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A B S T R A C T
A post-processing method for calibrating probabilistic forecasts of continuous weather variables is presented. The
method takes an existing probability distribution and adjusts it such that it becomes calibrated in the long run. The
original probability distributions can be ones such as are generated from a numerical weather prediction (NWP) ensemble
combined with a description of how uncertainty is represented by this ensemble. The method uses a calibration function
to relabel raw cumulative probabilities into calibrated cumulative probabilities based on where past observations verified
on past raw probability forecasts. Applying the calibration method to existing probabilistic forecasts can be beneficial
in cases where the underlying assumptions used to construct the probabilistic forecast are not in line with nature’s
generating process of the ensemble and corresponding observation. The method was tested on a forecast data set with
five different forecast variables and was verified against the corresponding analyses. The calibration method reduced
the calibration deficiency of the forecasts down to the level expected for perfectly calibrated forecasts. When the raw
forecasts exhibited calibration deficiencies, the calibration method improved the ignorance score significantly. It was
also found that the ensemble-uncertainty model used to create the original probability distribution affected the ignorance
score.

1. Introduction

If forecasts were perfect, then we would not need probabilistic
forecasts. For uncertain forecasts, information on the probabil-
ity of different forecast outcomes can allow end users to make
decisions that optimize their budget and safety (AMS, 2008).
However, such optimization is possible only if the probability
information provided is useful. Developing methods for produc-
ing useful probabilistic forecasts from an ensemble of weather
forecasts is an area of active research.

Throughout this paper we take the view that creating proba-
bilistic forecasts follows a two-step process, as shown in Fig. 1.
The first step takes an ensemble of deterministic forecasts as
input and models how this ensemble conveys forecast uncer-
tainty. The second step is a simple post-processing step that
ensures that the probabilistic forecast generated by the uncer-
tainty model exhibits the desirable statistical property of being
calibrated.

The uncertainty model is an algorithm that prescribes prob-
ability density to each of the possible values that the forecast
variable can take. Ensemble uncertainty can be modelled in
much the same way that radiation or precipitation is modelled in
a weather model. For example, we could decide to place more
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confidence where ensemble members are clustered, or we could
decide to place most of the confidence near the ensemble mean.
The number of other algorithms for placing confidence given a
certain arrangement of the input forecasts is endless.

The uncertainty model will inevitably contain assumptions
about how nature generates ensemble members and the cor-
responding observation. For example, a Gaussian probability
distribution could be centred on the ensemble mean, where the
spread of the distribution is a tuning parameter. When the Gaus-
sian assumption of uncertainty is valid we get calibrated (or
reliable) forecasts. That is, a weather event that is forecast to
occur with probability p will indeed be observed a fraction p of
the time over many forecast periods.

However, in many cases the uncertainty model used can make
assumptions that are not in line with how ensembles and obser-
vations are generated. In these cases, the uncertainty model may
produce uncalibrated probabilistic forecasts. In the previous ex-
ample, if the observations are in fact drawn from a non-Gaussian
distribution, no value for the tuning parameter of the Gaussian
distribution will generate calibrated probabilistic forecasts. The
calibration step can then be used to remove this calibration de-
ficiency, thereby improving the probabilistic forecast.

Separating the tasks of determining an uncertainty model and
ensuring probabilistic calibration allows one to focus efforts
to improve probabilistic forecasts. Perfecting the uncertainty
model helps concentrate probability mass in the correct area
and perfecting the calibration step increases the reliability of the
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Fig. 1. A two-step process of generating probabilistic forecasts from an ensemble of forecasts. A set of deterministic forecasts from weather models
feed into a system that models how uncertainty is conveyed by the ensemble. The resulting probabilistic forecast is fed to a calibration scheme that
generates calibrated probabilistic forecasts.

forecast. Requiring a probabilistic method to model the uncer-
tainty and ensure probabilistic calibration simultaneously can
therefore be avoided.

The goal of this paper is to present a calibration scheme
that takes an existing probability forecast and ensures that it
becomes calibrated regardless of the uncertainty model used and
regardless of whether or not this distribution accurately models
the ensemble uncertainty.

The calibration method proposed relabels the cumulative
probabilities of some initial probability distribution into cali-
brated cumulative probabilities that are based on how often and
where observations in the past verified on the initial probability
distributions. As will be shown, the initial probability distribu-
tion may very well be calibrated to begin with, in which case
the calibration step is redundant. However, for cases where the
uncertainty model used fails to generate calibrated forecasts, the
method can improve the probabilistic forecasts.

In this paper, we consider both continuous meteorological
variables (such as temperature) and bounded mixed discrete-
continuous variables (such as relative humidity) that can have
finite probability mass at one or both boundaries.

The remainder of the paper is organized as follows: First,
we summarize some of the ways to represent uncertainty. Next,
in Section 3, we discuss the metrics used to evaluate the qual-
ity of probability forecasts—important for measuring if and by
how much the calibration method can cause improvement. In
Section 4 we present the proposed calibration method. Section
5 describes case-study data from a 4-yr period with five fore-
cast variables, a 14-member ensemble and 1225 grid locations.
Those case-study data will be used in Section 6 to evaluate the
calibration method for the uncertainty models from Section 2.
Implications of this approach are summarized in Section 7.

2. Methods for representing uncertainty

A number of methods have previously been devised with the
goal of producing calibrated probabilistic forecasts. Each of
these methods, however, use widely different ways to describe
how uncertainty is expressed by an ensemble. Different uncer-
tainty descriptions arise because the methods make different
assumptions about how forecasts and observations are realized.

To set up a framework for probabilistic forecasts, let ft (x) be
the forecast probability density function (PDF) of a meteorolog-
ical variable x for time t. The corresponding forecast cumulative
distribution function (CDF) Ft (x) is

Ft (x) =
∫ x

−∞
ft (s) ds. (1)

Thus, Ft (x) gives the probability that the meteorological variable
is forecasted to have any value less than x.

Let the actual observed value of the variable at time t be xt .
The observed value can be represented by an observed CDF
Gt (x) that we model as a step function.

Gt (x) = H (x − xt ), (2)

where H(s) is the Heaviside function defined by

H (s) =
{

1 s ≥ 0

0 s < 0
. (3)

That is, the observed distribution is an infinitesimally wide re-
gion of finite probability mass at the observed value.

