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A B S T R A C T
The generation of internal waves from barotropic tides can be quantified in terms of the conversion rates. These have
often been obtained by applying the WKB approximation, which yields an expression for the conversion rates which is
proportional to the seabed buoyancy frequency NB . For small values of NB or strong variations of the buoyancy profile
N(z), this gives unreliable results. Using homogenization theory it is here shown that the conversion rate instead depends
on the value of N(z) averaged over a vertical region at the bottom of the same magnitude as the vertical length-scale of
the internal wave, which for the lowest modes is of the same order as the entire ocean depth. This gives a substantially
larger conversion rate.

1. Introduction

While bottom friction is considered to be the main reason for
the tidal dissipation of energy in shallow waters, the picture is
different when the deep ocean is concerned. Here internal waves
generated by barotropic tides provide the main mechanism for
the dissipation (Egbert and Ray, 2000, 2001), and account for
the main energy source needed to maintain vertical mixing in
the ocean (Munk and Wunsch, 1998). Without this mixing, the
ocean would become a stagnant pool (Sandström, 1908), and
it is therefore of critical importance both for global thermoha-
line circulation (Nilsson et al., 2003) and for oceanic biology
(Andrews and Gentien, 1982; Leichter et al., 1998).

The theoretical models used to determine the energy con-
verted from the tides to the internal gravity wavefield are often
based on the WKB approximation in the vertical (Llewellyn
Smith and Young, 2002; Nycander, 2005). However, as will be
shown here, this approximation typically gives large errors for
the gravest modes. In many cases the two first modes are im-
portant; in particular, they are the ones mainly responsible for
transporting wave energy large distances from the generation site
(Alford, 2003). Also, the WKB approximation yields conversion
rates which are dependent upon the buoyancy frequency at the
seabed. Here strong mixing will give rise to an abrupt decrease of
the buoyancy frequency (Ledwell et al., 2000), yielding conver-
sion rates which spuriously tend towards small values. A better
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understanding of how the internal-wave generation depends on
the vertical density profile is thus desirable.

We will start in Section 2 by describing the physical model to
be used in the present study. Section 3 provides a short review of
WKB theory. Section 4 will deal with homogenization theory as
an alternative to the standard WKB approximation, whereafter
the main results of our analysis are given in Section 5. The study
is concluded in Section 6 by a discussion of its overall results.

2. The physical model

The original formulation of the problem is due to Bell (1975a,
b), who postulated an infinitely deep ocean with a constant strat-
ification. Subsequent studies by Llewellyn Smith and Young
(2002) and Khatiwala (2003) broadened the scope of the model
by assuming a finite oceanic depth and incorporating an arbitrary
density profile (represented by N(z), the vertical distribution of
the buoyancy frequency).

In this study, we will restrict ourselves to topographies h(x)
with the specific shape

h(x) = h0

1 + ( x

�
)2

, (1)

where � is the width of the ridge. The associated Fourier trans-
form is

h̃(κ) = h0�π exp(−|κ|�), (2)

κ being the wavenumber. The symmetry of the one-dimensional
topography with an infinite extent along the y-axis affects the
generation of internal waves in such manner that the only
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contributions to the wave generation come from the tidal ve-
locity component along the x-axis. The barotropic tidal velocity
of frequency ω0 is therefore assumed to be

�U = U0�x cos(ω0t). (3)

The investigation is restricted to the acoustic limit, viz.
U0/�ω0 < 1. In this limit the advective terms, for example,
�v��v, can be neglected, as was done by (Llewellyn Smith and
Young, 2002). The problem is also linearized by expanding
the kinematic boundary condition at the bottom, with the topo-
graphic height h0 used as expansion parameter. This is accept-
able as long as one considers subcritical topographies, defined
by NBh/�ω0 < 1, where NB is the Brunt-Väisälä frequency at
the seabed.

