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A B S T R A C T
The performance of the maximum likelihood ensemble filter (MLEF), is investigated in the context of generic systems
featuring the essential ingredients of unstable dynamics and on a spatially extended system displaying chaos. The main
objective is to clarify the response of the filter to different regimes of motion and highlighting features which may
help its optimization in more realistic applications. It is found that, in view of the minimization procedure involved in
the filter analysis update, the algorithm provides accurate estimates even in the presence of prominent non-linearities.
Most importantly, the filter ensemble size can be designed in connection to the properties of the system attractor
(Kaplan–Yorke dimension), thus facilitating the filter setup and limiting the computational cost by using an optimal
ensemble. As a corollary, this latter finding indicates that the ensemble perturbations in the MLEF reflect the intrinsic
system error dynamics rather than a sampling of realizations of an unknown error covariance.

1. Introduction

In physics, engineering and natural sciences in general, one is
typically interested in estimating the state of an evolving sys-
tem for either diagnostic or prediction purposes. The problem
consists in practice in determining as accurately as possible
the system’s state from sparse and noisy information sources.
In the context of the classical estimation and control theories,
a number of data assimilation algorithms have been proposed
depending on the type of the systems and/or on the proper-
ties of the observations at disposal. It is well recognized how
the classical Kalman filter (KF) for linear systems has repre-
sented a fundamental source of inspiration as well as an useful
mathematical framework for the development of advanced data
assimilation techniques applied to complex non-linear dynam-
ics (Kalman, 1960). Along this line the data assimilation for
numerical weather prediction (NWP), and for environmental
prediction in general, has so far represented a stimulating field
of applications giving up to a flourishing of advancements in the
methodologies. The positive impact of the implementation of
progressively more advanced assimilation methods on the over-

∗Corresponding author.
e-mail: a.carrassi@oma.be
DOI: 10.1111/j.1600-0870.2009.00408.x

all accuracy of the present global weather predictions is well
recognized.

When faced to state estimation for systems describing some
natural phenomena, one fundamental obstacle is represented by
the chaotic behaviour affecting most of realistic systems. The
chaotic property undoubtedly most relevant for the data assim-
ilation is the sensitivity to initial conditions which implies a
rapid growth of the errors. This problem is at the origin of the
efforts made in recent years to supply data assimilation algo-
rithms with accurate descriptions of the uncertainty associated
to the state estimate. The so called ensemble based data assimi-
lation algorithms address this problem, giving a time-dependent
description of the errors by means of an evolving ensemble of
trajectories. A pioneering contribution was the introduction of
a Monte Carlo approach referred to as ensemble Kalman filter
(EnKF; Evensen, 1994). The research in the field has there-
after experienced a strong activity through the introduction of
a number of EnKF-inspired techniques and of the complemen-
tary class of algorithms known as reduced rank square-root fil-
ters (Houtekamer and Mitchell, 1998; Anderson, 2001; Bishop
et al., 2001; Heemink et al., 2001; Whitaker and Hamill, 2002;
Ott et al., 2004). Most of these methodologies, as well as the
original KF, follow a minimum variance approach to obtain the
state best estimate, the analysis. With the goal of their imple-
mentation in operational NWP models, these algorithms have
been also applied to chaotic systems although the relation be-
tween their performances and the dynamical properties of the
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system at hand, was not necessarily the central concern. In a
recent work, for instance, the differences between the Monte
Carlo based (also referred to as stochastic) and the square-root
(also referred to as deterministic) filters have been analysed with
an emphasis on the filter response to the system non-linearities,
inducing non-Gaussian error distributions (Lawson and Hansen,
2004). Other interesting questions such as the design of efficient
observational deployments (Ghil, 1997) and the development of
data assimilation methods explicitly aimed at controlling system
instabilities (Trevisan and Uboldi, 2004), were also treated in the
light of chaos theory.

The maximum likelihood ensemble filter (MLEF) is an en-
semble data assimilation technique based on control theory
(Zupanski, 2005; Zupanski and Zupanski, 2006). The analy-
sis in the MLEF is obtained as the maximum of the probability
density function (PDF), determined through an iterative mini-
mization of a cost-function derived from a multivariate a pos-
teriori PDF. For non-linear, and possibly chaotic, systems this
procedure provides a practical way of finding the non-linear
analysis solution. The MLEF has been successfully applied to
various models, such as the Korteweg-de Vries-Burgers equation
(Zupanski, 2005; Zupanski and Zupanski, 2006), the Colorado
State University (CSU) global shallow-water model (Zupanski
et al., 2006; Uzunoglu et al., 2007), the Large-Eddy simulation
model (Carrio et al., 2008), the National Aeronautics and Space
Administration GEOS-5 column precipitation model (Zupanski
et al., 2007a), and the CSU Lagrangian Particle Dispersion
Model (Zupanski et al., 2007b).

Despite of this trend of success, the lack of a focused analysis
on the MLEF performance in the context of chaotic dynamics,
is the motivation of the present study. In an effort to under-
stand if the algorithm’s setup optimization can be designed in
relation to the intrinsic stability properties of the dynamics, the
essential features of the MLEF procedure are thus revisited.
Studying the response of the filter in a range of different regimes
of motion should help identifying the potential advantages and
drawbacks of the algorithm, as well as guiding its future im-
plementations to this class of systems. In particular, emphasis
is placed on the design of an adequate ensemble’s size in con-
nection to the properties of the system dynamics. Prototypical
systems, simple enough to allow for the derivation of the filter
analytical solution are first analysed. A detailed numerical anal-
ysis is then performed for a spatially extended system displaying
chaos.

The paper is organized as follows. In the first part of Section 2
the formulation of the MLEF is summarized, while a preliminary
discussion on the impact of chaotic dynamics is drawn in the
second part of the section. In Section 3, results from a scalar
and a bi-dimensional unstable dynamics are described, while
Section 4 contains results from the numerical analysis in the case
of a spatially extended system whose parameters are changed
in order to simulate a wide range of motions, from periodic to
highly chaotic. Conclusion are then given in Section 5.

2. Maximum likelihood ensemble filter

2.1. Formulation

In this section, we provide a review of the MLEF formulation,
following closely the description given in Zupanski et al. (2008).

Let S denote the I-dimensional system’s phase space and x the
state vector of dimension I. Accordingly, the set of N state vectors
constituting the ensemble is defined as {xi , i = 1, . . . , N}, and
the ensemble subspace as E.

The MLEF analysis cycle initialization needs the specification
of both the initial state estimate, x(t0) = x0, and the associated
uncertainty (in terms of an error covariance), P0. In the present
formulation the dynamical model is assumed to be perfect. Initial
perturbations to the reference trajectory x0, {p0

i , i = 1, . . . , N},
are used to define the error covariance, as the columns of an I ×
N square-root error covariance at the initial time.