We denote an ensemble of K forecasts of some meteorological
variable as ξt,k , where t represents a time point and k is an index
between 1 and K. At time t, the ensemble mean is denoted by ξ̄t

and the ensemble spread is denoted by st .

2.1. Binned probability ensemble (BPE)

A very common way to model uncertainty is to assume that each
ensemble member and the corresponding observation are real-
izations of the same unknown probability distribution. For this
situation, the rank of the verifying observation when pooled with
the ensemble should be a random integer between 1 and K + 1.
Here rank is defined as the integer position of an element in a
sorted array of values. Thus, each bin has the same probability
of capturing the observation, where a bin is the region between
two consecutive ensemble members. This is often referred to as
the BPE technique (Anderson, 1996).

To convert this description to a probabilistic forecast, one
assigns a constant probability mass (K + 1)−1 between each
consecutive ensemble member. Ensemble members spread fur-
ther apart will have a lower density between them compared to
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members that are closer together. The effect is that an ensem-
ble that has all of its members close together represents a more
certain forecast than one where all members are spread out.

The CDF values at each ensemble member location are set to
k(K + 1)−1, where k is the rank of the ensemble member and is
linearly interpolated between members.

The CDF below and above the ensemble must also be spec-
ified. For precipitation forecasts, Hamill and Colucci (1998)
used a linear function below the lowest ensemble member, and
a Gumbel distribution above in order to estimate extreme pre-
cipitation events. With this modification, the BPE probabilistic
forecast Ft (x) becomes

Ft (x) =

⎧⎪⎪⎨
⎪⎪⎩

1
K+1 A(ξt,1 − x) x ≤ ξt,1

k
K+1 + 1

K+1
x−ξt,k

ξt,k+1−ξt,k
ξt,k < x ≤ ξt,k+1

1 − K
K+1 B(x − ξt,K ) ξt,K < x

, (4)

where ξt,k represents the kth sorted ensemble member, and A(s)
and B(s) are monotonic functions equal to 1 when s = 0, and
drop off towards 0 for high values of s.

2.2. Method of moments

A Gaussian distribution N can be used to represent a probability
distribution as follows:

Ft ∼ N
(
ξ̄t − μT , aT s2

t + bT
)
. (5)

The first parameter of N represents the mean of the distribution,
and corresponds to the bias-corrected ensemble mean. The sec-
ond parameter represents the spread of the distribution, given by
a linear regression fit to the variance of the ensemble (s2

t ).
μT can be computed from the first moment of past forecast

errors.

μT = 1

‖T ‖
∑
t∈T

(ξ̄t − xt ). (6)

Here, T represents a set of time points over which the mean is
computed, and ‖T ‖ represents the size of this set. Past values
of the square of the error of the bias-corrected ensemble mean
(ξ̄t − μT − xt )2 (for all t in training period T ) is used to estimate
aT and bT using least-squares linear regression. That is, the
spread of the forecast distribution is dependent on the spread of
the ensemble (provided that aT 
= 0).

As historical moments of the forecast errors are used to gen-
erated the probabilistic forecasts, this method is often called the
method of moments (MM, Jewson et al., 2005).

2.3. Bayesian model averaging (BMA)

Another way to model the uncertainty is to assume that the true
state is distributed according to one of several candidate distri-
butions, although it is not known which candidate is the true
one. The candidate distributions are formed by fixing an a pri-

ori specified probability distribution to each ensemble member.
The total distribution is the sum of each individual distribution,
weighted by the likelihood that each candidate distribution is the
true one.

This technique is referred to as BMA (Hoeting et al., 1999).
The use of BMA was suggested by Raftery et al. (2005) as a
method for producing calibrated probabilistic weather forecasts.
This method and variants thereof have been applied success-
fully for a number of cases (Raftery et al., 2005; Sloughter et al.,
2007; Wilson et al., 2007; Johnson and Swinbank, 2009). By
training on data, BMA can weight the various candidate distri-
butions based on their performance in the past. If the underlying
assumption is valid, then the predictive (weighted) BMA distri-
bution will converge to the true distribution, given a sufficiently
large data set. For temperature and sea level pressure, a Gaussian
distribution centred on the bias-corrected value of the ensemble
member has been used (Raftery et al., 2005).

Given a set of forecasts ξt,k (where k, unlike for BPE, no longer
represents a sorted index), the BMA predictive distribution is

Ft (x) =
K∑

k=1

wkFt,k(x), (7)

where wk are non-negative weights and Ft,k(x) are the predictive
distributions for each ensemble member given by

Ft,k(x) ∼ N (ξt,k − μT ,k, σ
2
T ) (8)

μT ,k = 1

‖T ‖
∑
t∈T

(ξt,k − xt ). (9)

As before, T represents the training period. Raftery et al. (2005)
used a common σT for all ensemble members to reduce the
number of parameters, and still found good results. μT ,k is a
bias correction term specific to each ensemble member.

To compute the weights and standard deviation, Raftery et al.
(2005) use the expectation maximization (EM) algorithm, an
iterative process given by

z
(j )
t,k = w

(j−1)
k f

(j−1)
t,k (xt )∑K

i=1 w
(j−1)
i f

(j−1)
t,i (xt )

, (10)

w
(j )
k = 1

‖T ‖
∑
t∈T

z
(j )
t,k , (11)

σ
2(j )
T = 1

‖T ‖
K∑

k=1

∑
t∈T

z
(j )
t,k(xt − ξt,k − μT ,k)2, (12)

f
(j )
t,k (x) ∼ N

(
ξt,k − μT ,k, σ

2(j )
T

)
, (13)

where (j ) as a superscript represents the value after iteration j.
This iteration is continued until the parameters change by less
than some small tolerance. z

(j )
t,k are intermediate values on the

interval [0, 1] that represent the extent to which member k is the
best member of the ensemble for time t.
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2.4. Climatology

Finally, one can completely ignore the guidance of the ensemble
and describe the uncertainty based only on the distribution of
past observations. This is referred to as a climatology forecast
and can be computed by

Fclim(x) = 1

‖T ‖
∑
t∈T

H (x − xt ). (14)

Thus the climatology forecast for a given threshold is the fre-
quency of past observations that have fallen below that threshold.