2.1. The vertical structure

In this subsection, we will present the full analytical expression
for the conversion rates in an ocean of finite depth H and with a
topography specified by eq. (1). This will be done without using
any approximation of the function N(z). Following Llewellyn
Smith and Young (2002), the vertical structure of the propagating
waves is given by the eigenfunctions �n satisfying the following
Sturm-Liouville problem:

d

dz

[
1

N (z)2

d�n

dz

]
+ 1

c2
n

�n = 0, (4)

where cn is the nth eigenvalue. The eigenfunctions �n satisfy
the boundary conditions

d�n(z)

dz
(0) = d�n(z)

dz
(−H ) = 0, (5)

and furthermore the orthogonality relation∫ 0

−H

�n(z)�m(z)dz = An

λn

δmn, (6)

where An is a normalization constant, δmn a Kronecker matrix,
and λn = cn/f 0 the Rossby radius (f0 being the Coriolis param-
eter). We define

κn =
√

ω2
0 − f 2

0

cn

(7)

as the modal horizontal wavenumber. The horizontal velocity
field as well as the pressure are expanded in these eigenfunctions

(u, v, p) =
∞∑

n=1

λn[un(x, y, t), vn(x, y, t), pn(x, y, t)]�n(z).
(8)

The problem is then solved by projecting the equations of motion
on this set of eigenfunctions. This was by by Llewellyn Smith
and Young (2002), using the linearized, rotating and hydrostatic
equations. In this way, they derived the following modal conver-
sion rate:

Cexact
n = ρ0ω

2
0U

2
0 L

4f0

(
1 − f 2

0

ω2
0

)3/2 | h̃(κn) |2 �2
n(−H )

An

, (9)

where ρ 0 is the average oceanic density and L the length of
the ridge in the y-direction (assumed to be much greater than
the width of the ridge). Note that the buoyancy-frequency pro-
file N(z) is arbitrary. The total conversion rate is obtained by
summation over the entire spectrum

C =
∞∑

n=1

Cn. (10)

Cn and C obtained by numerical integration of eq. (4) will in
what follows be referred to as ‘exact’ or ‘numerical’ results.

3. The WKB approximation

If N(z) varies more slowly than the eigenfunctions �n, the WKB
approximation can be used (Morse and Feshbach, 1953; Bender
and Orszag, 1978). To lowest order, this procedure yields the
following approximate solution:

�n �
√

N (z)

N

nπ

H
cos

[
nπ

HN

∫ z

−H

N (z′) dz′
]

, (11)

and

cn � HN

nπ
, (12)

where

N =
∫ 0

−H
N (z) dz

H
. (13)

The wavenumber, cf. eq. (7), becomes

κn �
√

ω2
0 − f 2

0

nπ

H
. (14)

The orthogonality relation, on the other hand, assumes the form∫ 0

−H

�n(z)�m(z)dz � n2π 2

2H
δmn, (15)

in which case the normalization constant becomes

An = nπN

2f0
. (16)

These simplifications lead us to reconsider the expression for
the modal conversion rate, which can be recast in the following
form:

CWKB
n = ρ0U

2
0 LNB

2π

√
1 − f 2

0

ω2
0

h̃(κn)h̃∗(κn)κnδκ, (17)

where the star denotes complex conjugate, and

δκ = κn

n
. (18)

For the particular ridge topography in eq. (1) the Fourier
transform h̃ is given by eq. (2). The total conversion rate is
then obtained as the sum of all the modal conversion rates,
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CWKB = �∞
n=1CWKB

n , namely,

CWKB = ρ0U
2
0 h2

0LNBγ

2π

√
1 − f 2

0

ω2
0

∞∑
n=1

nγ exp(−2nγ ), (19)

where γ = �δκ . This expression, derived using WKB theory,
shows a dependence of the total conversion rate on the seabed
value of the buoyancy frequency, NB . This gives rise to prob-
lems, since turbulence may lead to a decrease of the buoyancy
frequency near the bottom.