The initial state vector and the initial square-root error co-
variance define the set of N initial conditions x0

i = x0 + p0
i , i =

1, . . . , N, from which N analysis cycles start. Let us consider a
(usually non-linear and dissipative) prediction model expressed
as a discrete time mapping

xt+1 = M(xt ), (1)

t being the time. The dynamical model M is used to obtain
both the system state prediction (the forecast) from a previous
analysis

xf = M(xa), (2)

where the f and a stand for forecast and analysis, respectively
(time index has been omitted for simplicity), and to propagate in
time the error covariance. Let the set of N analysis perturbations
to the analysis state at an arbitrary analysis time, be denoted by
{pa

i , i = 1, . . . , N}; they enter the columns of the square-root,
I × N analysis error covariance matrix P1/2

a . Now these analysis
perturbations define a set of initial conditions for the subsequent
prediction step; the ith forecast perturbation resulting from the
evolution of the ith analysis perturbation is

pf

i = M
(
xa

i

) − M(xa) = M
(
xa + pa

i

) − M(xa) (3)

and {pf

i , i = 1, . . . , N} represent the columns of the square-root
forecast error covariance matrix P1/2

f .
The MLEF operates as a sequential assimilation scheme, up-

dating the state estimate at a given time when observations are
available. The analysis solution is obtained following a maxi-
mum likelihood approach, which implies that the analysis is im-
posed to be the state which maximizes the posterior probability
distribution. As in the three-dimensional variational assimila-
tion (Lorenc, 1986), this is pursued by minimizing a scalar, non-
linear, cost-function J(x) measuring the data-to-model misfit.
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Assuming Gaussian error distributions, J(x) can be written as

2J (x) = (x − xf )T P−1
f (x − xf )

+ [y − H(xf )]T R−1[y − H(xf )], (4)

where y represents the M-dimensional observational vector, R
the M × M observation error covariance matrix and H the ob-
servation operator mapping from model to observation space.

Since the forecast error covariance matrix is defined using
the ensemble, Pf = P1/2

f (P1/2
f )T , no matter the specific algo-

rithm used to minimize (4), the analysis increment will span the
ensemble of forecast perturbations, so that �xa = (xa − xf ) ∈
A = span{pf

1 , pf

2 , . . . , pf

N }; note that A ⊂ S and P1/2
f : E → A.

This means that the analysis increment will be a linear combi-
nation of the forecast ensemble perturbations pf

i , and that the
coefficients vector for this combination, w, is in the ensemble
space. In practice �xa = P1/2

f w and the matrix P1/2
f acts as a pro-

jection operator. Thus, the minimization can be done efficiently
in the ensemble subspace.

In the present application a preconditioned non-linear con-
jugate gradient method is used and the variable transformation
is defined following a generalized Hessian approach. The im-
portant aspect is that, since the subspace A, where the analysis
increment is confined, is automatically defined by the ensemble,
in deriving the derivative of the cost-function, only increments
in the space A are considered, so that the cost-function gra-
dient is an N-dimensional vector, while its Hessian a N × N
matrix. The control variable precondition in the space spanned
by the ensemble A reads w = [∇2J(xf )]−1/2ξ , ξ being the N-
dimensional control variable for the minimization. Finally, the
analysis increment in the whole system’s phase space is derived

�xa = P1/2
f [∇2J (xf )]−1/2ξ. (5)

Note that the Hessian matrix is evaluated at the forecast field xf .
As shown in Zupanski (2005), the Hessian matrix is equal to

∇2J (xf ) = (I + C)T , (6)

where C is a N × N symmetric positive definite matrix given by

C = ZT Z. (7)

The practical problem of determining C is overcome by ex-
ploiting the forecast ensemble. As shown in Zupanski (2005)
in fact, the ith column of Z is given by zi = R−1/2H(x + pf

i ) −
R−1/2H(x).

Once the matrix C is evaluated, the square-root and inver-
sion involved in the variable transformation for the precondition
(5)–(6) is done through the eigenvalue decomposition (EVD) of
C. Assuming V and � are the eigenvectors and the eigenvalue
matrices, respectively, we have C = V�VT and (I + C)−T/2 =
V (I + �)−1/2 VT . Now all the entries for the control variable pre-
condition are determined. Finally, the cost-function minimiza-
tion is performed by exploiting the gradient in the ensemble
subspace within a conjugate gradient method. Full details on the

MLEF procedure can be found in Zupanski (2005) and Zupanski
et al. (2008).

The update of the analysis error covariance completes the
analysis step. This is done by directly transforming the square-
root of the ensemble based forecast error covariance matrix, into
the analysis one, according to

P1/2
a = P1/2

f [I + C(xopt)]
−T /2, (8)

where xopt indicates the optimized analysis. The columns of P1/2
a

are then used as the initial perturbations for the next analysis
cycle, and the entire procedure can be repeated.

Note that a distinctive feature of the MLEF (with respect to ei-
ther deterministic or stochastic filters) is that there is no explicit
normalization in the ensemble based forecast covariance evalu-
ation. Usually, the spread of the forecast ensemble is normalized
with the size of the ensemble itself. In a number of cases, among
which the EnKF, this choice allows to write the filter equations
in a closed form whose solution, for a linear system, has the
attractive feature of converging to the standard KF solution in
the limit of an infinite number of ensemble members. The justi-
fication for not normalizing the forecast error covariance comes
from the link between the MLEF and the KF. This link also ap-
plies to the SEEK filter (Pham et al., 1998; Rozier et al., 2007).
In practice, in the MLEF the normalization of the forecast error
covariance is substituted by normalization of the analysis error
covariance at the previous analysis time.

To explain this difference, let us consider the linear case with
the model indicated by the operator M. We can write for the
mean xf = Mxa and for the ensemble members xf

i = Mxa
i ,

i = 1, . . . , N. By performing the difference xf − xf

i = Mxa −
Mxa

i = M(xa − xa
i ), and using Pf = 〈(xf − xf

i )(xf − xf

i )T 〉,
where 〈 〉 is the expectation, the forecast error covariance can be
written in two ways

Pf =
〈[

M
(
xa − xa

i

)] [
M

(
xa − xa

i

)]T
〉

= 1

N − 1

N∑
i=1

[
M

(
xa − xa

i

)] [
M

(
xa − xa

i

)]T (9)

Pf = M
〈(

xa − xa
i

) (
xa − xa

i

)T
〉

MT = MPaMT . (10)

Formulations (9) and (10) are equivalent for linear model M
and are used here only to clarify the reason for (not) normaliz-
ing Pf in the MLEF. The formulation (9) is used in the Monte
Carlo-based filters (e.g. EnKF), while the formulation (10) cor-
responds to the KF-based filters (e.g. MLEF, SEEK). In (9), the
perturbations (without any normalization) are used at the initial
time of model integration. Therefore, normalization is required
at the end time of the forecast, as it is done in the EnKF. In
(10), the initial perturbations are the columns of the square-root
analysis error covariance, which is normalized as in (8). Al-
though the normalization procedure differs in various methods
(MLEF uses an inverse Hessian as an approximation for analysis
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error covariance), the point is that normalization is done at the
analysis step, that is at the initial time of model integration.
This is shown explicitly in the analysis of the MLEF equations
provided in Section 3.

