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ABSTRACT
An aliasing operator is introduced to mimic the effect of aliasing that causes discontinuities in radial-velocity obser-

vations, and to modify the observation term in the costfunction for direct assimilations of aliased radar radial-velocity

observations into numerical models. It is found that if the aliasing operator is treated as a part of the observation

operator and applied to the analysed radial velocity in a conventional way, then the analysis is not ensured to be

aliased (or not aliased) in consistency with the aliased (or not aliased) observation at every observation point. Thus, the

analysis-minus-observation term contains a large alias error whenever an inconsistency occurs at an observation point.

This causes fine-structure discontinuities in the costfunction. An unconventional approach is thus introduced to apply

the aliasing operator to the entire analysis-minus-observation term at each observation point in the observation term

of the costfunction. With this approach, the costfunction becomes smooth and concave upwards in the vicinity of the

global minimum. The usefulness of this approach for directly assimilating aliased radar radial-velocity observations

under certain conditions is demonstrated by illustrative examples.

1. Introduction

It is well known in radar meteorology (Doviak and Zrni¢, 2006)
that each radial-velocity measurement is determined from the
observed echo phase difference between successive transmitted
pulses, so there is a maximum velocity, called the Nyquist veloc-
ity, vy, beyond which the measured radial velocities are aliased
back into the Nyquist interval between tvy. The observed radial
velocity vy is thus related to the true v, by

v =Z v+ &% un], M

where Z[( ), vn] = () — 2unN[( ), vn] is the aliasing opera-
tor, N[( ), vx] = Int[( )/(2uyn)] is the Nyquist number of ( ),
Int[( )/(2un)] represents the nearest integer of ( )/(2vy), and &°
denotes the random measurement error (other than the alias-
ing error). Clearly, Z[( ), vn] is a piecewise-linear and zigzag-
discontinuous function of () (see e.g. Doviak and Zrni¢, 2006;
their fig. 7.9), and the Nyquist number N is an integer indeter-
minable from the aliased velocity.

Radar radial-velocity aliasing usually can be detected from
abrupt velocity changes of about 2vy between neighbouring
measurements, but correcting aliased velocities is nontrivial and
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often requires additional independent wind information to pro-
vide some reference points (Ray and Ziegler, 1977; Hennington,
1981; Bergen and Albers, 1988). Because aliasing can occur
in countless different ways and the aliasing scenarios can be
extremely complex, dealiasing has been an indispensable and
yet often very difficult step in the radar data quality control.
Considerable efforts have been made in developing various
techniques to correct aliased velocities (Eilts and Smith, 1990;
Jing and Wiener, 1993; Yamada and Chong, 1999; James and
Houze, 2001; Tabary et al., 2001; Gong et al., 2003; Haase and
Landelius, 2004; Gao et al., 2004; Zhang and Wang, 2006).
The techniques so far developed, however, are still not suffi-
ciently robust to deal with every severely aliased situation and
correct or flag all aliased radar radial velocities. To meet the high-
quality standard required by radar data assimilation for numeri-
cal weather predictions, increasingly comprehensive algorithms
need to be developed to deal with various aliasing scenarios. In
addition to the common approach that treats dealiasing as a part
of radar data quality control, it is also possible and perhaps more
effective to modify the costfunction to directly assimilate aliased
radial-velocity observations. This approach is explored in this
paper. In particular, by incorporating the aliasing operator into
the costfunction, aliased radar radial-velocity observations can
be assimilated directly to reduce the dealiasing burden on radar
data quality control or even to skip the dealiasing step in radar
data quality control. This approach is introduced in Section 2
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by comparing two different ways of incorporating the aliasing
operator into the costfunction. The usefulness and limitation of
the proposed approach for assimilating aliased radial velocities
are demonstrated by illustrative examples with both simulated
and real radar observations in Section 3. Conclusions follow in
Section 4.