We finally define the ratio between the conversion rates cal-
culated from the full analytical solution and from the WKB
approximation, that is,

RWKB
n = CWKB

n

Cexact
n

. (20)

In order to evaluate Cexact
n , eq. (4) must be integrated numerically

to provide �n(−H).
The assumptions that H → ∞ and δκ → 0 (alternatively �

→ 0) lead to the continuous energy spectrum derived by Bell
(1975b). Taking the limit δκ → 0 allows us to transform the sum
of the discrete modal conversion rates defined by eq. (10) to an
integration over the continuous spectrum of wavenumbers κ

∞∑
n=1

CWKB
n →

∫ ∞

0
CWKB

n dκ. (21)

The following definition is now introduced:

CWKB
Bell =

∫ ∞

0
CWKB

n dκ = ρ0U
2
0 LNB

2π

√
1 − f 2

0

ω2
0

∫ ∞

0
h̃(κ)h̃∗(κ)κ dκ,

(22)

where CWKB
Bell can be seen as equivalent to the value of CWKB in the

limit � → 0. Evaluating the integral for the topography given
by eq. (1) yields the final result

CWKB
Bell = π

8
ρ0U

2
0 h2

0LNB

√
1 − f 2

0

ω2
0

. (23)

These ‘Narrow-ridge’ topographies (� ‘small’) mainly interact
with high-frequency waves. In these cases the eigenfunction
�n will vary more rapidly than N(z), and thus WKB theory is
expected to be valid and very precise in this limit.

4. Homogenization theory

As discussed in the introduction, a number of complications
arise when the prerequisites for the validity of the WKB ap-
proximation (cf. Section 3) are not fulfilled, above all that the
straightforward dependence of the conversion upon the value of
NB no longer holds (a topic to be dealt with in greater detail in
Section 5). In these cases we need to adopt another strategy. In
the new approach we assume that the buoyancy frequency pro-
file has variations on two different length scales, and the basic
idea is to average out the rapid variations. This can be done in

a consistent way if these rapid variations have a shorter length
scale than the vertical wavelength of the internal wave mode.

We first reformulate eq. (4) as

d2ψn(z)

dz2
+ N 2(z)

c2
n

ψn(z) = 0, (24)

where

dψn(z)

dz
= �n(z), (25)

and the boundary conditions for ψn are

ψn(0) = ψn(−H ) = 0. (26)

These expressions will serve as the starting-point for our
analysis.

We will now attempt to decompose the original problem given
by eq. (24) into a two-scale problem, based on a short length-
scale which does justice to the rapid variations of the buoyancy-
frequency profile, and a long length-scale over which N(z) re-
mains constant (or at least only varies slowly). The buoyancy-
frequency profile will thus be regarded as the sum of a mean
value (associated with the long scale), and another component
which oscillates on the short scale. We assume that the variables
α and β are associated with the slow and fast variations, respec-
tively, and that ε = α

β
is a small parameter. The wavefunction

may then be written formally as

ψn(z) = ψn[α(z), β(z)], (27)

and the buoyancy-frequency profile as

N (z) = N [α(z), β(z)], (28)

where

α = z, β = z

ε
. (29)

The total derivative with respect to z can thus be written as

d

dz
= dα

dz
∂α + dβ

dz
∂β = ∂α + 1

ε
∂β, (30)

whereafter eq. (24) becomes(
∂α + 1

ε
∂β

)2

ψn + N 2

c2
n

ψn(α, β) = 0, (31)

in turn leading to[
∂2

α + N 2(α, β)

c2
n

+ 1

ε
2∂α∂β + 1

ε2
∂2

β

]
ψn(α, β) = 0. (32)

The wavefunction is now expanded in powers of ε

ψn(α, β) =
∞∑
i=0

εiψ (i)
n , (33)

and hereafter inserted in eq. (32). Equating terms of equal powers
in ε yields the following hierarchy of differential equations:

ε0 : Õ0ψ
(0)
n = 0, (34)
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ε1 : Õ1ψ
(0)
n + Õ0ψ

(1)
n = 0, (35)

ε2 : Õ2ψ
(0)
n + Õ1ψ

(1)
n + Õ0ψ

(2)
n = 0, (36)

where

Õ0 = ∂2
β, (37)

Õ1 = 2∂α∂β, (38)

Õ2 = ∂2
α + N 2

c2
n

. (39)

We start by examining eq. (34) and recognize that mathemati-
cally a linear solution is possible

ψ (0)
n = βA + u(0)

n (α). (40)

From a physical standpoint the presence of the linear term in
β is, however, precluded since the zeroth-order wavefunction
must be bounded as ε → 0, and hence β → ∞. Hence the only
acceptable solution is