2.2. MLEF and chaotic dynamics

The application to non-linear chaotic dynamics constitutes an
useful challenge for a state-estimation technique. In this section
we draw some conjectures on how chaotic behaviour and sys-
tem instabilities may impact the MLEF performance and even-
tually modify the filter setup for the applications to this class of
systems.

The MLEF can be seen as a hybrid data assimilation scheme.
By construction, it shares features coming from both variational
and ensemble based schemes (Zupanski, 2005). A distinction is
typically done between deterministic and stochastic ensemble
filters (see e.g. Tippet et al., 2003, and references therein). The
essential feature which makes this distinction, and which is also
relevant for our discussion, is that, while in stochastic filters (i.e.
the EnKF) each ensemble trajectory undergoes an independent
analysis update in which a different set of observations is as-
similated, in deterministic filters the updated analysis ensemble
is obtained through a linear transformation (usually under the
matrix form) applied to the forecast ensemble. This transforma-
tion matrix, T, is usually defined under the constraint that the
updated analysis error covariance matches a desired value such
as, for instance, that predicted by the extended Kalman filter
(EKF). Posed in this form, the solution (a square-root matrix) is
not unique and the particular choice employed characterizes the
filter algorithm (Tippet et al., 2003). The difference in the analy-
sis ensemble update between stochastic and deterministic filters
has important implications, and lead to remarkable differences in
the filter response to non-Gaussian error distributions (Lawson
and Hansen, 2004). This is a main concern for the applications
to chaotic dynamics where the instabilities may rapidly drive the
error PDF out from Gaussianity.

In the MLEF the update of the analysis ensemble members is
made through the direct transformation of the forecast ensemble
(8). In contrast to deterministic filters, and in agreement with
the MLEF maximum likelihood approach, this transformation
is obtained by imposing that the resulting analysis error covari-
ance matrix is equal to the inverse of the Hessian matrix of the
cost-function evaluated at the minimum (Zupanski, 2005). As
a consequence, the properties of the analysis-forecast ensemble
transformation are connected to those of the observation opera-
tor (which enters the dependence of the analysis on the forecast
field). If the latter is linear, the MLEF analysis solution is ob-
tained in a single step of minimization iteration and the transfor-
mation T = (I + C)−T/2 is linear as for deterministic filters. In
the case of non-linear observation operator, on the other hand,
the MLEF could have several iterations of minimization, which
would produce a non-linear relationship between the analysis

and the forecast (first guess) state, which in turn would imply a
non-linear relationship between the analysis and the forecast en-
semble (see Zupanski, 2005, for an application with a quadratic
observation operator). We can thus argue that, at least in the case
of linear observation operators, the MLEF ensemble update will
resemble that of deterministic filters.

On the other hand, since the MLEF analysis solution is ob-
tained via the minimization of a cost-function, the MLEF does
not seek the maximum likelihood solution as an approximation
of the EKF one, or some other linear update, but it just calculates
the first mode of a posteriori PDF which coincides with the mean
for Gaussian PDF. This may improve the accuracy of the state
estimation in the presence of strong non-linearities. Neverthe-
less, unless non-Gaussian distributions are explicitly taken into
account in the cost-function formulation, the updated analysis
uncertainty is anyhow given by a Gaussian PDF. As shown in
Fletcher and Zupanski (2006a,b, 2008) the MLEF produces a
different solution for non-Gaussian PDFs.

The way the ensemble information content is used and spread
out all over the model domain at the MLEF analysis step, is ul-
timately related to the matrix C; the latter has been also referred
to as ‘information matrix in ensemble subspace’ as it allows
for a connection between information theory and ensemble data
assimilation (Zupanski et al., 2007a). Through P1/2

f the matrix
C is directly connected to the dynamics so that its properties
are expected to have a dependence on the regimes of motion.
The matrix C is of order N × N, symmetric, and positive defi-
nite. Its possible maximum rank is given by the smaller number
between N and M (assuming that the rank of R coincides with
M, its order, which is the case, for instance, for uncorrelated
observations); M 
 N in typical atmospheric and oceanic ap-
plications. In practice, the rank properties of C are indicative of
the two competitive factors entering the estimation problem: the
number of independent phase space directions where forecast
error is estimated to be grown, as represented by the rank of
P1/2

f , and the amount of information at disposal, as represented
by the rank of R. Chaotic motion will directly affect the rank
of P1/2

f , eventually reducing it as a consequence of the error
dynamics confinement characteristic of these systems. This cir-
cumstance is typical in data assimilation for chaotic dynamics
where, in virtue of this error confinement, an efficient control
of the error growth can, under certain conditions, be obtained
by assimilating only a limited amount of observations, whose
number is connected to the number of relevant error growing
directions (Carrassi et al., 2008a). This suggests that, for this
kind of systems, to adequately explain the actual error variance,
the MLEF ensemble size should be adjusted in the light of the
system dynamical properties.

3. Prototypical systems

In this section, the full MLEF filter procedure is derived for
two generic unstable systems which are simple enough to allow
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for the analytical deduction of the analysis state and covariance
updates.

3.1. Linear scalar system

We consider first the simple case of a scalar and linear dynamical
system given by the ordinary differential equation:

dx

dt
= λx. (11)

The system has an equilibrium point at the origin, which is unsta-
ble for λ > 0. We are interested in studying the dynamics around
this unstable point. Furthermore, let us assume that a noisy ob-
servation xo, with error standard deviation σ o, is available every
t = τ and that only one ensemble member is employed. The
MLEF analysis state and variance updates then read

xa(t) =
xf (t) + xo

σ 2
f (t)

σ 2
o

1 + σ 2
f (t)

σ 2
o

(12)

σ 2
a (t) = σ 2

f (t)

1 + σ 2
f (t)

σ 2
o

(13)

with σf (t) = σa(t − τ ) eλτ and xf (t) = xa(t − τ ) eλτ . Note that
the equations are equivalent to the classical KF equations for
a scalar system. The error doubling time, T2, is related to the
model parameter λ through T 2 = ln 2/λ. As usual, a relevant
parameter which helps understanding and generalizing results
is the ratio between the assimilation interval τ and the error
doubling time. The latter is estimated equal to 2 d in operational
weather prediction models (Kalnay, 2003) which are typically
run in assimilation cycles with 6 ≤ τ ≤ 12 h, that is (1/8)T 2 ≤
τ ≤ (1/4)T 2. In the toy system (11), with λ = 0.5, the same
conditions are reproduced by choosing τ smaller than about
0.34.