2. Two ways of incorporating the aliasing
operator into the costfunction

2.1. Modifying the observation operator

The true radial velocity v, in (1) is the projection of the mean
(spatially weighted within each resolution volume of the radar
scan; Doviak and Zrni¢, 2006; their section 5.2) vector velocity
of meteorological scatterers (mainly hydrometeors), denoted by
Vi, = Vv, — wtk, onto the radar beam direction, where v, = (u, v,
w) is the air velocity, wr is the hydrometeors’ terminal velocity
(Doviak and Zrni¢, 2006; their section 8.2) and Kk is the vertical
unit vector. This projection gives

v = thh, 2)

where hT = (singcosf, cosgcosd, sind) is the observation oper-
ator that projects vy, onto the radial direction at a given obser-
vation point, ()T denotes the transpose of (), 6 is the elevation
angle, ¢ is the azimuthal angle (clockwise with respect to the
y-coordinate pointing to the north). The background (provided
by the model prediction) and analysis increment of vy can be
denoted by v and Avy, respectively, so their projections onto
the radar beam direction are v® = hTv{ and Av, = hTAv, re-
spectively, in consistency with (2).

When the observed radial velocities are free of aliases, the
random observation error ¢€° in (1) is mainly due to the radar
receiver noise and sampling error. Although observation errors
are correlated between adjacent resolution volumes (represented
by observation points) on each tilt of the radar scan, the error
de-correlation length scale is very short (Xu et al., 2007). For
simplicity, we can assume that the radar observation errors are
uncorrelated between different observation points. In this case,
the observation term in the costfunction for radar radial velocity
assimilation has the following form:

Jo=0;2 Z (v;’ — v;’)lz , 3)

where o2 is the observations error variance, v = v? + Av, =
h” (VE + Avy) is the analysed radial velocity, and ( ); denotes the
value of () at the ith observation point.

When the observed radial velocities are not free of aliases,
each observed vy is related to the true radial velocity through
the aliasing operator as shown in (1), so the observation term J,
in (3) must be modified accordingly. One way to do this is to
treat the aliasing operator as a part of the observation operator
without altering the conventional form of the observation term

in the costfunction [e.g. eq. (2.1) of Parrish and Derber, 1992;
Daley and Barker, 2001], so the observation operator h™ in (2)
is modified into Z[hT( ), vx] and the observation term J, in (3)
becomes

Jo =023 (Z[vf vw] = 0)] )

Note that Z[v?, vx] = v, + Av, + &° — 2unN[v?, vx], where
v = 1° + Av, = v, + Av, + €° is used and &® denotes the
background error. Substituting this and (1) into the analysis-
minus-observation term in (4) gives

Z [vf, UN] - = Av, + b — g0 — 2UN(N [v;’ vN]
—N[v, + £°, UN]). )]

This result shows that Z[v?, vx] cannot fit vy correctly unless
N[vi, vn] = N[v, + €°, vn]. The latter condition, however, is
not always satisfied, so the modified observation term J,; in (4)
cannot ensure the correctness of the fitting at each observation
point. For example, if v and v, 4 &° are both very close to vy
but v} < vy < v, + €° at an observation point, then N[v¥, vn] #
N[v, + €° vn] and a small increase of Awv, can cause the
analysis-minus-observation term in (5) to jump at that obser-
vation point. This implies that J,; in (4) is not a continuous
function of (v¥); or (Av,);, as will be illustrated in Section 3.

2.2. Modifying the analysis-minus-observation term

As a second way or unconventional approach, the aliasing oper-
ator can be also applied to the entire analysis-minus-observation
term, that is, v? — vy at each observation point (rather than
merely to v?). In this case, the observation term J, in (3) is
modified into

Jop =02 Z (Z [vf —p, vN])iz. 6)

Note that v? — v = Av, + eP — £° 4+ 2uNN[v; + €°, vx]. Sub-
stituting this and the aliasing operator into the analysis-minus-
observation term in (6) gives

z [vﬁ1 -7, vN] =v! —v) — 2N [v;‘ -y, vN]
= Av, + &> — €% + 2unN[v, + €°, vn]
—2unyN (Avr + &P — % + 204N [vr + €°, vn], UN)
= Av, + 6° — 6% — 20NN [Av, + 6 — &%, vy], )
where N(Av, + &° — &° 4 2uNN[v, + €°, vx], vn) = N[Av, +