ψ (0)
n = u(0)

n (α). (41)

This implies that the zeroth-order solution remains independent
of the small scale, or in other words, of the rapid variations of the
buoyancy profile. Insertion of this solution into eq. (35) leads to

Õ0ψ
(1)
n = 0. (42)

Using the same argument as above we find that also the first
order-correction ψ (1)

n is independent of the small-scale structure
of N(z) . This correction is therefore a function u(1)

n (α), which
can be absorbed by the the zeroth-order solution u(0)

n (α). eq. (36)
then becomes[
∂2

α + N 2(α, β)

c2
n

]
u(0)

n (α) = −∂2
βψ (2)

n . (43)

We decompose the buoyancy profile as follows

N 2(α, β) = �(α) + �(β), (44)

where �(α) is the slowly varying part of the buoyancy-frequency
profile and �(β) the rapidly varying part. In order that �(α) be
uniquely defined, we impose the condition

〈�(β)〉 = 0, (45)

where 〈. . .〉 denotes the average over the length scale β. Rewrite
eq. (43) as[
∂2

α + �(α)

c2
n

]
u(0)

n (α) = −∂2
βψ (2)

n − �(β)

c2
n

u(0)
n . (46)

Because of the presence of �(β) on the right-hand side, eq. (46)
shows that ψ (2)

n varies on the fast scale β. On this scale, the
expression on the left-hand side is constant, and if this expres-
sion is non-zero it therefore gives rise to secular terms that are

proportional to β2. For ψ (2)
n to remain bounded as ε → 0 and

β → ∞, we must therefore require[
∂2

α + Nh2(α)

c2
n

]
u(0)

n (α) � 0, (47)

where

Nh2
(α) ≡ 〈N 2(α, β)〉 = �(α). (48)

If � and therefore ψ (2)
n are strictly periodic in β, the average

above is taken over one period, and the results are exact. How-
ever, they are also valid to a good approximation as long as there
is a clear separation between the fast scale and the slow scale,
that is, as long as ε is small. In this case, the average should be
taken over a scale which is intermediate between the two scales,
and the results do not depend on the details of the averaging.
Note that in this case the variation of u(0)

n (α) is constrained to
be slower than that of �(β). If, on the other hand, there is no
clear scale separation, it is uncertain whether one can define an
average that makes the homogenization procedure valid.

The key result when applying the homogenization method
is eq. (47), where we have transformed our problem (which
originally depended upon two scales) into a one-scale problem,
the fast β-dependent scale having been averaged out and reduced
to a constant. The equation is valid as long as the variation of
u(0)
n (α) is slower than that of �(β). If we in addition assume

that the variation of u(0)
n is more rapid than that of �, eq. (47)

can be solved by applying WKB theory. We will denote this
combination of the WKB and homogenization techniques as the
hybrid method. Under these circumstances the approximated
wavefunction u(0)

n (α) can be formulated as

u(0)
n (α) �

√
Nh

N (α)
sin

[
nπ

HNh

∫ z

−H

Nh(α) dα

]
. (49)

Hereafter application of the boundary conditions (26) yields the
eigenvalue

cn � HNh

nπ
(50)

as well as the wave number

κn �
√

ω2
0 − f 2

0

nπ

HNh
, (51)

where

Nh =
∫ 0

−H
Nh(α) dα

H
(52)

and the orthogonality relation becomes

∫ 0

−H

ψn(z)ψm(z)N 2(z) dz � Nh
2
H

2
δmn. (53)

We recognize that application of the homogenization theory
leads to the following replacement scheme:

N → Nh, (54)
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NB → Nh
B, (55)

and the conversion rates

Ch
n = ρ0U

2
0 LNh

B

2π

√
1 − f 2

0

ω2
0

h̃(κn)h̃∗(κn)κnδκ. (56)

Thus, when homogenization theory is applied, the conversion
rates are not proportional to NB , but to Nh

B, the latter being
the homogenized bottom buoyancy frequency. For topographies
with large horizontal length scale (i.e. large �), n = 1, 2 are the
modes that carry most of the energy. The vertical length scale of
these modes is the entire depth of the ocean, and Nh

B therefore
depends on the stratification over the entire depth.