Climatology forecasts are independent of any NWP model
output, and require only past observations. Therefore, we will
use these probabilistic forecasts as a baseline against which the
other probabilistic forecasting methods will be compared.

The climatology forecast is heavily dependent on the defini-
tion of T . A very coarse climatology would define T to be all
days of the year. A more refined climatology would only include
observations from days that are from roughly the same time of
the year as the desired forecast time point. We will use this more
refined climatology as our baseline.

2.5. Comparison of these uncertainty models

We have discussed four ways of representing uncertainty. These
can be summarized as follows:

(i) BPE: fixing a constant probability mass between each pair
of consecutive ranked ensemble members.

(ii) MM: fixing a shape function to the bias-corrected ensem-
ble mean.

(iii) BMA: fixing a shape function to each bias-corrected
ensemble member.

(iv) Climatology: fixing a constant-in-time shape function
directly onto forecast-variable x.

Figure 2 illustrates these different methods schematically.
Each method behaves differently depending on whether the en-
semble spread is small (top row) or large (bottom row). The
probability density produced by BPE scales linearly with the
spread of each pair of consecutive ensemble members. Fore-
casts produced by MM also generally scale with the spread of
the ensemble, however they are independent of the particular
way that ensemble members are organized. BMA, unlike MM,
is able to represent multimodal distributions due to the individual
Gaussian distributions, however, compared to BPE, its peaks are
less sensitive to the exact positions of the ensemble members.

3. Metrics of probabilistic-forecast quality

There are two performance characteristics of probabilistic fore-
casts that we will investigate. The first, calibration, concerns the
statistical consistency between the probabilistic forecasts and
observations. The second, ignorance score, measures the extent
to which probability has not been concentrated in the correct
areas.

3.1. Calibration deviation

Probabilistic calibration, or reliability (Murphy, 1973), is a mea-
sure of correspondence between forecast probabilities and the
frequency of occurrence of observed values. Events forecasted
with probability p should occur a fraction p of the time, when

BPE MM BMA Climatology

Fig. 2. Schematic PDF diagram of four methods for representing ensemble uncertainty. Here probability density curves for binned probability
ensemble (BPE), method of moments (MM), Bayesian model averaging (BMA) and climatology are shown for an ensemble of size five, with the
variable of interest in the abscissa and the probability density in the ordinate. Circles represent the five ensemble member forecasts. The top and
bottom rows represent two different forecast times having different ensemble distributions.
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evaluated over a set of times T . Here, an event is defined as
an observation being less than some threshold value xa . The
probability of this event occurring is forecasted by F (xa).

Calibration can be assessed by checking the distribution of
probability integral transform (PIT) values (Gneiting et al.,
2007). PIT values pt are the values of the cumulative forecast dis-
tribution Ft corresponding to the observation; i.e., pt = Ft (xt ).
Gneiting et al. (2007) define the set of forecasts Ft (x) to be
probabilistically calibrated relative to Gt (x) for all t within T if

1

‖T ‖
∑
t∈T

Gt

(
F −1

t (p)
) = p, (15)

where probability p is a real number between 0 and 1 and
F −1

t is the inverse of Ft . Using the definition of Gt in eq. (2),
eq. (15) can be rewritten to show that probabilistic forecasts are
calibrated if

1

‖T ‖
∑
t∈T

H (p − pt ) = p. (16)

Thus, probabilistic calibration requires that, for a given p on
the interval [0, 1], a fraction p of the PIT values lie below p.
Asymptotically over an infinite sample size, eq. (16) can be
shown to be a necessary and sufficient condition for probabilistic
calibration (Gneiting et al., 2007).

A forecast that is calibrated at all instances in time (i.e.,
Ft (x) = Gt (x) for all t) is said to exhibit complete probabilistic
calibration (Gneiting et al., 2007). As pointed out by Hamill
(2001), uniformly distributed PIT values do not necessarily im-
ply that the forecast exhibits complete probabilistic calibration,
because the forecast can have distributional bias during various
subintervals of T . For example, uncalibrated forecast distribu-
tions during the first half of T and different uncalibrated forecast
distributions during the second half can cancel out when eval-
uated over the whole time period T . Furthermore, by defining
the observational distribution to be a step function as in eq. (2),
F can never exhibit complete probabilistic calibration unless
Ft (x) = H (x − xt ) for all t, which is the case of a perfect de-
terministic forecast. Therefore, when referring to calibration,
we will always specify a time period over which the calibra-
tion is computed, and we will not require the forecast to exhibit
calibration at smaller timescales.

To better visualize the degree of calibration using PIT, one
can create a histogram of PIT values. For a perfectly calibrated
forecast, each equally sized bin will contain the same number of
PIT values thereby giving a flat histogram. Deviations from a flat
histogram can be used to diagnose problems with calibration. For
example, a U-shaped histogram indicates that the observation
verifies low or high on the CDF curve too often, an indication
that the probability distribution is too narrow.

A PIT histogram is the generalization of a rank histogram,
the latter of which is used for determining reliability when BPE
is used to model uncertainty. The rank histogram (Anderson,
1996; Hamill and Colucci, 1997; Talagrand et al., 1997) shows

the frequency of the observations taking on various ranks when
pooled with the ensemble, and the number of bins used is K + 1.
For a PIT histogram the number of bins used can be arbitrary,
since we are looking at numbers on the real line as opposed
to integers between 1 and K + 1. For our PIT histogram, we
separate the interval [0, 1] into 20 equally sized bins.

Denote by bi the bin count for bin i, where i is an integer
between 1 and the number of bins B. Bin frequencies are then
given by bi‖T ‖−1. We use the standard deviation of the bin fre-
quencies as a summary metric for the reliability of a forecast.
Low variability in the bin frequency is indicative of a PIT his-
togram that is flat. The calibration deviation metric is computed
as follows:

D =
√√√√ 1

B

B∑
i=1

(
bi

‖T ‖ − 1

B

)2

. (17)

Low values of D are preferred.
Sampling error will cause even perfectly calibrated forecasts

to exhibit calibration error (Bröcker and Smith, 2007; Pinson
et al., 2010). That is, PIT values from a perfectly calibrated
system will likely not generate a perfectly flat PIT histogram.
The bin counts bi of a perfectly calibrated forecasting system
will be multinomially distributed with variance ‖T ‖B−1(1 −
B−1). The expected value of the calibration deviation Dperfect of
perfectly calibrated forecasts is therefore

E[Dperfect] =
√

1 − B−1

‖T ‖B . (18)

3.2. Ignorance score

A forecast must be more than just calibrated in order to be useful.
For example, a vague climatology forecast can be perfectly cal-
ibrated, but might lack the desired concentration of probability
needed to make informed decisions.