In the case of an ensemble of size 2, the update equations read

xa(t) =
xf (t) + xo

σ 2
f ,1(t) + σ 2

f ,2(t)

σ 2
o

1 + σ 2
f ,1(t) + σ 2

f ,2(t)

σ 2
o

(14)

for the state update, and

σ 2
a,1(t) = σ 2

f ,1(t)

1 + σ 2
f ,1(t) + σ 2

f ,2(t)

σ 2
o

σ 2
a,2(t) = σ 2

f ,2(t)

1 + σ 2
f ,1(t) + σ 2

f ,2(t)

σ 2
o

(15)

for the variances update. The forecast error variance evolution is
given by σ 2

f,1(t) = σ 2
a,1(t − τ ) e2λτ and σ 2

f,2(t) = σ 2
a,2(t − τ ) e2λτ

Fig. 1. Scalar unstable dynamics. Mean analysis error variance,
normalized with respect to the observation error as a function of the
assimilation interval τ . Single member ensemble (pluses); two member
ensemble (line).

for each member, respectively, and xf (t) = xa(t − τ )eλτ . Note
that N > I in this case.

A comparison between the update eqs. (12) and (13) for the
single member case, with (14) and (15) of the two members en-
semble, immediately reveals their formal equivalence, with the
exception that in the last case the forecast error variance σ 2

f is
replaced with the combined contribution of the two members,
σ 2

f,1 + σ 2
f,2. The increase of the variance estimated by the en-

semble is compensated by an implicit renormalization at the
analysis step during which σ 2

a,1 and σ 2
a,2 are updated through

a weighting by the inverse of the global error variance of the
ensemble. Figure 1 shows the variation of the mean analysis
error variance, normalized with respect to the observation error
variance, as a function of the assimilation interval τ for two set
of experiments with one and two members, respectively. The
results are obtained over a sample of 105 analysis cycles.

For all the value of τ considered an improvement with respect
to the observation error is obtained, but the analysis accuracy
get progressively worse for larger values of τ . Note that if λ

< 0, the analysis error variance will converge to zero, at a rate
related to |λ|, and the assimilation of observations will become
formally useless. We point out that this conclusion holds only
for an asymptotic analysis as the one undergone here; even for
stable systems the assimilation of observations may be beneficial
during a transient period. Nevertheless, the key aspect here is
the lack of any benefit when the ensemble size passes from one
to two members. Therefore, our preliminary conclusion is that
increasing the ensemble size beyond the system dimension does
not provide improvements of the filter performance. Finally, note
that for long time we have σ 2

f,1 = σ 2
f,2 = 1/2(σf )2; in practice

a process of ‘energy distribution’ occurs with the result that the
weight of each of the two members in the estimate of the forecast
error variance is equal, and that their sum is equal to σ 2

f in the
single member case.
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3.2. Saddle node

The second prototype of unstable dynamics considered here is
the saddle node, a two-dimensional non-linear dynamical system
which can be written as

dx1

dt
= α − x2

1

dx2

dt
= −x2.

(16)

For α > 0, the system possess two equilibrium points, (−√
α, 0)

and (
√

α, 0), which are unstable and stable, respectively. As
in the previous example we analyse the dynamics around the
unstable equilibrium point; we assume therefore that the state
we intend to estimate is (−√

α, 0). This point is characterized by
one unstable direction, along x1, whose divergence rate is |λ1| =
2
√

α and by one stable direction, along x2, with a convergence
rate |λ2| = 1; note that in order to emulate a chaotic dissipative
system α has to be set so that −1 + 2

√
α < 0 which implies

0 < α < 1/
√

2.
We assume to observe the full system, xo = (xo,1, xo,2), every

t = τ ; the observation operator reduces to the 2 × 2 identity
matrix. If a single member is used, one can analytically show
that the MLEF analysis update reads

xa,1(t) =
[

1 − σ 2
f ,1

σ 2
o,1β

]
xf ,1(t) − σf ,1σf ,2

σ 2
o,2β

xf ,2(t)

+ σ 2
f ,1

σ 2
o,1β

xo,1 + σf ,1σf ,2

σ 2
o,2β

xo,2

xa,2(t) =
[

1 − σ 2
f ,2

σ 2
o,2β

]
xf ,2(t) − σf ,1σf ,2

σ 2
o,1β

xf ,1(t)

+ σ 2
f ,1

σ 2
o,2β

xo,2 + σf ,1σf ,2

σ 2
o,2β

xo,1,
(17)

where β = 1 + (
σf ,1

σo,1
)2 + (

σf ,2

σo,2
)2. For the analysis variance up-

date we have

σ 2
a,1 = σ 2

f ,1

β

σ 2
a,2 = σ 2

f ,2

β
.

(18)

Note that the indexes refer here to the system components x1 and
x2, respectively. The evolution of the forecast error variances
within an assimilation interval is given by σ 2

f ,1(t) = σ 2
a,1(t −

τ )e4
√

ατ and σ 2
f,2(t) = σ 2

a,2(t − τ )e−2τ . In the case of an ensemble
of two members, the derivation is a bit more involved and it is
given in the Appendix. Note that in this case one must solve
a linear system of two equations in order to get the optimal
solutions in the space of the ensemble.

By inspecting eq. (17) we see that, for large τ (ideally tending
to infinity), the first component of the analysis tends to the ob-
servation, as desired. On the other hand, and as a consequence
of the stable character of the direction, the second component

Fig. 2. Saddle point. Mean analysis error variance of the x-component,
normalized with respect to the observation error along x, as a function
of the adimensional factor λ1τ . λ1 = 2

√
0.5 (line); λ1 = 2

√
0.1

(pluses).

will tend to the forecast prediction (the truth) making the assim-
ilation of observation along x2 useless. In practice, observing
the unstable direction only is sufficient to estimate the system’s
state. Note that these conclusions hold only in virtue of the
dissipative character of the dynamics (as it is the case for any
system describing some natural phenomena), which implies that
the rate of convergence to the stable direction is larger than to
the unstable one.

Figure 2 shows the results of experiments similar to those of
Fig. 1. The analysis error variance of the x component, normal-
ized with the observation error variance σ 2

o,1, is plotted here as
a function of the adimensional factor λ1τ and, as in the pre-
vious case, results are averaged over a large sample of initial
conditions and after a transient period. The two curves refer to
different choices of the parameter α, namely α = 0.1 and 0.5.
The convergence to the observation error for large τ is evident;
in this situation the background is practically ignored and the
assimilation is like a replacement. As expected, the convergence
is more rapid in correspondence of the larger α, α = 0.5, as it
could be visualized by plotting the errors as a function of τ (not
shown).

