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A B S T R A C T
The study evaluates the performance of the dimension-reduced projection four-dimensional variational data assimilation
(DRP-4-DVar) with the Lorenz-96 model. Idealized experiments over a period of 200 days have been conducted. The
results show that the DRP-4-DVar works well. It generates an analysis equivalent to that of the Ensemble Kalman
Filter (EnKF) if the synchronous observations are assimilated at the analysis time, while it produces more accurate
analysis than the EnKF does when assimilating observations in an 18-h assimilation window. The experiments also
reveal that the impact of the tangent linear assumption for the Lorenz-96 model in the DRP-4-DVar over a 24-h or
shorter assimilation window is negligible. Furthermore, with a background error covariance matrix (B-matrix) that has a
non-singular projection onto the ensemble space or is explicitly flow-dependent, the DRP-4-DVar performs even better
than with a B-matrix that has a singular projection or is not explicitly flow-dependent.

1. Introduction

Four-dimensional variational data assimilation (4-DVar, e.g. Le
Dimet and Talagrand, 1986; Courtier and Talagrand, 1987;
Courtier et al., 1994; Zou and Kuo, 1996; Wang et al., 2000;
Xiao et al., 2000) has currently been adopted by five operational
Numerical Weather Prediction (NWP) centres for global anal-
ysis (Rabier et al., 2000; Rawlins et al., 2007). However, its
applications are still limited by the computer resources and the
computational cost of its operational uses is expensive. In recent
years, the NWP users give more and more attentions to the En-
semble Kalman Filter (EnKF; Evensen, 1994; Houtekamer and
Mitchell, 1998, 2001), which requires less original investment
in terms of coding. But EnKF is naturally designed to incor-
porate sequential information. Later, Hunt et al. (2004) extend
EnKF to accurately assimilate asynchronous observations at the
correct time. With a growing number of various asynchronous
observations, it is necessary to explore more efficient assimi-
lation techniques, which would overcome the disadvantages of
4-DVar and EnKF. Hybrid of 4-DVar and EnKF has therefore
been proposed in the literature (e.g. Lorenc, 2003; Liu et al.,
2008; Wang et al., 2010; Zhang et al., 2009).

Lorenc (2003) compared the potential of EnKF with 4-DVar
in operational NWP assimilation systems and discussed the hy-
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brid scheme. He noted that the hybrid scheme is attractive for
limited-area mesoscale NWP systems. Kalnay et al. (2007a,b)
also provided more detailed discussions of the pros and cons of
EnKF and 4-DVAR. Gustafsson (2007) discussed the ‘4-DVar
or EnKF’ and concluded that the optimal approach is to com-
bine the best ideas of both. Caya et al. (2005) directly compared
EnKF with 4-DVar for storm-scale data assimilation and clearly
demonstrated the strengths and weaknesses of each technique.
Yang et al. (2009) compared variational and ensemble-based
data assimilation schemes based on the quality of their anal-
yses as well as their computational costs. Hamill and Snyder
(2000) proposed a hybrid EnKF 3-DVar analysis scheme, which
incorporates flow-dependent ensemble-estimated background
error covariances into 3-DVar framework. Wang et al. (2007)
described the theoretical equivalence of differently proposed
ensemble-3-DVar hybrid analysis schemes. Evensen and Van
Leeuwen (2000) extended EnKF to assimilate asynchronous ob-
servations (ensemble Kalman smoother). As extension to pre-
viously works, some new data assimilation approaches have
been proposed gradually. The idea is to provide flow-dependent
background error covariance matrices (simply B-matrices, here-
inafter) of EnKF to 4-DVar with no extra computational cost
(Buehner, 2005). Hunt et al. (2004) and Fertig et al. (2007) uni-
fied the EnKF and 4-DVar approach to introduce a 4-DEnKF.
Liu et al. (2008, 2009) presented an ensemble-based four-
dimensional variational (En4-DVar) algorithm, which uses the
explicitly estimated B-matrix constructed by ensemble forecasts
and performs 4-DVar optimization. Zhang et al. (2009) coupled
4-DVar with EnKF to produce a superior hybrid approach for
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data assimilation (E4-DVar), which benefited from using the
state-dependent uncertainty provided by EnKF while taking ad-
vantage of 4-DVar in preventing filter divergence. Every small
step forward is the main booster of the improvements that have
been made in data assimilation techniques and the scope of this
paper is not to review all of the developments. Based upon the
similar opinion, Wang et al. (2010) formulated a dimension-
reduced projection 4-DVar (DRP-4-DVar) method, which di-
rectly obtained an optimal solution in the reduced space by fitting
observations with ensemble and did not require implementation
of tangent linear and adjoint models. The DRP-4-DVar approach
contained some advantages. It presented a strong constraint with
model, utilized all types of observations and made B-matrix
more generally flow-dependent like EnKF. In theoretical aspect,
Wang et al. (2010) had constructed the Observing System Simu-
lation Experiments (OSSE) to evaluate the performance of DRP-
4-DVar. They tested the method with a highly complex regional
model and assimilating accumulated rainfall observations. In
this paper, we will give a much more extensive analysis through
a much simpler numerical model. Following the methodology of
Zhang et al. (2009), Fertig et al. (2007) and Hunt et al. (2004),
we conduct experiments using Lorenz-96 model. The results
based on this model with a similar experimental setup will also
allow the readers to compare the performance of DRP-4-DVar
with other similar methods that have already been proposed in
the literature.