The ignorance score (Roulston and Smith, 2002), originally
defined as the logarithmic score by Good (1952), is a metric
that measures the extent to which a probabilistic forecast is not
concentrated in the correct areas. The ignorance score is defined
as follows:

IGN = − 1

‖T ‖
∑
t∈T

log2(ft (xt )). (19)

Lower values of the ignorance score are desired. The ignorance
score rewards forecasts that places high confidence in regions
where the verifying observation falls and disregards the proba-
bility density placed elsewhere.

Due to the use of the logarithm in the definition of the ig-
norance score, arithmetic differences between two ignorance
scores is more relevant than the ratio of the scores. A change of
units in the forecast variable for example, will cause scores to
be changed by an additive constant.
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The ignorance score has a very natural interpretation in es-
timating expected gambling returns. When placing bets on the
future outcome xt , the optimal strategy for distributing one’s
current wealth is to distribute wealth to each possible outcome
weighted by the probability density. Users with forecasts that
have lower ignorance scores than their betting competitor can
expect to increase their wealth in the long run.

Given a probabilistic forecast A and a reference forecast with
ignorance scores IGNA and IGNref respectively, users of fore-
cast A can expect to double their wealth against a user of the
reference forecasts in Nbets bets, where Nbets is computed by

Nbets = 1

IGNref − IGNA
, (20)

provided that IGNA < IGNref . Nbets gives a more intuitive feel
for the quality of the probability forecast than numeric values of
the ignorance score. Smaller Nbets values are better.

4. Calibration method

Section 2 identified four ways to create probabilistic forecasts. In
many cases, the forecasts produced by these methods are already
calibrated. Calibration deficiencies can arise, however, when the
underlying assumption of how uncertainty is represented by the
ensemble is not in line with how nature generates ensemble
members and observations. For these situations, a calibration
method may be used to adjust the forecasted distributions such
that they are calibrated. Such a calibration method is presented
next.

4.1. Basic principles

We propose a calibration method that takes an existing proba-
bility distribution Ft (x) and relabels the CDF values to form a
new distribution F̂t (x). The relabelling is done by a calibration
function � as follows:

F̂t (x) = �T (Ft (x)). (21)

�T is based on the distribution of past PIT values from the set
of time points T . For example, if 30% of past PIT values have
values less than 25%, then it seems natural that we should relabel
future 25% CDF values to be 30% instead. For the purposes of
this paper, we term Ft (x) the raw distribution, and F̂t (x) the
calibrated distribution.

For the set of probabilistic forecasts F̂t (x) (for all t ∈ T )
to be calibrated, eq. (16) requires that �T (p) be generated as
follows:

�T (p) = 1

‖T ‖
∑
t∈T

H (p − Ft (xt )). (22)

This equation states that �T (p) is the empirical cumulative fre-
quency distribution of the PIT values Ft (xt ). This calibration
function would generate perfectly reliable forecasts since we

have invoked the definition of calibration directly in its formula-
tion. However, since xt is unknown to us when forecasting F̂t (x),
we must approximate �T (p) based on data accumulated during
some previous time period T ′, known as the training period.

The approximation �T ≈ �T ′ is valid as long as the statis-
tical properties of F do not change much between T and T ′

(i.e. between the actual forecast period and the training period);
namely, the statistics are stationary.

We will denote raw PIT values originating from a raw forecast
as pt and calibrated PIT values from a calibrated forecast as p̂t =
F̂t (xt ). If the calibrated forecasts have been properly calibrated,
the sorted p̂t values will be distributed evenly on the interval
[0, 1].

Combining eqs. (1) and (21) and using the chain rule, gives
the following property for the calibrated PDF.

f̂t (x) = �T (Ft (x))ft (x), (23)

where we have defined �T (p) to be the derivative of the cali-
bration function �T (p).

�T (p) = d�T (p)

dp
. (24)

�T (p) acts as an amplification function to the raw PDF. The
calibrated PDF will have higher density in regions where
�T (Ft (x)) > 1 and lower density where �T (Ft (x)) < 1.

Note that �T (p) is also the probability density function for
observing a raw PIT value of p if the distribution of raw PIT
values is stationary over time. This has the consequence that
future PIT values are more likely to occur where the probability
density of the calibrated forecast has been increased compared
to the raw.

The basic calibration principles described earlier can be ap-
plied directly to unbounded continuous variables such as temper-
ature. These same principles can be used for bounded variables,
as described next.

4.2. Bounded mixed discrete-continuous distributions

Some variables, such as relative humidity, are bounded; that is,
there are minimum and/or maximum values that the variables
can take. Relative humidity for example has a minimum of 0%
and maximum of 100%.1

Often these bounds represent values that have discrete proba-
bility. That is, they are values that can have non-zero probability
within an infinitesimally narrow region. The finite probabilities
at these points are called probability mass instead of proba-
bility density. Thus, variables such as relative humidity are best
modelled by mixed discrete-continuous probability distributions

1 Temperature is technically speaking also a bounded variable with a
minimum of 0 K, but the commonly occurring temperature values are
so far away from the boundary that it can be treated as an unbounded
variable.
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where finite probability masses are used at the bounds, and prob-
ability densities are used elsewhere.

Mixed discrete-continuous distributions can be devised that
model this behaviour. Sloughter et al. (2007), for example,
showed how mixed discrete-continuous distributions can be
forecasted within the BMA framework (by separately modelling
the discrete part and the continuous part of the distribution).