When a member is added to the ensemble, the filter response
does not change significantly, as reported in Fig. 3 which shows
the normalized analysis error variance along x1 as a function of
λ1τ (λ1 = 2

√
0.5) for the experiments with one and two mem-

bers ensemble, respectively. By observing that the two curves
are very similar we conclude that the saturation of the filter per-
formance with respect to the number of members, occurs for
a value smaller than the system dimension (two in the present
application).

Rather, this convergence appears related to the number of the
unstable directions (one here). The figure reveals also that the
filter with a two-dimensional ensemble size performs slightly
worse than the single member case. This may be caused by
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Fig. 3. Saddle point. Mean analysis error variance of the
x1-component, normalized with respect to the observation error along
x1, as a function of the adimensional factor λ1τ . Single member
ensemble (line); two member ensemble (pluses).

the increase of numerical error when solving the linear sys-
tem of equations of the MLEF algorithm; such errors are in
fact expected to grow with the size of the ensemble. Another
explanation can be given by invoking the role of the system’s
instabilities. The chances that, at the analysis time, the conver-
gence of the members towards the unstable direction is not yet
complete, are enhanced when larger ensembles are used. In that
case, the ensemble members will still possess a non-vanishing
component along the stable direction x2. As a consequence, the
analysis increment vector will also have a non-vanishing com-
ponent along the same stable direction even if the projection of
the actual error is negligible.

In summary, the results obtained in these two idealized sys-
tems allow us to conclude that, in the presence of unstable mo-
tion, the ensemble size in the MLEF should be chosen on the
base of the number of system’s unstable directions, instead on
the full state dimension. This conclusion is valid in this idealized
setting in which the unstable direction is fixed and unique. The
application to complex realistic systems and/or systems sub-
ject to full chaotic dynamics can reveal more subtle relations as
discussed in Section 4.

4. Numerical analysis

Let us now turn to a more complex example of unstable dy-
namics. The MLEF is studied now by performing observation
system simulation experiments (OSSE) in the context of the
spatially extended 36-variable dynamical system proposed by
Lorenz (1995). The evolution equations read

dxi

dt
= (xi+1 − xi−2)xi−1 − xi + F, i = {1, . . . , 36}. (19)

The quadratic term simulates the advection, the linear term the
internal dissipation, while the constant term F plays the role of
the external forcing. For a proper choice of the external forcing

F, the model exhibits chaotic behaviour; a detailed description
of the model can be found in Lorenz (1995). The numerical inte-
grations here have been performed using a fourth-order Runge–
Kutta scheme with a time step of 0.0083 units, corresponding to
1 hour of simulated time.

With the aim of simplifying the analysis and the interpreta-
tion of the results, we intentionally work with a full network of
36 uncorrelated observations of the model variables placed at
the model grid points, and affected by an error with standard
deviation equal to 15% of the system natural variability. The
observation operator is therefore inherently linear and coincides
with the identity 36 × 36 matrix. The assimilation interval is
fixed successively to 3, 6 and 12 h. All the experiments are
performed in a perfect model scenario, but the parameter con-
figurations are modified in order to analyse the filter behaviour
in a range of different dynamical regimes. The configurations,
which differ in the external forcing F, are reported in Table 1
along with some corresponding asymptotic stability properties
computed over 20-yr-long simulations. We see that by increasing
F the model becomes progressively more unstable; furthermore
in configuration CsV I the model solution is a stable periodic or-
bit with a period of approximately 400 h of simulated time. As
described in Lorenz (1995) for sufficiently small F the system
possess a 0-dimensional attractor at x1 = x2 = · · · = x36 = F.
To guarantee that the model trajectory is already on the system
attractor, the initial conditions for all the OSSE experiments are
obtained after 20-yr-long runs for each of the parameter config-
urations considered. The MLEF analysis cycle experiments last
for 75 d. The first 15 d are considered to be a spin-up period so
that the results that follow are computed over the last 60 d.

We study first the effect of chaotic dynamics on the informa-
tion matrix in the ensemble space, C. Figure 4 shows the spec-
trum of the eigenvalues of C when the model is employed in the
canonical configuration C0. The normalized distributions of the
number of eigenvalues accounting for 50% (dashed lines), 90%
(continuous line) and 99% (dotted lines) of the total explained
variance is plotted. The distributions are built by computing and
storing the relevant number of eigenvalues at each analysis time.
From the left to the right the panels refer to experiments with
N ens = 6, 18, 36, 54 and 72, respectively, while from above they
refer to experiments with τ = 6 and 12 h, respectively. The first
remarkable feature is that a number of eigenvalues equal to less
than half of the full phase space dimension appears sufficient to
explain almost all the error variance. In practice, once the thresh-
old value of N ens = 18 is passed, the matrix C and consequently
the analysis increment, spans a subspace whose dimension, on
average, does not seem to be sensible to the size of the ensemble
and never exceeds 15. It is worth mentioning that this number is
close to the number of positive Lyapunov exponents (Nσ+ = 11,
Table 1). Given that the variance explained by the forecast en-
semble members is neither increased by an inflating procedure
nor by introducing noise at the analysis update, the matrix Pf

reflects naturally the properties of the underlying dynamics such
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Table 1. Summary of the model configurations used in the experiments with the associated
instability properties

F σmax (d)−1 Nσ+ KY-dim T2(d) KS-ent(d)−1

CuI 14.40 0.69 13 29.02 1.00 4.24
C0 8.00 0.33 11 24.35 2.10 1.82
CsI 6.40 0.21 10 21.17 3.30 1.09
CsII 5.60 0.16 9 18.87 4.33 0.70
CsIII 4.65 0.07 6 13.27 9.49 0.18
CsIV 4.52 0.02 4 8.92 25.62 0.05
CsV 4.50 0.004 2 5.03 173.28 0.004
CsV I 2.00 Stable periodic orbit – – – –

Notes: The model configurations differ for the external forcing F (second column). The
stability properties are (from the third to the last column): leading Lyapunov exponents σ max

expressed in d−1, the number of positive Lyapunov exponents Nσ+ , the Kaplan–Yorke
dimension KY-dim, the doubling time T2 expressed in day and the Kolmogorov–Sinai
entropy, KS-ent expressed in d−1. Results are based on a 20-yr-long integration.

Fig. 4. Lorenz model. Normalized distributions of the eigenvalues of
C, for different ensemble sizes—from the left to the right N ens = 6, 18,
36, 54, 72—and for different assimilation interval—τ = 6 h (top
panels), τ = 12 h (bottom panels). Number of eigenvalues accounting
for 50% (dashed lines), 90% (continuous line) and 99% (dotted lines)
of the total explained variance.

as the number of error growth directions. Note that none of
those empirical techniques to optimize the variance explained
by the ensemble has been so far necessary in applications with
the MLEF. This choice is further motivated here by the need to
have an experimental setup which makes the interpretation of
the filter response to different dynamical regimes easier.