g® — &°, un] + N[v; + £°, vx] is used. From (7), it is apparent
that

Z [vf -7, vN] = Av, +£° — £°as long as ‘Av,—{—sb - 80{ < Un.
3
Thus, the observation term J,, in (6) is a continuous function

of (v1); or (Av,); if |Av, + e® — £°| < vy at the ith observation
point. As will be illustrated in Section 3, this property ensures
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Fig. 1. Simulated true radial velocity plotted as a function of azimuth
¢ by the solid curve. The dots are the simulated radial-velocity
observations. The dotted and dashed curves are the radial velocities
computed by v} = hTv? for v* = (16, 12)T and (-3.0, 2.3)T ms~!,
respectively. Note that v* = (=3.0, =2.3)T m s~ ! is the local minimum
in the smooth area of Jo1/n in Fig. 2a.

the smoothness and convexity (that is, concave upwards) of the
costfunction in the vicinity of the global minimum.

3. Illustrative examples

3.1. Examples with idealized observations

In this section, we assume that the true velocity vy, in (2) is hor-
izontally uniform at the vertical level where the radial-velocity
observations are collected along a circle at constant radial range.
We also assume that the elevation angle of this range circle is
small, say, 8 = 1.5°, so the observation operator in (2) reduces to
hT = cosf(sing, cos¢, 0)T approximately. In this case, we only
need to consider the two horizontal components of vy, and thus
simply set u = v = 15 m s™! to represent a strong southwesterly
flow. The true v, computed from (2) with the above reduced h”
and uniform (u, v) is plotted as a function of ¢ by the solid curve
in Fig. 1.

Idealized radial-velocity observations are generated by addi-
tion random errors to the true v, at each observation point and
then applying the aliasing operator Z[( ), vn] according to (1).
The observation points are spaced at 1° intervals on the range
circle and the azimuthal resolution is 1°, which is similar to that
of the operational WSR-88D radars. The observation error stan-
dard deviation is set to o, = 2 m s~!, which is in the range of the
estimated values (not shown) from six operational WSR-88D
radars (KINX, KLZK, KSGF, KSRX, KTLX and KVNX) in the
central U.S. by using the innovation method of Xu et al. (2007).
The Nyquist velocity is set to vy = 12 (or 24) m s~! to represent
the typical value used for clear (or stormy) weather. The ideal-
ized radial-velocity observations generated from the above true
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Fig. 2. Normalized observation terms J,1/n in (a) and Jy2/n in (b). The
global minimum of J,/n is 7.87 at v* = (14.3, 16.1)T m s~! in (a). The
global minimum of Jo/n is 1.03 at v@ = (14.8, 14.6)T m s~! in (b).
The true state point is at v = (15, 15)T m s~!. Note that Jo/n and Joo/n
are in different ranges and thus plotted with different grey scales in the
two panels.

v, with vy = 12m s~ and o, = 2 m s~! are plotted by the dots
in Fig. 1.

For the idealized example considered in this section, the true
state is a two-dimensional vector and thus can be simply denoted
by v = (u, v)T. The analysis state vector can be then written as
vi = (u*, v*)" and therefore v? = hTv* = (u%sing + vicosgp)coso.
By substituting this into (4) and (6), the normalized observation
terms J,;/n and Jy»/n are computed as functions of (u*, v*) and
plotted in Figs 2a and b, respectively, where n (=360) is the
number of observations along the selected range circle. If J,
(or Jy) is well formulated for aliased observations, then the
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Fig. 3. Jo1/n and J/n plotted by thin and thick curves, respectively, as
functions of u* with v? fixed at their respective global minimum points
(shown in Fig. 2a and 2b, respectively). The thin curve is discontinuous
and it reveals the irregular fine-structure discontinuities of J,1.

fitting residuals at the global minimum should have about the
same variance as the observation errors, and this means that the
global minimum should to be very close to unity. As shown
in Fig. 2a, the global minimum of J,/n is 7.87 at v* = (14.3,
16.1)T ms~!. This global minimum is much larger than unity and
the global minimum point is deviated from the true state point at
v = (15, 15)T m s! significantly, so J,, is not well formulated
for aliased observations. On the other hand, as shown in Fig. 2b,
the global minimum of J,/n is 1.03 at v* = (14.8, 14.6)T m s~!.
This global minimum point is close to the true state point and
the global minimum is very close to unity, so the fitting residuals
are statistically consistent with the observation errors and J,,/n
is well formulated for aliased observations.