An alternative to modelling these boundaries is to use the
aforementioned uncertainty models to generate CDFs that natu-
rally spill over the boundaries. These distributions can be trun-
cated at the boundaries so that the CDF is 0 below the bottom
boundary and the probability mass at the lower boundary is set
to the original CDF at the lower boundary. A similar treatment is
performed on the upper boundary. The lower and upper bound-
aries are denoted by xmin and xmax, respectively. The truncated
CDFs F(x) can be created from the original non-truncated dis-
tribution F ∗(x) as follows:

F (x) =

⎧⎪⎪⎨
⎪⎪⎩

0 x < xmin

F ∗(x) xmin ≤ x < xmax

1 xmax ≤ x

. (25)

The PDF becomes

f (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 x < xmin

F ∗(xmin) x = xmin

f ∗(x) xmin < x < xmax

1 − F ∗(xmax) x = xmax

1 xmax < x

, (26)

where the values at the boundaries are probability masses and
the rest are densities.

This treatment of the boundaries may result in raw forecasts
that are uncalibrated. However, by using the calibration method
proposed in Section 4.1, the CDF can be adjusted so that even the
CDFs that frequently lie on the boundaries become calibrated. In
this sense, the calibration method can be used to create calibrated

forecasts without having to determine a suitable model for the
boundaries.

When generating the calibration function � for mixed
discrete-continuous variables, care must be taken when the ver-
ifying value equals xmin or xmax, since the PIT value is not
uniquely defined. We follow the approach of Sloughter et al.
(2007) by picking a random value on the intervals [0, F (xmin)]
and [F (xmax), 1] for each of these cases, respectively.

4.3. Implementation approach

There are a few issues that must be addressed when implement-
ing the proposed calibration scheme. First, the distribution of
past PIT values is subject to sampling errors. These sampling er-
rors cause problems when evaluating �, which is required when
computing the PDF. The sampling errors are especially trouble-
some because a derivative is computed. For example, when two
PIT values coincidentally are very close to one another, an unre-
alistic spike appears in �. We have therefore used a smoothing
technique on the calibration curve �. Greater smoothing reduces
the chance of spikes in � due to sampling, however increases
the risk of removing real features in the calibration curve.

Cubic splines with nine points were used as this represents
a good balance between representing features and smoothing
out noise. An example of an initial cumulative distribution of
365 past PIT values from the MM method are shown in Fig. 3a.
The points used for the spline were the lowest and highest PIT
values as well as seven intermediate values distributed as evenly
as possible through the sample.

Calibration curves for the BPE method often have sharp
changes where p = (K + 1)−1 and p = K(K + 1)−1, as these
correspond to the lower and upper boundary of the ensemble,
respectively. To preserve this feature, a concatenation of three
splines were used for calibrating BPE, where the slope of the
splines are no longer forced to be continuous at the two boundary
points between the three splines (Fig. 3b).

Other options for smoothing the calibration curve exist
(such as simply resampling the curve combined with linear
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Fig. 3. Sample calibration curve for MM
and BPE. Dashed lines show the actual
cumulative distribution of PIT values,
whereas the solid represent the smoothed
curve using cubic splines. The circles
represent the interpolation points for the
splines. Three separate splines were used for
BPE, where the separation is shown by the
two vertical lines.
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temperature forecast created using MM. The left half shows the calibration curve (solid line) and a one-to-one line (dash-dotted line). The right half
shows the raw forecast (dashed line) and the calibrated forecast (solid line). The cumulative probabilities 0.3 and 0.6 are adjusted as shown by the
thin solid lines and arrows. The horizontal dotted lines show the forecast without calibration adjustment.

interpolation) and will in general produce similar results. We
chose the approach based on splines as we found this to be a
stable way to generate a curve with continuous derivatives for a
wide range of forecast variables.

A sliding window on the past data was used to empirically
estimate the calibration curve �. For any given forecast day at a
given location, all dates with available forecast and observation
pairs for that location from the previous 365 d comprised the
training period T ′.

Picking the training period for calibration should be a trade-
off between capturing calibration deviations that vary in the short
term and having enough data to robustly create the calibration.
However, we have opted for a longer training period of 365 d
as we found calibration curves based on much shorter training
periods tended to overfit the calibration deviation. The optimal
training period will likely depend on the application it is used
for, but we have found that in general the performance is not very
sensitive to its length provided that the training period consists
of at least on the order of 100 past PIT values.

Figure 4 illustrates how a probabilistic temperature forecast is
calibrated. The raw forecast (dashed line on the right) is adjusted
to a calibrated forecast (thick solid line on the right) according
to the calibration curve shown on the left.

4.4. Impact of calibration on verification metrics

Here we discuss the expected impact of the calibration scheme
as evaluated using the metrics discussed in Section 3. First,
the calibration scheme relabels CDF values such that future
calibrated PIT values will be evenly distributed. We therefore
expect the scheme to lower the calibration deviation D down to
that expected for perfectly reliable forecasts E[Dperfect].

Second, calibrating a forecast can also have benefits in terms
of the ignorance score. Using eq. (23), the ignorance score of a
set of raw forecasts f = {ft for all t ∈ T } can be decomposed
into two terms as follows:

IGN (f ) = IGN (f̂ ) + 1

‖T ‖
∑
t∈T

log
(
�(pt )

)
. (27)

The first term on the right-hand side is the ignorance score of
perfectly calibrated forecasts f̂ , and the second term on the right-
hand side is the extra ignorance caused by the lack of calibration.
When a raw forecast is uncalibrated, and if the distribution of
PIT values is stationary over time, then the right-most term will
be positive. That is, the raw forecast will have a higher (worse)
ignorance score than the calibrated forecast. This is because,
as mentioned earlier, PIT values are more likely to fall where
�(p) is greater than 1, since �(p) is also the probability density
function for raw PIT values.

Reducing the ignorance score of f can be done by (1) im-
proving the quality of the ensemble forecasts or using a more
suitable uncertainty model, thereby reducing the first term on the
right-hand side; (2) calibrating the forecast in a post-processing
manner such as the calibration scheme presented, thereby reduc-
ing the last term.

For variables that are mixed discrete-continuous, one must
compute the ignorance score differently for the discrete parts
than for the continuous part. The probability mass is used in the
calculation for the discrete parts, whereas the probability density
is used for the continuous part. An overall ignorance score can
still be computed as the sum of the discrete and the continuous
ignorance scores, even though these represent the ignorance
score for different probability entities. This may seem unintuitive
at first, but since the score is logarithmic, any arbitrary weighting
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between the probability entities will factor out as an additive
constant. This additive constant cancels out when differences
between ignorance scores are used.