A complementary picture of this mechanism is highlighted in
Fig. 5, where the mean number of eigenvalues accounting for

Fig. 5. Lorenz model. Mean number of eigenvalues accounting for
90% of the explained variance as a function of N ens and for different
assimilation interval—τ , 12 (triangles), 6 (circles) and 3 h (squares).

90% of the explained variance is shown as a function of N ens

and for different τ , 12 (triangles), 6 (circles) and 3 h (squares).
The model is again in its canonical configuration. For all the
assimilation intervals, when the value of N ens = 6 − 8 is passed
the number of eigenvalues jumps suddenly to a value of about 6.
Thereafter the curves become almost flat (the same can be argued
to happen for the case τ = 3 h but the analysis does not include
experiments with N ens > 36). Note finally that when N ens ≥ 36
a progressively smaller number of eigenvalues is necessary to
explain 90% of the variance when the assimilation interval is
increased, as it can be deduced also from Fig. 4. This feature
is probably due to the convergence of the ensemble subspace to
the system’s unstable subspace. The convergence takes place at
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Fig. 6. Lorenz model. Mean number of eigenvalues explaining 90% of
the variance as a function of the model configuration and for different
assimilation interval—τ , 12 (triangles), 6 (circles) and 3 h (squares). In
all the experiments N ens = 36.

a rate given by the dominant Lyapunov exponents. Therefore,
for longer τ , this confinement is enhanced.

A similar analysis has been made for different model config-
urations and is summarized in Fig. 6, which shows the mean
number of eigenvalues explaining 90% of the variance and for
τ = 12, 6 and 3 h, for N ens = 36. The most remarkable feature is
the increase of the number of eigenvalues for more unstable con-
figurations, which may be related to the increase of the number
of positive Lyapunov exponents. So the results of Fig. 6 support
the interpretation given in relation to Fig. 4.

Note that in some cases a lower number of λ is sufficient
even in correspondence of a more unstable configuration (com-
pare CsI with CsII ). Thus, the first conclusion one can draw
is that the more unstable the model the larger is the subspace
where errors are confined but the overall picture is not so clear
and the presence of the fluctuations around an almost constant
plateau suggests the role of additional factors, such as the natural
variability of the local instabilities on the system’s attractor.

An analysis (not shown) of the flow dependent character
of the system instabilities has been made by computing the
distributions of the 12 h growth rates (the finite time leading
Lyapunov exponent), the local number of growing modes, the
Kolmogorov–Sinai entropy (KS-ent, i.e. the sum of the positive
Lyapunov exponents, KS-ent = ∑Nσ+

i=1 σi), and the Lyapunov
or Kaplan–Yorke dimension (KY − dim) characterizing the di-
mension of the volumes conserved, on average, along the flow
(Kaplan and Yorke, 1979), for the model (19) in the canon-
ical configuration C0 and on the base of 20-yr-long experi-
ments. Note that the Kaplan-Yorke dimension is closely related
to other concepts of dimensions known in the literature (Ott,

2002). It is defined as KY − dim = d− +
∑d−

i=1 σi

|σd+ | , where d− is
the largest number of Lyapunov exponents for which the sum-

Fig. 7. Lorenz model. Mean χ2, 〈χ2〉 (along the complete data
assimilation cycle), with respect to N ens and for different assimilation
interval—τ , 12 (triangles), 6 (circles) and 3 h (squares).

mation,
∑d−

i=1 σi , is positive and d+ is the smallest number of
Lyapunov exponents for which the summation is negative.

All these quantities can be seen as a measure of the average
instability of the system. Local instabilities are characterized by
large distributions whose standard deviations closely approach
the mean values, indicating that situations relatively stable al-
ternate with others much more unstable. This represents a hard
challenge for the filter which should be able to properly account
for the system instabilities and to track the true state. The mean
values of all these quantities and for all the model configurations
are given in Table 1.

Coming back to Fig. 6, the three configurations (CsII , CsI

and C0) are quite close to each other in terms of their asymp-
totic properties. We can thus interpret the results on the mean
number of eigenvalues in relation with the local variability of
the Lyapunov exponents.

We now turn to the analysis of the filter performance using
the χ 2 test of the innovations. From the classical Kalman fil-
ter theory (for linear systems and observation operators), it is
known that, in the hypothesis that the forecast and observation
errors are Gaussian and uncorrelated in time, the innovations are
also Gaussian (Jazwinski, 1970). As a consequence, studying the
distribution of innovations results in a test on the underlying as-
sumptions of Gaussian and time uncorrelated errors. Here we
consider the normalized innovations that, under the aforemen-
tioned hypothesis, are distributed according to N (0, 1) (Reichle
et al., 2002), computed along the MLEF solution for differ-
ent ensemble sizes. Under these conditions, the χ 2 test of the
squared normalized innovations should have a conditional mean
equal to one. Furthermore, since in the experiments here the ob-
servations are mutually uncorrelated and uncorrelated in time,
the χ 2 statistics turns out to be a verification tool for the fore-
cast error covariance P1/2

f . A χ 2 mean larger than one (〈χ 2〉 > 1)
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Fig. 8. Lorenz model. Top plots: distribution of the 6 h actual rms forecast error, εf , for the configurations CsV , CsIII , C0 and CuI , with N ens = 36.
Middle plots: distribution of the ensemble based estimate of the rms forecast error, ε

f
ens, for the same configurations and N ens. Bottom plots:

distribution of the ratio ε
f
ens/ε

f for the same configurations and for N ens = 6, 18, 24 and 36. All error are normalized with respect to the system’s
natural variability.

indicates underestimation of the actual forecast error covariance,
and the opposite for a χ 2 mean less than one (see Zupanski and
Zupanski, 2006, for more details). Figure 7 shows the χ 2 mean,
〈χ 2〉 (along the complete data assimilation cycle), with respect
to N ens for the model in the canonical configuration and τ equal
to 3, 6 and 12 h. In all the experiments, as long as N ens < 36,
〈χ 2〉 remains larger than 1, indicating that the actual error is
underestimated by the ensemble. As N ens is increased towards
N ens = 36, 〈χ 2〉 decreases monotonically. The convergence to
small values is clearly different among the experiments and the
strength of the observational forcing (in terms of the observa-
tion frequency) affects this convergence. Close to N ens = 36
〈χ 2〉 drops dramatically (for τ = 3, 〈χ 2〉 starts to drop signif-
icantly by N ens = 24). Once the optimal value 〈χ 2〉 = 1.00 is
reached in the proximity of N ens = 36, it remains approximately
constant even when a larger ensemble is used. This is differ-
ent from stochastic filters where the quality of the ensemble
based statistics improves as the sample (i.e. the ensemble) size
increases.