As above, we calculate the quotient between the conver-
sion rates obtained using homogenization theory (alternatively
the hybrid method if � varies with α) and those determined
numerically

Rh
n = Ch

n

Cexact
n

. (57)

Here we again need to integrate eq. (4) numerically to determine
ψn(− H). For the topography given by eq. (1), the sum of the
modal conversion rates assumes the following form:

Ch = ρ0U
2
0 h2

0LNh
Bγ

2π

√
1 − f 2

0

ω2
0

�∞
n=1nγ exp(−2nγ ), (58)

where γ = �δκ .
Results for the infinite-depth case (viz. that associated with

the continuous spectrum) are obtained by adhering to the same
procedure as employed in Section 3

Ch
Bell =

∫ ∞

0
Ch

n dκ = ρ0U
2
0 LNh

B

√
1 − f 2

0

ω2
0

∫ ∞

0
h̃(κ)h̃∗(κ)κdκ.

(59)
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Fig. 1. (a) Two buoyancy profiles given by
eq. (61). The green curve represents the case
of �φ = 0 (case 0), the red �φ = −π/2
(case 1). (b) Dependence of the modal
conversion rates upon the phase shift �φ,
using � = 20000 m (crosses: hybrid-method
results, rings: WKB solutions where �φ = 0
is green and �φ = −π/2 is red, filled
circles: numerical solution). (c) “Blow-up”
of the gravest-mode conversion rates. (d)
Modal ratios RWKB

n and Rh
n as functions of

the mode number for �φ = −π/2.

For the topography given by eq. (1), this yields

Ch
Bell = π

8
ρ0U

2
0 h2

0LNh
B

√
1 − f 2

0

ω2
0

. (60)

5. Results

In our model, we have used an ocean of finite depth H = 4000 m
and a maximum height of the topography h0 = 400 m. The
shape of the topography is given by eq. (1), with different values
of the ridge width �. The Coriolis parameter is taken to be
f 0 = 10−4 s−1, the barotropic velocity U0 = 4 × 10−2 m s−1,
the fundamental tidal frequency ω0 = 2 × 10−4 s−1, and the
unperturbed density ρ 0 = 103 kg m−3. The outcome of the
analyses will be reported in normalized form (i.e. L = 1 m),
implying that C is the density of the conversion rates (W m−1).

Figures 1 and 2 show two buoyancy-frequency profiles. The
former is rather artificial, while the latter is an analytical con-
struction resembling a real oceanic profile. We first consider the
buoyancy-frequency profile, in Fig. 1, defined by

N 2(z) = �(z) + N2 sin(2πz/Hε + �φ), (61)

where �(z) is a slowly varying function

�(z) = N0 + N1 sin(2πz/H ). (62)

Here N 0 = 2 × 10−5 s−2, N1 = 10−6 s−2, N2 = 10−5 s−2, �φ is a
prescribed phase shift and 1/ε = 10. The buoyancy frequency at
the seabed depends on the phase shift. For �φ = 0 we have NB =
4.472 × 10−3 s−1, and for �φ = −π/2 we have NB = 3.162 ×
10−3 s−1. Moreover Nh

B = 4.472 × 10−3 s−1. The criterion for
the validity of linear wave theory is NBh/�ω0 < 1. For example,
when �φ = −π/2, � > 6400 m.

To proceed, we will employ the hybrid method. Thus, the
homogenization technique will be used to take care of the rapidly
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varying part of the profile, with period εH, while WKB theory
will be applied for dealing with the slow variations occurring
over the length-scale of order H.

Figure 1b shows the dependence of the modal conversion
rates Cn on the mode number n, setting � = 20 000 m in eq. (1).
The diagram includes results obtained using the WKB approxi-
mation, the hybrid technique and the purely numerical method.
(Figure 1c shows the results obtained for C1 in greater detail.)
From Figs. 1b and 1c it is seen that the correct values of the
Cn, which are obtained numerically, change only slightly when
the value of NB is changed by changing the phase shift �φ.
The weakness of the WKB technique is revealed by the fact that
the resulting Cn are highly sensitive to the phase shift, which in
particular holds true for the gravest modes. The results obtained
by the hybrid method, on the other hand, are by construction
independent of this phase shift.