4.5. Comparison with other calibration schemes

The BPE method by itself often produces unreliable probabilistic
forecasts when the ensemble members and the observation are
not drawn from the same distribution. Hamill and Colucci (1998)
suggested a calibration scheme where the probability mass be-
tween each pair of consecutive ensemble members is adjusted
by the frequency of historical observations falling in each bin.
Eckel and Walters (1998) referred to this as the weighted ranks
(WR) method. The CDF at each ensemble member is shifted
to the frequency of historical observations that fall below that
ensemble member rank. This WR calibration scheme is relevant
only for the BPE uncertainty model as it makes adjustments
based on ensemble counts and not on probabilities. The calibra-
tion scheme presented in this paper is a generalization of the
WR scheme for any system that generates forecast probabili-
ties, regardless if these were determined by ensemble ranks or
otherwise.

Quantile-to-quantile mapping (Hopson and Webster, 2010)
and similarly the bias-corrected relative frequency technique
(Hamill and Whitaker, 2006) have been used to calibrate ensem-
ble forecasts. Here, the value of each ensemble member ξt,k is
adjusted to new values ξ̂t,k , based on past statistics as follows:

ξ̂t,k = G−1
(
Fk(ξt,k)

)
. (28)

G and Fk are historical CDFs of the observations and kth en-
semble forecasts respectively given by

G(x) = 1

‖T ‖
∑
t∈T

H (x − xt ), (29)

Fk(x) = 1

‖T ‖
∑
t∈T

H (x − ξt,k), (30)

where again T represents the training period, and where ap-
propriate smoothing must be performed on G in order to make
it invertible. The calibrated ensemble members will then have
the same climatology as the observation and can then be used
as input to a probabilistic method. The calibration method pro-
posed in this paper differs from the quantile-to-quantile correc-
tion method in that it adjusts probabilities (output of an uncer-
tainty model) instead of adjusting forecast values (inputs to an
uncertainty model).

Finally, the concept of relabelling probabilities based on
eq. (21) has been used in other forecasting studies (see e.g.
Nielsen et al., 2006; Bremnes, 2007). The relabelling approach
taken here differs in that sorted historical PIT values are used
to create a non-parametric calibration curve � instead of using
separate regression equations to calibrate each quantile of the
forecast distribution.

5. Case-study data

To test the four different uncertainty models (BPE, MM, BMA
and climatology) and the effect of the calibration method, we
use data from the reforecast data set described in Hamill et al.
(2006). This includes the forecasts from a 15-member ensemble
using the NCEP’s Medium Range Forecast (MRF) model as
well as verifying analyses. The control forecast was removed
and the remaining 14 bred members (which are assumed to be
equally skillful) were used. We used an excerpt from the global
grid centred on North America with 25 north–south points and
49 east–west points for a total of 1225 grid points, as shown in
Fig. 5. The model was initialized at 00 UTC and forecasts for the
48-h offset were used. These were verified against the analysis
valid at that time.

Fig. 5. Geographical locations of the 1225
grid locations used in the study. Point A
represents the grid point nearest Vancouver,
Canada, point B represents a grid point in the
Northwest Territories, Canada, and point C
represents a grid point at the Gulf of Alaska
in the Pacific Ocean.
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Five meteorological variables (with their abbreviations and
units) were used: 2-m temperature (T2M, ◦C), mean sea level
pressure (PRMSL, Pa), 10-m u-component of wind (U10M,
m s−1), precipitable water (PWAT, kg m−2), and 70-kPa rela-
tive humidity (RHUM, %). We tested the raw versions of BPE,
MM, BMA and climatology, as well as BPE, MM and BMA
after the calibration scheme was applied. Daily data from runs
initialized on 1 January 2001 to 31 December 2004 were used.

We used a 40-d sliding window to train the parameters for
MM and BMA distributions, with each window ending prior to
each forecast date. The parameters were computed separately for
each grid location. Training periods of similar lengths have been
used in other studies of BMA probabilistic forecasts (Raftery
et al., 2005; Sloughter et al., 2007). For the calibration curve,
raw PIT values from the 365 d prior to the forecast date were
used. The 40-d sliding window and the 365 d of calibration
required a warm-up period of 405 d, before the first forecasts for
evaluation could be computed. A total of 1039 d of probabilistic
forecasts for evaluation were produced.

Both MM and BMA bias correct the ensemble based on the
training period. To get a fairer comparison, we also bias cor-
rected each ensemble member for BPE using the same bias-
correction method and sliding window approach as for BMA (see
eq. 9).

For RHUM, to ensure that the bias correction in MM, BMA
and BPE did not create impossible values, we truncated the
values to be within 0% and 100%. Too low values were assigned
the value 0%, and too high values were assigned 100%. Also,
values above 99.9% were rounded to 100% and values below
0.01% were rounded to 0%.

As suggested by Hamill (2007), BMA weights for ensemble
members that are assumed to be equally skillful can be con-
strained to be equal. This changes the weights wk in eqs. (7) and
(11) to be K−1, but leaves the rest of the EM steps as is. The EM
iteration was stopped when the largest change in the standard
deviation σT was less than a tolerance of 10−4, which resulted
in around 20 iterations on average.

The ‘refined’ climatological forecasts for a given day were
based on analyses that were within 15 d of the same day-of-year
as the forecast day. For example the climatology for 15 April
2003 includes analyses from all of April 2001, 2002, 2003 and
2004. This means the climatology was produced in-sample, but
since climatology is only used as a reference forecast to gauge the
other methods, we hypothesize that this is acceptable. Separate
climatologies were produced for each forecast grid point. The
climatology was implemented by spreading a fixed Gaussian
distribution across the range of the variable and then using the
calibration method to adjust the probabilities. This was done to
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smooth the climatology, as the climatology is based on a finite
sample of past values. Different smoothing approaches would
likely give similar results.