A brief introduction of DRP-4-DVar and experimental design
are presented in Sections 2 and 3, respectively. It is followed by
OSSEs for various aspects of DRP-4-DVar in Section 4. Finally,
a summary and conclusion are provided in Section 5.

2. A brief introduction of DRP-4-DVar

DRP-4-DVar algorithm has been presented in Wang et al. (2010).
The approach directly obtains an optimal solution in the reduced
space by fitting the observations with samples. The linearity as-
sumption and the construction of B matrix are very important for
DRP-4-DVar. From eq. 10 of Wang et al. (2010), the derivation
of the proposed method explicitly depends on the fact that nor-
malized observation increment simulation ỹ′ are linearly related
to model initial increment x′,

ỹ′ = ỹ′(x′) = R−1[H(M(xb + x′, τ )) − H(M(xb, τ ))]

≈ L(xb,τ,R)x′, (1)

where H, M and L, respectively represent the observation op-
erator, prediction model and linear operator that is composed
of the tangent linear model of M and tangent linear operator of
H. The subscript (xb,τ, R) of L means L is with respect to the
background field xb, the time step τ and the observation error
standard deviation R. This linear correspondence thus becomes
a critical assumption in the validity of its solution. In order to
give a detailed discussion of this fact and some quantitative anal-

ysis, we will design an experiment to test the impact of tangent
linear approximation in this paper.

Wang et al. (2010) used the initial perturbation samples gen-
erated at the first step to estimate B-matrix explicitly,
⎧⎪⎨
⎪⎩

B ≈ b bT
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Here, the superscript T denotes the transpose. After it is projected
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The relationship between matrices b and bα is b = Pxbα , where
Px is the projection matrix. However, this ensemble-based B
matrix is not of full rank. Therefore, Wang et al. (2010) proposed
a special inflation technique to overcome its singularity,

bα = 1√
m
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As for the technique, we also design an experiment to test its
impact.

3. Experimental design

An OSSE is considered as one of the best choices to assess data
assimilation technique effectively. Here, to illustrate the imple-
mentation of four-dimensional assimilation of observations in
the DRP-4-DVar, we design OSSEs using the Lorenz-96 model
(Lorenz, 1996),

dxj

dt
= (xj+1 − xj−2)xj−1 − xj + F, (5)

where j = 1, . . . , M represents the spatial coordinate. Similar
to atmospheric systems, the model has non-linear advection and
sensitivity to initial conditions (ICs) and external forcing; this
model can be thought of as disturbance propagation from West
to East (Lorenz and Emanuel, 1998). In order to compare the
performance of the DRP-4-DVar with that of traditional data
assimilation methods (e.g. the standard 4-DVar and EnKF), an
experiment setup similar to the one in the literatures (e.g. Hunt
et al., 2004; Fertig et al., 2007; Khare et al., 2008; Zhang et al.,
2009) is adopted. Here, the forcing parameter and the number
of spatial elements are set to be F = 8 and M = 40, respec-
tively. The model solves eq. (5) using a fourth-order Runge-
Kutta scheme with a time stepping of 0.05 time unit, where
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the boundary conditions of eq. (5) are periodic: xj+m = xj and
the 0.05 time unit is thought of as 6 h (Lorenz and Emanuel,
1998). Simulations during a period of time unit after a long-
term integration (e.g. 105 model time steps) of the model from
an arbitrary IC are assumed to be the ‘true’ states. Observation
data sets include observations of all model variables that are
produced by adding uncorrelated random noise with standard
Gaussian distribution (with zero mean and variance of 0.16) to
the true states every 6 h.

