysis updates the model simulation from
a single non-local ‘observation’ based on different localizations
with different N and M, we pick up analysis increments made by
assimilating only one non-local ‘observation’ from one analysis
step. Two such examples are displayed in Figs 5 and 6, which
show the location (i.e. green line in Figs 5 and 6) of the non-

local ‘observations’ and the analysis increments from different
dynamical ensemble and combined ensemble. For all experi-
ments, the analysis increments are mainly along the non-local
‘observation’ line, but there are still some long-distance incre-
ments from the lines when using only small-size dynamical
ensemble. The combined ensemble can obtain similar analysis
results along the non-local ‘observation’ lines compared with
the large-size dynamical ensemble (N = 100), and they are
also able to eliminate the long-distance false increments far
away from the non-local ‘observation’ lines, especially for the
combined ensemble with 40-member dynamical ensemble and
40-member local correlation function ensemble. The new loca-
tion scheme thus limits the impact of the non-local ‘observations’
within the length scale reach of the ‘observation’ lines, while it
enables information propagation along the ‘observation’ lines.
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Fig. 4. (a) The lines of the artificial
non-local ‘observation’. Eleven meridional
lines are shown in green, while nine zonal
lines are in red. The non-local ‘observations’
are made by averaging the OI.v2 SST data
over these lines. The black dots present the
locations of the model grid points. (b) The
same as Fig. 2c, but for non-local
‘observation’ experiments.

Fig. 5. The analysis increments of a single non-local ‘observation’ along the green line in the data assimilation experiments.
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Fig. 6. The same as in Fig. 5, but for another non-local ‘observation’ line.

The results indicate that the new localization scheme is able to
directly assimilate the non-local observations without any need
to artificially pinpoint the non-local observations, which would
reduce the impact of the non-local observations.

4. Conclusions

A new localization implementation scheme based on covariance
localization for ensemble data assimilation of non-local obser-
vations by combining ensemble sampling the local correlation
function matrix and the small-size dynamical ensemble is tested
with focusing on assimilating non-local observations. Although
the size of the combined ensemble is large (i.e. 1000–2000), the
memory requirement can be kept within a practical level using
a memory-saving algorithm at the update stage without storing
the whole ensemble. The performance of the new scheme is first
verified by an LA model through the assimilation of local ob-
servations, and then the scheme is further verified in both local
and non-local SST anomaly data assimilation experiments by
using an ICM in the tropical Pacific. The analysis results show
that the new localization scheme is feasible and effective. The
assimilation experiments with the combined ensemble can suc-
cessfully assimilate both the local and non-local observations,
and they can also provide reasonable and high-quality analysis
fields with a small dynamical ensemble size.

The results described in this paper represent our preliminary
attempts to develop and improve the implementation of local-
ization within the ensemble data assimilation process. Based
on our experience in this work, a combined ensemble with
40 dynamical ensemble members and 40 local correlation en-
semble members might be the relatively balanced combina-
tion between the computational requirement and the perfor-
mance. However, as demonstrated in many previous studies (e.g.
Houtekamer and Mitchell, 2005; Whitaker et al., 2008), localiza-
tion may disturb the physical balances between various physical
variables. In the localization implementation scheme here, the
imbalance problem associated with localization is still there.
Further applications of the assimilation of the radiance observa-
tions into a global weather forecast model are currently under
way.
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Appendix A

Generally, the gain matrices given by eqs. (3) and (4) do not
equal each other. Inserting ρ ′

s = ρsHT andρ ′′
s = HρsHT into the

right-hand side of eq. (4), the equation becomes

K = (ρsHT) ◦ (PbHT)[(HρsHT) ◦ (HPbHT) + R]−1. (A1)

The following gives an example with a ‘non-local’ observation
operator that the right-hand side of eq. (A1) does not equal that
of eq. (3) when H is dimensionless.