Figure 1d shows the ratios RWKB
n and Rh

n (the previously intro-
duced quotients between the approximated and ‘exact’ conver-
sion rates) as functions of the mode number, using �φ = −π/2.
For n < 10, the hybrid method gives better results than the WKB
theory. Moreover, for the lowest modes, Rh

n is very close to unity,
in contrast to RWKB

n . For n > 10, Rh
n becomes larger and less accu-

rate than RWKB
n , it eventually diverges from unity whereas RWKB

n

approaches this value. It should furthermore be noted that both
RWKB

n and Rh
n show a resonance for mode numbers n = 10 ×

M, M = 1, 2, 3. . . . This occurs when the wavelength of the
buoyancy frequency profile coincides with the wavelength of
the internal wave.

The profile chosen in this first example is of course artificial,
but it serves to illustrate an essential point. According to the
WKB-approximation the conversion rate is proportional to NB ,
the buoyancy-frequency at the bottom, but in the hybrid method

NB is replaced by Nh
B, the homogenized value at the bottom.

The results above show that this gives good results as long as
the vertical wavelength is longer than the period of the rapid
variations in the buoyancy-frequency profile, which is true for
the modes n < 10. For more realistic profiles the variations do not
have a distinct scale, but the results above imply that reasonable
results can then be obtained by homogenizing the profile over
length scales shorter than the vertical wavelength. The problem
is, of course, that the vertical wavelength near the bottom is
unknown a priori.

In the second case (Fig. 2), we use the buoyancy-frequency
profile

N 2(z) = N 2
0 +

(
N1z

H

)2

exp(2z/δ), (63)

where N 0 = 10−5 s−1, N 1 = 4 × 10−2 s−1 and δ = 680 m. The
buoyancy frequency at the seabed is NB = 1.119 × 10−4 s−1.
Linear theory is valid when � > 224 m. This profile qualitatively
resembles a realistic profile, with N of the order 2 × 10−3 s−1 in
the thermocline. In contrast to the previous profile, this one is not
periodic, and does not have two distinct scales. We will proceed
by averaging the profile over the entire ocean depth, hence, the
homogenized buoyancy frequency is obtained as follows:

Nh2 = N 2
0 +

〈(
N1z

H

)2

exp(2z/δ)

〉
= constant, (64)

with Nh = 1.401 × 10−3 s−1. This will be seen to give good
results for at least the gravest mode, whose scale is also of the
same order as the entire ocean depth.

Figure 2b shows the logarithm of the resulting modal con-
version rates Cn as a function of the mode number, with � =
20 000 m in eq. (1). As in the previous case, the conversion rates
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Fig. 3. (a) Total conversion rates C as
function of the ridge width � for the
oscillating buoyancy frequency profile for
�φ = −π/2 in Fig. 1. WKB,
hybrid-method, and numerical results are
blue, green, red, respectively. (a) 1/ε = 5
(b) 1/ε = 10.

decrease exponentially with increasing values of n. The numer-
ically calculated Cn are close to those based on homogenization
theory for n = 1 and approach the WKB results for higher modes.
Figure 2c shows the ratios RWKB

n and Rh
n as logarithmic functions

of n. Here RWKB
n tends asymptotically towards unity for increas-

ing values of n, but is of magnitude 0.1 for the gravest modes.
Rh

n is of order unity for the gravest mode but diverges from this
value for the higher modes.

Figures 3 and 4 show the total conversion rate C (obtained
by summing Cn over the entire spectrum) as a function of the
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Fig. 4. (a) Total conversion rates C as
functions of the ridge width � for the
realistic buoyancy-frequency profile in Fig.
2. WKB, homogenization-method, and
numerical results are blue, green and red,
respectively. (b) Logarithmically scaled
version of the results in panel a.