For the BPE method, we used Gaussian distributions for A(s)
and B(s) in eq. (4), with mean 0 and variance computed by

σ 2
T = 1

‖T ‖
∑
t∈T

(ξ̄t − μT − xt )
2, (31)

where μT is computed by eq. (6). That is, we have used the sec-
ond (central) moment of the forecast error of the bias-corrected
ensemble mean to determine the drop off in probability outside
the ensemble. The Guassian distributions must be multiplied by
a factor of 2, so that A(0) and B(0) are 1. By using a function

that stretches as the ensemble stretches for A(s) and B(s) we
maintain the perfect spread-skill assumption that BPE already
has for the interior of the ensemble.

With these data, we next evaluate the quality of the raw
and calibrated probabilistic forecasts using the metrics from
Section 3.

6. Results and analysis

6.1. General effects of the calibration

Figure 6 shows the calibration deviation for each variable (shown
by different panels) and each uncertainty model (shown by each
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set of bars). Calibration deviation for the raw forecasts are shown
by white bars, whereas those for which the calibration step has
been applied are shown by black bars. The calibration deviation
was computed for the 1039 forecast days separately for each
grid location, and then averaged. The solid horizontal line in-
dicates the expected deviation for perfectly calibrated forecasts
as given by eq. (18). The figure shows that the raw forecasts
have calibration deviations that are above that expected of per-
fectly calibrated forecasts. The calibration method reduces this
deviation in all cases down to the level expected for perfectly cal-
ibrated forecasts. Also, the calibration deviation is much greater
for the raw BPE forecasts than for MM and BMA. These results
are evident for all five variables.

Figure 7 shows how the calibration method improves the igno-
rance score when the raw forecast exhibits calibration deviation.
For cases where the calibration deviation of the raw forecast is
high, the calibration method reduces the ignorance score sig-
nificantly, as predicted by eq. (27). However, the calibration
method actually increases the ignorance score slightly when the
calibration deviation of the raw forecast is near that of perfectly
calibrated forecasts (as seen by the dots below the horizontal line
that are also close to the vertical line). This is because in these
cases there is no calibration deficiency in the raw forecast for the
calibration method to correct. The correction is then based on a
calibration curve that has been fitted to a noisy signal of past PIT
values. Ignorance is not reduced in this case, despite eq. (27),

because the assumption of stationary PIT statistics no longer
holds. For BPE, all variables show large potential for reducing
the ignorance score through calibration. For MM, RHUM shows
the greatest potential, and for BMA PRMSL, PWAT, and RHUM
all have great potential for reducing the ignorance score via the
proposed calibration method.

Figure 8 shows the average difference of the ignorance score
of the uncertainty models compared to climatology. Positive val-
ues indicate that the probabilistic forecast has a lower (better)
ignorance score than climatology. White bars show the differ-
ence of the raw forecasts to climatology whereas the black bars
show the difference for calibrated forecasts. The figure shows
that BPE yields smaller improvements over climatology when
compared to MM and BMA. This is true for both the raw and
calibrated forecasts. Black bars that are taller than their corre-
sponding white bars indicate that the calibration method im-
proved the ignorance score overall. For BPE, this is the case
for all variables. Although improvements in the ignorance score
were noted in Fig. 7 for MM and BMA for cases with high
calibration deviation, the increase in the ignorance score for
near-calibrated raw forecasts caused the average improvement
of the ignorance score to be roughly negligible.

The use of the calibration method then relies on a priori iden-
tifying locations where calibration deficiencies are known to
be present. For locations where the forecasts are already close
to calibrated, the raw forecasts are best left unadjusted. We
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Fig. 9. Temperature PDF forecast for the
Vancouver location for 3 January 2003 for
BPE, MM and BMA uncertainty models.
The raw forecast is shown by the dashed
lines and the calibrated by the solid lines.
Circles represent the bias-corrected
ensemble members.

speculate that an alternative to using the calibration method for
MM and BMA for cases with calibration deficiencies would
likely be to find a non-Gaussian distribution that fits better.
This distribution would also be tuned based on past statis-
tics. However, the appropriate distribution would have to be
determined for each location separately since different lo-
cations may have different types of calibration deficiencies.
The calibration method on the other hand automatically de-
termines a suitable fit to each location through the calibration
curve.

6.2. Performance of BPE

A striking feature of Fig. 8 is that BPE gave forecasts with
markedly larger ignorance scores than MM and BMA. Investi-
gating the forecast PDFs reveals that BPE produces spikes of
probability where two ensemble members are close in value.
For example, Fig. 9 shows PDF forecasts for temperature on 3
January 2003 for location ‘A’ in Fig. 5. Large spikes in the BPE
forecast are located where ensemble members are close for both
raw (dashed lines) and calibrated (solid line) forecasts. These
spikes are not present in MM and BMA.

The problem is that two close ensemble members are close
only by coincidence and not because there is higher probability
of observing a value in that region. That is, the spikes are unlikely
to have any physical meaning and are purely a product of having

a finite number of ensemble members that inadequately sample
the true distribution.

This flaw can be traced to an underlying assumption behind
BPE—that the observation rank is a random number between

Fig. 10. Fraction of verifying temperature analyses captured by an
ensemble bin as a function of bin width is shown for four different
bins. The predicted capture fraction by BPE is shown by the horizontal
solid line. The ticks along the horizontal line show the separations used
when binning the bin widths.
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1 and K + 1. This assumption is valid only prior to the instant
when values of the ensemble are revealed. As soon as these
values are known, however, the rank is no longer a random
number. In general, members that are spaced farther apart will
more likely capture the verifying value.

To test this assertion, the capture fractions of different pairs
of ordered ensemble members for T2M as a function of their
separation distance are shown in Fig. 10. Data from all grid lo-
cations and all available days were pooled together. BPE predicts
a constant capture fraction of (K + 1)−1 for every bin, shown by
the horizontal line. However, the plot clearly shows that capture
fraction increases with bin width. That is, when two ensemble
members are spaced further apart, the likelihood of the analysis
falling between them is higher. This causes the BPE technique to
produce greater ignorance scores since narrow bins are given too
high probability density despite their low probability of capture.
Similarly, wider bins are given too low a probability density.
Since the ignorance score is a proper skill score (Gneiting and
Raftery, 2007), issuing a probability that we know a priori is
biased will result in greater ignorance scores.