For a three-dimension state vector ( x1 x2 x3 )T, if H is defined
by

H( x1 x2 x3 )T = 1

3
(x1 + x2 + x3), H =

(
1

3

1

3

1

3

)
, (A2)

we also define

ρs =

⎛
⎜⎝

1 0.5 0

0.5 1 0.5

0 0.5 1

⎞
⎟⎠ , Pb =

⎛
⎜⎝

p11 p12 p13

p12 p22 p23

p13 p23 p33

⎞
⎟⎠ . (A3)

Then(
ρsHT

) ◦ (
PbHT

)

=

⎛
⎜⎝

1 0.5 0

0.5 1 0.5

0 0.5 1

⎞
⎟⎠

⎛
⎜⎝

1/3

1/3

1/3

⎞
⎟⎠ ◦

⎛
⎜⎝

p11 p12 p13

p12 p22 p23

p13 p23 p33

⎞
⎟⎠

⎛
⎜⎝

1/3

1/3

1/3

⎞
⎟⎠

=

⎛
⎜⎝

1/6(p11 + p12 + p13)

1/3(p12 + p22 + p23)

1/6(p13 + p23 + p33)

⎞
⎟⎠ , (A4)

(
ρs ◦ Pb

)
HT =

⎛
⎜⎝

p11 0.5p12 0

0.5p12 p22 0.5p23

0 0.5p23 p33

⎞
⎟⎠

⎛
⎜⎝

1/3

1/3

1/3

⎞
⎟⎠

=

⎛
⎜⎝

1/3p11 + 1/6p12

1/6p12 + 1/3p22 + 1/6p23

1/6p23 + 1/3p33

⎞
⎟⎠ . (A5)

So,(
ρsHT

) ◦ (
PbHT

) �= (
ρs ◦ Pb

)
HT. (A6)

Appendix B

In practical implementation, based on the traditional EnKF
scheme (e.g. Evensen, 2003), an example algorithm is provided
here to show how to save memory at the analysis step. In detail,
the matrices HC are calculated with single ensemble members
iteratively and without storing the whole matrix C. Using HC,
the matrix (HCf )T[HCf (HCf )T + (N − 1)(M − 1)R]−1(Y −
HXf ) in Eq. (10) is an (M × N )-dimensional column vector,
and it can be written as⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

l11

l21

•
•
•

lij

•
•
•

lMN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, i = 1, . . . , N, j = 1, . . . ,M. (B1)

Then following the analysis incremental equation in eq. (10):

Cf (HCf )T[HCf (HCf )T + (N − 1)(M − 1)R]−1(Y − HXf )

=
∑
i,j

(s(j ) ◦ x′(i))lij , (B2)

enables an iterative summing operation to calculate the analysis
incremental. So the memory requirement is reduced to store
HC (m × M × N -dimensional) plus a single ensemble member
(n-dimensional). The update analysis equation in EnSRF [i.e.
eqs. (11)–(12)] can also use this algorithm to reduce the memory
requirement.

Table 4 clearly shows the significant improvements for both
of the CPU time consumptions and the memory requirements,

Table 4. Comparisons of CPU time consumptions and memory requirements for using the memory-saving algorithm and without using the
memory-saving algorithm in the assimilation experiments with local observations for the ICM model

Using memory-saving
algorithm

Without using
memory-saving algorithm

N = 20 N = 40 N = 20 N = 40
M = 20 M = 40 M = 20 M = 40

CPU-time consumption (min) 12-Month forecast process 128.0 254.0 128.0 254.0
12 Times analysis process 37.0 71.0 57.0 134.0
Total 165.0 325.0 205.0 388.0

Memory requirement (Mbytes) 12-Month forecast process 265.0 349.0 265.0 349.0
12 Times analysis process 23.0 64.0 283.0 1125.0
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especially for the memory requirements, when adopting the
memory-saving algorithm in the assimilation experiments with
local observations for the ICM (i.e. Section 3.4).
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