In the case F = 8 and M = 40, Zhang et al. (2009) showed
the performance of the standard 4-DVar, EnKF and two coupled
approaches in the top panel of Fig. 2 of their paper, from which
we can easily find that the EnKF has a performance generally
better than or at least comparable to the standard 4-DVar in
the long assimilation cycles due to its flow-dependent B-matrix.
For this reason, we hope to compare the performance of the
DRP-4-DVar with that of the EnKF.

4. Results

4.1. Linearity check

As mentioned above, the linear assumption is critical for DRP-
4-DVar. Therefore, it is necessary to design an experiment to
examine its impact on non-linear integration. In the DRP-4-
DVar, the tangent linear approximation means

Hi{Mt0→ti [xg(t0) + δx(t0)]} − Hi{Mt0→ti [xg(t0)]} ≈ Liδx(t0),

(6)

where Li = H′
iM′

t0→ti . Set δx(t0) = αδxa(t0) in which α is a
small real number (e.g. α ≤1), then

Hi{Mt0→ti [xg(t0) + αδxa(t0)]} − Hi{Mt0→ti [xg(t0)]}
≈ αLiδxa(t0) (7)

and thus

�(α) =
∥∥Hi{Mt0→ti [xg(t0) + αδxa(t0)]} − Hi{Mt0→ti [xg(t0)]}∥∥

α

≈ ‖Liδxa(t0)‖ . (8)

It means that if the real function �(α) keeps constant approxi-
mately when α is set to be different but small values, then the
impact of the tangent linear approximation will be negligible.
In fact, we use four different time windows, whose length ti–t0

is 6 h, 12 h, 18 h and 24 h, respectively, to calculate the values
of �(α) with respect to different α that is 1.0, 10−1, 10−2 and
10−3, respectively (marked ‘EXP-1’). The results show that the
values of �(α) almost keep constant in the four windows (see
Fig. 1). The shorter the window length is, the less impact the
tangent linear approximation has. It indicates that the linearity
assumption was feasible and reasonable for a 24-h or shorter
assimilation window in the Lorenz-96 model.

As for the impact of the tangent linear approximation on the
4-DVar implementation based on a complex full-physics fore-

Fig. 1. The values of �(α)with respect to different α (100, 10−1, 10−2

and 10−3) in different time windows (6 h, 12 h, 18 h and 24 h).

cast model, Guo et al. (2000) concluded that, in the rainfall data
assimilations using the 4-DVar system of the fifth-generation
Pennsylvania State University-National Centre for Atmospheric
Research Mesoscale Model (MM5), a 3-h and a 6-h time win-
dows work equally well and the 3-h window has the advantage
of saving the space for storing the basic state trajectories. How-
ever, a 12-h time window leads to an unsuccessful minimiza-
tion. Therefore, the length of the assimilation window in 4-DVar
should be long enough to ensure fully developed dynamic struc-
ture functions, but should be shorter than the limitation con-
strained by the assumption of perfect model and the validity of
tangent-linear hypothesis. Some experiments of DRP-4-DVar in
Wang et al. (2010) with MM5 also showed that it worked well
for 3 h or 6 h time windows.

4.2. DRP equivalence

We design an experiment (marked ‘EXP-2’) to examine the
equivalence between the EnKF and the DRP-4-DVar when the
assimilation window of the DRP-4-DVar is degenerated to only
include analysis time (i.e. the DRP-4-DVar is used as a 3-DVar
with a flow-dependent B-matrix, without the dimension in time).

In this case, both approaches assimilate the same observations
at each analysis time and use the same ensemble size that is set
to be 500 and their results are compared with the same ‘true’
states. The ensemble size is large enough so that the correla-
tions between two different variables in the B-matrix have high
significance level and no localization is needed, but the covari-
ance inflation method of Zhang et al. (2009) was used in this
experiment:

(x ′
i)new = α(x ′

i)
f + (1 − α)(x ′

i)
a, (9)

where α is the relaxation coefficient, (x ′
i)

f and (x ′
i)

adenote
the prior (forecast) and the posterior (analysis) perturbations,
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Fig. 2. RMSEs of the analysis by the EnKF (red curve with dots) and
the sequential DRP-4-DVar (blue curve with circles) during 200 days.

respectively. And (x ′
i)new is the final perturbation of the analysis

ensemble used for the next forecast cycle. In this experiment,
α = 0.15 is used.

Here, DRP-4-DVar uses the singular bα determined by eq. (3)
for estimating the B-matrix by eq. (2) to ensure the equivalence
between both approaches in theory. Over a period of 40 time
units, we assimilate the observations once every 6 h (i.e. 0.05
time unit) using the DRP-4-DVar and EnKF. It takes 800 steps
to complete this long-term assimilation cycle.