horizontal scale � of the topography. The results are shown for
both buoyancy frequency profiles, as specified by eqs (61) and
(63), respectively, where the former is phase shifted by �φ =
−π/2. The diagrams include results based on the numerical
solution, the hybrid/homogenization procedure, and the WKB
method. For � → 0, that is, a narrow ridge, the results obtained
using WKB theory are nearly identical to those determined nu-
merically. As � increases, the numerical results approach those
obtained using the hybrid/homogenization method, cf. Figs. 3
and 4b.
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For the profile in Fig. 1a, the transition from the WKB-curve
to the one obtained with the hybrid method occurs at a fairly
distinct value of �, which depends on the scale of the rapid
variations in the buoyancy frequency profile. This is illustrated
by the two cases shown in Fig. 3, which have 1/ε = 5 and
1/ε = 10, respectively. For the more realistic profile in Fig.
2a, there is also a transition from the WKB-curve to the one
obtained with the hybrid method, although it occurs at a less dis-
tinct value of �. Since the average of N2 over the whole water
column is always much larger than the value at the bottom, the
conversion calculated with the homogenisation method is larger
than when using the WKB-approximation. The result is that the
largest conversion is obtained at the transition from the WKB-
curve to the homogenisation curve; in this example for a ridge
width � of the order 10 km. This is in marked contrast to the
previous results obtained either by using the WKB approxima-
tion or by assuming a constant buoyancy frequency (Llewellyn
Smith and Young, 2002). In both these cases, the largest conver-
sion is obtained in the limit � → 0, that is, for a very narrow
ridge.

6. Discussion

In this study, the energy conversion rate for tidally generated
internal waves has been calculated both numerically and using
two different approximate methods. It was demonstrated that
the traditional WKB method, which is accurate for higher-mode
waves (or, equivalently, for ‘narrow-ridge’ topography), is not
applicable to the gravest wave modes. Another method, the ho-
mogenization technique, was therefore introduced. This method
was shown to be accurate for the gravest modes (or, equivalently,
for ‘broad-ridge’ topography). The two methods therefore com-
plement each other.

A particular weakness of the WKB method is that it yields
an energy conversion rate that is proportional to the seabed
buoyancy frequency NB . Since NB can be very small due to
localised mixing near the bottom, this may give large errors. A
better result is obtained if NB is replaced by Nh

B, that is, if we
homogenize the buoyancy frequency over a vertical wavelength.
The result is then insensitive to the precise value of NB . For the
gravest mode this means homogenizing over the entire water
column, which gives a much larger value than NB .

We have studied how the energy conversion at a bell-shaped
ridge depends on its width �. If the WKB approximation is
used, or if the buoyancy-frequency is assumed to be constant,
the energy conversion decreases monotonically as � increases
(Llewellyn Smith and Young, 2002). This effect is caused by
the finite depth, because of which the internal waves have a
maximal horizontal wavelength. If the topography is broader
than this wavelength, it projects weakly on the internal modes.
The numerical calculations with a realistic buoyancy-frequency
profile in this study have demonstratred that this effect is coun-
teracted by another effect, which tends to increase the energy

conversion with increasing �. It is caused by the fact that for
the lower modes excited with a broader topography, the buoy-
ancy frequency should effectively be homogenized over a larger
vertical scale, giving a larger value of Nh

B.
As a result of these conflicting tendencies, the energy con-

version reaches a maximum at some intermediate value of �.
In the realistic example presented here, this occurs for a ridge
width of about 10 km, and the energy conversion for this width
is roughly three times greater than the value obtained with the
WKB approximation. This may mean that the computation of
the global energy conversion by Nycander (2005), which was
based on the WKB approximation, gives too low values.

The homogenization technique has here been introduced as a
tool for understanding the qualitative effect of the density profile,
rather than as a method for practical computations. To be valid,
the method requires a distinct scale separation, which is rarely
present in reality. In computations of the full solution, based on
an expansion in the infinite series of vertical eigenmodes, it is
probably best to compute the eigenmodes numerically, rather
than using either the WKB-approximation or the homogeniza-
tion technique.

Nevertheless, it is conceivable that homogenization could pro-
vide a way of improving the simple and approximate method
used by Nycander (2005) for global computations, which avoids
the expansion in eigenmodes. The homogenization technique
would then be used for long topographic scales, while the WKB-
approximation would still be used for short scales. However, it
remains to be seen whether this idea is feasible.
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