The ability of the ensemble to accurately describe the actual
forecast error is further analysed in Fig. 8. In the top row of
the figure are plotted the distributions of the 6 h rms forecast
error, εf , in the MLEF analysis cycles with N ens = 36. Four
typical model configurations are examined and are indicated
in the corresponding plots. In the second row are shown the
distributions of the rms forecast error estimated by the ensemble,
εf

ens. At the bottom, it is shown the distribution of the ratio εf
ens/ε

f

for N ens = 6, 18, 24 and 36. To facilitate the interpretation,
all errors are normalized with respect to the system’s natural
variability.

The distributions of εf immediately reveal the non-Gaussian
character of the errors. The distributions do not display uni-
modality and in the most unstable configuration, CuI , a bimodal

shape appears. Remarkably the distributions of the estimated er-
ror, εf

ens, for the configurations CsV , CsIII and C0 are very similar
to those of εf . In particular they capture their most populated
peak. On the other hand, in the configuration CuI , the ensemble
based estimate appears less accurate. It does not reproduce the
almost bimodal shape of the distribution of εf and its peak is
centered where the distribution of εf is sparsely populated. An-
other picture of the MLEF ensemble accuracy is given by the
distributions of the ratio εf

ens/ε
f , which allow to visualize the

frequency of under/over error estimation. By plotting the curves
for different N ens we can observe their shift towards larger values
when N ens is increased. In the configurations CsV and CsIII the
distributions for N ens = 36 are well centred around one as de-
sired. In the case C0 and for N ens < 36, the MLEF ensemble
strongly underestimate the actual forecast error; for N ens = 36
the distribution has a peak close to one but it is characterized by
a large standard deviation indicating that the ensemble is often
underestimating εf . As expected the situation deteriorates fur-
ther in the configuration CuI where an almost systematic under
estimation of error is observed. This different behaviour of the
MLEF with dynamics of increasing instability is confirmed by
the study of the rms analysis error provided in Fig. 9. A conclu-
sion which can be drawn by this analysis is that an assimilation
algorithm based on the maximum likelihood approach, applied
to a chaotic system, may provide satisfactory results as long as
the degree of instabilities do not induce strong departures from
unimodality. These questions should be further explored in the
future through the use of non-Gaussian filters. The artificial in-
flation of the forecast ensemble may counteract the error under-
estimation in the directions spanned by the ensemble. Anyhow it
is expected to have scarce effect if the ensemble is not capturing
all the relevant directions of error growth, as it can occur in the
presence of non-linearities. A localization procedure, such as in
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Fig. 9. Lorenz model. RMS analysis error as a function of N ens for all the model configuration considered and for different assimilation interval —
τ , 12 (triangles), 6 (circles) and 3 h (squares).

Ott et al. (2004), may be more efficient in those cases. In previ-
ous applications of the MLEF with complex models possessing
many degrees of freedom, a covariance localization has been
successfully applied and helps maintaining a sufficient number
of the degrees of freedom in the data assimilation system (e.g.
Zupanski, 2009).

The next step in our analysis is the investigation of the filter
ability to produce accurate estimate of the unknown true system.
The most natural way to accomplish this task is to evaluate
the root-mean-square (rms) analysis error as a function of the
ensemble size. In Fig. 9 the rms analysis error as a function of
N ens for all the model configuration considered, is shown. The
overall picture is similar to the results shown in Fig. 7. The panels
are ordered so that, from the top left- to bottom right-hand panels,
they refer to progressively more unstable configurations. Note
that two different scales are adopted for the y-axis between the
top and bottom panels. As expected, better results (lower error
level) are obtained for more stable configurations, and/or for
shorter τ . Note that in the most unstable configuration, CuI , the
convergence is obtained only for small assimilation time scale
(τ = 3 h) and that even in the case of the stable periodic orbit,
configuration CsV I , at least six members are necessary to reduce
the error below the observation level. We see that once a given
threshold value for N ens is reached no further improvements of
the filter are obtained. The situation is closely related to what

is observed in Section 3 for the scalar and the saddle node
examples. In particular in the latter case, increasing N ens beyond
N ens = 1 (the number of unstable modes) did not lead to any
further improvement of the filter performance. We argue that
the same underlying mechanism is occurring here and that this
convergence value for N ens is related to the system stability
properties. In a recent study, Sakov and Oke (2008) observed a
similar behaviour in relation to the ensemble size in the context
of the Ensemble Transform Kalman filter (Bishop et al., 2001).

This aspect is further highlighted in Fig. 10. In the abscissa
the Kaplan–Yorke attractor dimension for all the model con-
figurations is plotted, while N ens is given in the y-axis. The
points in the figure are obtained by considering, for each model
configuration, the first (minimum) value of N ens for which the
rms analysis error is smaller or equal to 10% of the system’s
natural variability. We consider the values of N ens given in
Fig. 10 as ‘optimal’ because they represent a compromise be-
tween the filter performance and the computational constraints
(i.e. the number of members). We see that in most of the cases,
the error reduction to 10% of the natural variability is reached as
soon as N ens passes the KY-dim of the system; this is particularly
evident in correspondence with the strongest observational forc-
ing (τ = 3 h). The KY-dim is defined only for chaotic dynamics,
and the results of the stable configuration CsV I (in the figure in-
dicated as KY-dim = 0) are plotted for reasons of completness.
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Fig. 10. Lorenz model. Optimal N ens (see text) as a function of the
Kaplan–Yorke dimension of each model configuration and for different
assimilation interval—τ , 12 (triangles), 6 (circles) and 3 h (squares).

Although in some case a larger N ens is found in correspondence
of stabler configurations (i.e. smaller KY-dim) or a same N ens for
model configurations characterized by different KY-dimensions,
the overall picture of Fig. 10 suggests the existence of a fuzzy
link between the system dynamical properties and the size the
MLEF ensemble necessary to properly explain and track the er-
ror variance in the state estimate. Note that the same relation may
be observed by looking at other measures of the system stability
properties such as the number of positive Lyapunov exponents
or the Kolmogorov–Sinai entropy; see Table 1. For the system
considered here, these latter quantities appear of lesser practical
use than the KY-dim which on the other hand provides a lower
limit (i.e. a necessary condition) for an adequate ensemble size.
A rough estimate of the adequate ensemble size would be here
of the order of twice the attractor dimension (or the phase space
dimension for larger KY-dim). This feature probably reflects the
inhomogeneity of the attractor (variability of the local instabil-
ities) which implies the presence of dynamical situations for
which the local unstable subspace dimension is larger than the
average KY-dim.

It is worth to note that the results of Fig. 10 show a somewhat
similar trend to the eigenvalues spectrum of C given in Fig. 5.
A growing interval followed by a small oscillatory period and
finally an almost stable value. This points out to a possible link
between the eigenvalue spectrum of C and the KY-dim. Finally,
according to the EVD analysis, one would expect that a limited
number of directions is sufficient, on average, to explain most of
the variance of the error (15 for 90%). On the other hand, we see
that a satisfactory filter performance is obtained only for N ens

closer to the system attractor dimension. To explain this differ-
ence one must realize that the spectral properties of the matrix
C reflect the ability of the assimilation in reducing the error
variance as given in Pf at the times of the analysis, while the op-

timal N ens gives the size the ensemble should have to provide, on
average, an adequate description of the actual error variance be-
fore the assimilation of the observations. These quantities reveal
therefore complementary aspects of the assimilation process.