Figure 2 shows the root mean square errors (RMSEs) of the
analysis from two approaches (red curve with dots for the EnKF
and blue curve with circles for the DRP-4-DVar) at each step.
The RMSEs in the DRP-4-DVar analysis are exactly equal to
those in the EnKF analysis (Fig. 1). The results demonstrate that
the DRP-4-DVar has the same performance as the EnKF when
it is used as a 3-DVar that excludes the time dimension.

4.3. Impact of assimilation window

When a time dimension is included as it is originally designed,
the DRP-4-DVar is a 4-DVar with a flow-dependent B-matrix.
In this case, it is theoretically anticipated to outperform both the
standard 4-DVar and EnKF, because it has a better B-matrix than
the standard 4-DVar and is more consistent with forecast model
than the EnKF due to the inclusion of dynamical and physical
constraints in its analysis through the time dimension at each
analysis time. To test this theoretical anticipation, we conduct
an assimilation experiment (named ‘EXP-3’) over a period of
200 days using the DRP-4-DVar with 18-h assimilation window.
The estimation of the B-matrix for the DRP-4-DVar, the ensem-
ble size, the covariance inflation, the observations for assimila-
tions and the ‘true’ states for comparisons during this period in
this experiment are the same as in EXP-2. The difference is that
EXP-2 only assimilates synchronous observations at analysis
time at each assimilation cycle, while this experiment assimi-

Fig. 3. (a) RMSEs of the analysis by the DRP-3-DVar (solid curve
with circles) and the DRP-4-DVar (dashed curve with dots) during
200 days, (b) RMSEs of the analysis by the DRP-3-DVar (solid curve
with circles) and standard 3-DVar (dashed curve with dots) during
200 days.

lates observations at four different times, including the analysis
time and 6 h, 12 h and 18 h after the analysis time at each cycle.

It implements assimilation cycle every 24 h to avoid the re-
peating use of the observations and takes 200 steps to complete
all the assimilation cycles over the same period. In order to con-
veniently compare the accuracies of analysis from both experi-
ments, the RMSEs of analysis in this experiment are calculated
every 6 h through comparing the analysis and the 6-h, 12-h and
18-h forecasts initialized by the analysis with the corresponding
‘true’ states. Figure 3a gives the comparison of RMSEs between
the two experiments, in which the dashed curve with dots repre-
sent the RMSEs from the DRP_4-DVar with 18-h assimilation
windows in a non-sequential manner in this experiment and the
solid curve with circles mark are those from the DRP-4-DVar
used as a 3-DVar in a sequential way in the previous experi-
ment with a 6-h cycle. Obviously, better performance from the
non-sequential approach can be observed. Comparing with the
sequential method, it produces more accurate analysis. It means
that the non-sequential DRP-4-DVar outperforms the EnKF ac-
cording to the equivalence between the EnKF and the sequential
DRP-4-DVar. It maybe also performs better than the standard
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4-DVar because the top panel in Fig. 2 of Zhang et al. (2009)
showed the performance of the EnKF was generally better or
at least comparable to the standard 4-DVar. In addition, we also
make comparison between the standard 3-DVar and DRP-3-
DVar (Fig. 3b). Computing in the lower-dimension model is so
fast that we really can’t tell which method costs less. Figure 3b
compares the performances of both DA methods. Obviously, the
DRP-3DVar has less RMSE than the standard 3-DVar.

4.4. Sensitivity to singularity and flow-dependence

In order to alleviate the singularity as well as the underestimation
of the B-matrix, Wang et al. (2010) proposed a non-singular bα

on the ensemble space in eq. (4) for estimating B-matrix by
b = Pxbα and the first expression in eq. (2). Here, we design an
experiment (called ‘EXP-4’) to compare the performance of the
non-singular bα determined by eq. (4) with that of the singular bα

determined by eq. (3) in the DRP-4-DVar. Because the impact of
the singularity of B-matrix on analysis will be more significant
when the ensemble size is smaller, the size is reduced from
500 to 90 and the length of assimilation window is shortened
from 18 h to 6 h in this experiment. In EXP-4, the covariance
inflation is also included to avoid divergence. Figure 4 gives the
differences between the RMSEs of analysis respectively with
the non-singular and singular bα every 6 h during the 200 days.
Negative value means a smaller RMSE of analysis with the non-
singular bα than with the singular bα . The curve is made with
800 values, among which 511 values are negative and the rest
are positive. It indicates that more than 74% of analyses with
the non-singular bα have smaller RMSEs. Especially, significant
improvement of analysis by the non-singular bα can be observed
during the last 25 days before the divergence occurs.