The calibration method lowers the calibration error compared
to the raw BPE forecasts and thereby significantly improves the
ignorance score. BPE exhibits calibration deficiencies in gen-
eral because the analysis does not fall evenly between the en-
semble members. However, further reduction in the ignorance
score, closer to that of MM and BMA, is not possible since
the calibration method cannot remove the spikes that BPE pro-
duces. For spikes to be removed, they would have to appear
frequently enough in the same ensemble bin, such that the cal-
ibration function could identify that the CDFs associated with
that bin happened too frequently.

6.3. Examples of large calibration deviations

Figure 11 shows the spatial pattern of average calibration devi-
ation of raw and calibrated forecasts from MM for precipitable
water. Figure 12 shows the same information for BMA. For
a significant portion of the area, the calibration deviations for
the raw forecasts are small, however there are large regions of
large calibration deviation as shown by the darker colours. The

Fig. 11. Spatial pattern of calibration
deviation for raw and calibrated forecasts
from MM for precipitable water. Smaller
calibration deviation is better. The letter ‘B’
is centred on the Northwest Territories
location identified in Fig. 5.
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Fig. 12. Same as Fig. 11 except for BMA.

calibration deviation for the calibrated forecasts are all low.
Both MM and BMA have large calibration deficiencies at
the location marked by ‘B’, in the Northwest Territories,
Canada.

The reasons for this can be diagnosed in Fig. 13, which shows
PIT histograms for location ‘B’. The raw BPE forecasts give
distributions that are underdispersed as indicated by the high bin
counts at the extremes. The raw MM forecasts have too many
counts at the extremes and the middle, suggesting the Gaus-
sian distribution with its one spread parameter cannot model a
distribution with thicker tails, a taller middle and reduced proba-
bilities elsewhere. The raw BMA forecasts have the same issue.
The calibrated forecasts have smaller calibration errors, close to
E[Dperfect] = 0.0068.

Figure 14 shows precipitable water PDF forecasts for 2 July
2002 for the same location as the PIT histogram in Fig. 13. The
calibration method alters the shape of the raw PDF for both
MM and BMA to be taller in the middle, have thicker tails
and have lower probabilities elsewhere to correct the calibration

deficiency. For BPE, the calibration increases the width of the
tails and lowers the density in the middle.

Figure 15 shows relative humidity PDF forecasts for 16 May
2004 for the Pacific Ocean location marked by ‘C’ in Fig. 5.
The probability mass at the boundaries are shown by the white
bar for the raw forecast and by the black bar for the calibrated
forecast, and uses the scale on the right-hand side. We again
see that the calibration function changes the shape of the raw
forecast distribution, including the probability mass at the upper
boundary.

6.4. Comparison between BMA and MM

MM uses a simpler method to represent uncertainty than BMA.
Unlike BMA, MM does not allow for multimodal probability
distributions. Despite this, we found no large differences in the
overall performance of these two methods. We speculate that
the ability of the ensemble to correctly identify cases where
multimodal uncertainty is appropriate was weak enough that

Tellus 63A (2011), 5



CALIBRATING PROBABILISTIC FORECASTS FROM AN NWP ENSEMBLE 873

0 0.5 1
0

0.05

0.1

B
in

 fr
eq

ue
nc

y

D = 0.0266

BPE

0 0.5 1
0

0.05

0.1
D = 0.0156

MM

0 0.5 1
0

0.05

0.1
D = 0.0158

BMA

0 0.5 1
0

0.05

0.1

B
in

 fr
eq

ue
nc

y

D = 0.0066

BPE cal

0 0.5 1
0

0.05

0.1
D = 0.0071

MM cal

0 0.5 1
0

0.05

0.1
D = 0.0059

BMA cal

0 0.5 1
0

0.05

0.1

B
in

 fr
eq

ue
nc

y

D = 0.0080

Clim

Fig. 13. PIT histogram of precipitable water forecasts for the Northwest Territories location evaluated for all 1039 forecast d. The calibration
deviation score is indicated in the top of each histogram. D values of 0.0068 represent the expected level of calibration deviation for perfectly
calibrated forecasts.

BMA could not take advantage of it. This may not necessarily
be the case for other ensemble systems or forecast variables.

7. Conclusions and further work

We have presented a general approach for calibrating probabilis-
tic forecasts of continuous variables and tested it on a data set
with five variables, 1225 grid locations and an ensemble of 14
members that are assumed to be equally skillful. When trained
with appropriate data, this method produces calibrated forecasts
regardless of the underlying assumption of the uncertainty of the
ensemble.

The method relabels the CDF values of an existing probability
distribution according to eq. (21). The relabelling is done by the
calibration curve given by eq. (22), which is based on which CDF
values the past observations verified on. The calibration curve
must be appropriately smoothed, such as by spline interpolation.

The method reduces calibration deviation down to the level
expected by perfectly calibrated forecasts. When the deviation
of the raw forecasts are large, the method significantly reduces
the forecasts’ ignorance score. The method can therefore yield

benefits in both calibration and ignorance when the forecast
location is known to have calibration deficiencies. Benefits in
terms of calibration are due to adjustments made by the calibra-
tion curve � and benefits in terms of the ignorance score are
due to adjustments made by the amplification factor �. When
the uncertainty model already produces calibrated forecasts, the
redundant calibration step actually increases the ignorance score
slightly due to the added overhead. In these cases, the original
forecasts are best left unadjusted.

The quality of probabilistic forecasts is not only a function of
the quality of the ensemble forecast used, but also a function of
what uncertainty model is used. We found that, in general, BMA
and MM produced forecasts with comparable ignorance scores,
but both significantly outperformed forecasts produced by BPE,
which is due to what we believe is a flaw in the uncertainty
assumption in BPE.

Future work includes finding and evaluating new uncertainty
models—not discussed here. Also, better smoothing mecha-
nisms for the calibration curve may help reduce overfitting
of the calibration method when the raw forecasts are already
nearly calibrated. Finally, investigating the performance of the
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Fig. 14. Same as Fig. 9 except for
precipitable water and for the Northwest
Territories location for 2 July 2002.
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Fig. 15. Same as Fig. 9 except for relative
humidity and for the Pacific Ocean location
for 16 May 2004. White bars represent the
probability mass assigned by the raw
forecasts at 100% relative humidity, and
black bars represent the same quantity for
calibrated forecasts.
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different uncertainty models for ensembles with members of
unequal skill would be interesting.
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