5. Conclusion

Data assimilation developments have been long faced to chaotic
dynamics. The state estimation problem for this class of sys-
tems is particularly important realizing that chaotic behaviour
is present in most of the natural systems, including the atmo-
sphere and ocean. The MLEF has proved to be an efficient data
assimilation technique and to be able to provide accurate track
of the system state in several applications from idealized low-
dimensional systems up to almost operational NWP models.
It belongs to the large class of the so called ensemble based
scheme, although it has a number of essential features shared
with variational algorithms. This study was motivated by the
lack of an extensive analysis of the MLEF in the context of
chaotic unstable dynamics.

When applied to the two generic dynamics produced by a
scalar unstable system and by the saddle point, it was found that
no benefit is gained in the filter performance when the ensemble
size is larger than one, corresponding to the number of unstable
modes in both systems. In addition, the algorithm operates an
implicit normalization with the effect of a re-distribution of the
explained variance among the ensemble members.

The filter has then been analysed by performing observation
system simulation experiments in the context of the 36-variable
Lorenz system. The model has been employed in a set of differ-
ent parameter configurations whose solutions exhibit a range of
regimes of motion from stable periodic orbit to highly chaotic
behaviour. First, the properties of the ensemble information ma-
trix C have been analysed with respect to the ensemble size
and to the model configuration. Interestingly, for the canonical
model configuration (a chaotic one), by increasing the ensem-
ble size, the number of its relevant eigenvalues rapidly attained
a limit value of about 6. In particular, the results do not show
significant modifications in the spectral properties of C once an
ensemble of at least 18 members is used. A similar behaviour
of the spectral properties of C is found in all the other un-
stable model configurations considered (not shown). When the
same analysis is performed with respect to the model configu-
rations and with a fixed ensemble size, the number of relevant
eigenvalues increases when more unstable configurations are
considered.

The accuracy of the filter ensemble based statistics has been
then studied in relation to the ensemble size and model configu-
rations, by analysing the statistics of the normalized innovations.
The results clearly show that, as expected, by increasing the en-
semble size a progressively better error description is provided,
but also that this improvement reaches saturation in correspon-
dence to an ensemble size closely related to the system’s attractor
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dimension and bounded to the system state dimension. The rms
analysis error exhibits a similar trend. The existence of a satu-
ration value for the ensemble size is confirmed. Repeating the
same analysis for all the model configurations, revealed that
this saturation level increases according to the level of insta-
bilities of the model, bounded to the full system phase space
dimension.

The link between the optimal ensemble size and the system
stability properties is reflected by its relation with the Kaplan–
Yorke attractor dimension. A conjecture establishes the equiva-
lence between the Kaplan–Yorke and the information dimension
(Ott, 2002), which characterizes the dimension of the attractor

based on its natural measure (the invariant probability distribu-
tion). In addition, the Kaplan–Yorke dimension is commonly
seen as the dimension of volumes which are conserved un-
der the action of system’s flow. We can thus speculate that the

ensemble perturbations in the MLEF feature the intrinsic system
error dynamics, and not a set of realizations of a Monte Carlo
sampling as for the ensemble Kalman filter. This finding may
help guiding the setup of the filter for applications to chaotic
dynamics, by choosing an ensemble size larger than the system
attractor dimension which is, for typical dissipative systems as
the ones used in atmospheric and oceanic models, much less
than the full phase space dimension.

We are currently working on the extension of the present
analysis based on the MLEF to chaotic systems in which model
error is present, in the spirit of a recent paper on the reassessment
of the extended KF in the presence of deterministic model errors
(Carrassi et al., 2008b). The formulation proposed in that study is
based on fundamental findings on the dynamics of deterministic
model errors (Nicolis, 2003; Nicolis et al., 2009). The extension
to the MLEF appears thus a natural step ahead in the timely
subject of model error in ensemble filters.
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7. Appendix

Let us consider the saddle node system (16) and the MLEF with
a 2-members ensemble and two uncorrelated noisy observations,
xo = (xo,1, xo,2). The square-root forecast error covariance and
the observation error covariance matrices can be written as

P1/2
f =

(
σf ,11 σf ,21

σf ,12 σf ,22

)
R =

(
σ 2

o,1 0

0 σ 2
o,2

)
.

In this example the observation operator, which is linear, coin-
cides with the identity matrix in the bi-dimensional space. We
can thus obtain for the information matrix C

C =
⎛
⎝

(
σ 2

f ,11/σ
2
o,1

) + (
σ 2

f ,12/σ
2
o,2

) (
σf ,11σf ,21/σ

2
o,1

) + (
σf ,12σf ,22/σ

2
o,2

)
(
σf ,11σf ,21/σ

2
o,1

) + (
σf ,12σf ,22/σ

2
o,2

) (
σ 2

f ,21/σ
2
o,1

) + (
σ 2

f ,22/σ
2
o,2

)
⎞
⎠ .

Let indicate the two eigenvectors of C as v1 = (v11,
v12)T and v2 = (v21, v22)T , and the corresponding eigenvalues as
λ1 and λ2, respectively. Therefore, for the transformation and
precondition matrix we have

(I + C)−1/2 =
⎛
⎝ v2

11/(1 + λ1)1/2 + v2
21/(1 + λ2)1/2 v11v12/(1 + λ1)1/2 + v21v22/(1 + λ2)1/2

v11v12/(1 + λ1)1/2 + v21v22/(1 + λ2)1/2 v2
12/(1 + λ1)1/2 + v2

22/(1 + λ2)1/2

⎞
⎠ .

Introducing the control variable x − xf = P1/2
f (I + C)−T/2

ξ , ξ = (ξ 1, ξ 2)T , we can now write the cost-function in the
ensemble subspace

2J (ξ ) = ξ T (I + C)−1ξ +
[
xo − xf − P1/2

f (I + C)−1/2ξ
]T

R−1

[
xo − xf − P1/2

f (I + C)−1/2ξ
]
.

The cost-function minimum is obtained by solving a linear sys-
tem of two equations resulting from the condition of gradient
equal to zero

∇ξJ (ξ ) = 0 ⇔
⎧⎨
⎩

∂J

∂ξ1
= 0

∂J

∂ξ2
= 0.

If the solution, ξ , verifies also the condition ∇2J (ξ ) > 0, we
have ξopt = ξ , the optimal solution.Finally, the analysis in the
original system phase space reads:

xa = xf + P1/2
f (I + C)−T /2ξopt

while the analysis error covariance update

P1/2
a = P1/2

f (I + C)−1/2

and the cycle can be repeated.
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