At last, we design an experiment (named ‘EXP-5’) to investi-
gate the role of flow-dependence of B-matrix in the DRP-4-DVar.
There are two kinds of flow-dependence in B-matrix. One is ex-
plicitly estimated or the flow of the day (Hamill et al., 2002),

Fig. 4. Differences between the RMSEs of analysis by the DRP-4-
DVar with the non-singular and singular bα

m, respectively, where
negative value means smaller RMSEs with the non-singular bα

m.

Fig. 5. RMSEs of analysis by the DRP-4-DVar with explicitly
flow-dependent (dashed curve with dots) and implicitly flow-dependent
(solid curve with circles) B-matrices.

which means the B-matrix keeps developing from one cycle of
assimilation to another. The other is implicitly estimated, which
means the B-matrix is fixed or static at each cycle, varies with
the states inside the assimilation window but does not evolve
to the next cycle. For example, the B-matrix used in the EnKF
has the feature of explicit flow-dependence, but it is not im-
plicitly developed because of the absence of time dimension at
each cycle. The standard 4-DVar uses an implicitly estimated
B-matrix. The DRP-4-DVar uses a B-matrix with both explicit
and implicit estimates, because at each cycle it is an incremental
4-DVar and from one cycle to another the ensemble samples
used for estimation of B-matrix vary with the flow. This is the
reason why the DRP-4-DVar outperforms both the EnkF and
standard 4-DVar. In this experiment, two kinds of B-matrices
are used in the DRP-4-DVar. One is estimated with random per-
turbation samples at every cycle of assimilation. The other is
estimated with random perturbation samples only at the first cy-
cle and with the analysed samples at other cycles. When both
B-matrices are used in the DRP-4-DVar with 18-h assimilation
windows in this experiment, they are implicitly and explicitly
estimated, respectively. The results show that the DRP-4-DVar
with the explicitly estimated B-matrix produces smaller RMSEs
of analysis than it does with the implicitly estimated B-matrix
(see Fig. 5). It again demonstrates the important role of the
explicitly estimated B-matrix in a 4-DVar approach.

5. Summary and conclusions

In this paper, we evaluate the DRP-4-DVar based on the Lorenz-
96 perfect model. Two idealized experiments (EXP-2 and EXP-
3) are conducted, which provide a proper framework for assess-
ing the performance of this new method. If only the synchronous
observations at analysis time are sequentially assimilated like
a 3-DVar approach in EXP-2, the DRP-4-DVar is exactly
equivalent to the EnKF. When it is used as a non-sequential
approach as it is originally designed in EXP-3, the new method
produces better analysis than the EnKF does. The significant
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amelioration by the new approach results from both the consis-
tency that the DRP-4-Dvar takes the model as the most appropri-
ate constraint and the use of explicit flow-dependent B-matrix.

Intrinsic non-linearity in the laws governing the atmospheric
flow limits the use of the tangent linear approximation. There-
fore, it is necessary to make sure for what a length of assimilation
window this approximation is feasible and reasonable. For a 24-h
or shorter assimilation window, the impact of linearity assump-
tion is proven to be negligible in EXP-1 using the Lorenz-96
model. For a more realistic implementation of 4-DVar using a
complex full-physics forecast model, the length of the assimila-
tion window should be long enough to ensure fully developed
dynamic structure functions, but should be shorter than the lim-
itation constrained by the assumption of perfect model and the
validity of tangent-linear hypothesis.

EXP-4 further shows that with the B-matrix having the non-
singular projection onto the ensemble space, the DRP-4-DVar
yields a better performance than it does with the B-matrix using
the singular projection onto the ensemble space. Meanwhile,
EXP-5 demonstrates the important role of explicitly estimated
B-matrix in the DRP-4-DVar. The possession of the features of
both explicit and implicit estimates in the new approach is the
main reason why it outperforms both the EnKF and the standard
4-DVar.

When an imperfect model is used, Zhang et al. (2009) found
the standard 4-DVar may have an unacceptable RMSE and the
standard EnKF even do not converge, but the couple approach
can achieve an acceptable performance. Another work finished
(Zhao et al., 2010) by our research group also shows that the
DRP-4-DVar with imperfect model performs well, similar to the
couple approach of Zhang et al. (2009), which will be introduced
in details in the other paper.

In real applications, the model state and the observation vector
generally have high dimensions (say 106 and 104, respectively),
how to improve the quality of the ensemble is a key problem.
Moreover, the ensemble size dimension is much lower (e.g. 102),
in this case, localization is needed to ameliorate the singularity
of B-matrix and to filter some spurious long-range correlations
in it.
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