From Fig. 2b, we can also see that J, is smooth and locally
concave upwards surrounding the global minimum. The concave
area is encircled by a circular ridge whose radial distance from
the true state point is approximately |v* — v| & vy. Outside the
concave area, there is a circular trough (shown by the dark outer
ring in Fig. 2b) whose radial distance from the true state point
is approximately |v* — v| & 2vy, and there are multiple local
minima along this circular trough. On the contrary, as shown in
Fig. 2a, J,1/n is non-smooth and contains irregular fine-structure
discontinuities in the area where |v*| > vy, and there are multiple
local minima even in the vicinity of the global minimum (shown
by the irregular black area in Fig. 2a). In Fig. 3, Jo;/n and J,/n
are plotted by the thin and thick curves, respectively, as functions
of u* with v* fixed at their respective global minimum points.
The plotted curves clearly reveal the irregular fine-structure dis-
continuities of J,; and the smoothness of J,, in the vicinities
of their respective global minimum points. From (4) and (5),
it is easy to see that 02J,;/n jumps by 4vn[vn £ (Av, + &° —
£°)]/n whenever the variation of u* (or v*) causes Z[v?, vn] — v}
to jump by +2vy at an observation point. This quantifies how
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Fig. 4. Analysis-minus-observation term, Z[v?, vn] — v?, used by Jo1
in (4) for v@ = (16, 12)T ms~! plotted by x signs.
Analysis-minus-observation term, Z[v? — v, vn], used by Jo» in (6) for
vd = (16, 12)T m s~! plotted by + signs.

the irregular fine-structure discontinuities of J,; are caused by
the random observation errors and zigzag discontinuities of the
aliasing operator. If the observations become perfectly error-free
with ° = 0, then 02J,,; will contain only rather regular stairwise
jumps (not shown) and each jump is determined by 4vn[vn £
(Av, + £b)] at the observation point where Z[v?, vx] — v} jumps
by +2vy [because £ is independent of v* = (u?, v*) and Av, =
h™(v® — v®) is a regular function of v?].

To see how the irregular fine-structure discontinuities of J,;
are generated, the analysis-minus-observation term, Z[v?, vn] —
v°, used by Jo; in (4) is plotted for v* = (16, 12)T m s~! as an
example by the x signs in Fig. 4. As a counterpart example, the
analysis-minus-observation term, Z[v¥ — v, vx], used by J in
(6) is plotted also for v* = (16, 12)T m s~! by the + signs in
Fig. 4. As shown, the + signs are distributed well within the
range of +vy, but the x signs jump beyond the range of +vy at
dozens of observation points where v; is aliased but Z[v?, vx]
is not aliased or vice versa [see the dotted curve of v} = hTv*
for v¢ = (16, 12)" m s~! in Fig. 1]. As v® changes continuously,
Z[v?, vN] — v? jumps discontinuously at each involved observa-
tion point. This causes irregular fine-structure discontinuities of
Jo1 in the space of v*. Note that |v?| < |v*], so Z[v?, vn] is not
aliased when |v?| < vn. This explains why J,; becomes smooth
in the area of |v?| < vy as shown in Fig. 2a. In this smooth area,
there is a local minimum at v* = (3.0, =2.3)T m s~!. The asso-
ciated v = h"v? is plotted in Fig. 1 by the dashed curve. When
the amplitude of the curve increases (or decreases), the fitting
to the aliased observations in the £45° vicinities of ¢ & 45°
and 225° becomes slightly better (or significantly worse) but the
fitting to the non-aliased observations in the +45° vicinities of
¢ ~ 135° and 315° becomes significantly worse (or only slightly
better). This explains how the dashed curve fits the observations

Tellus 61A (2009), 5
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in the sense of least squares and why v* = (=3.0, =2.3)" m s~!

is a local minimum.
The background term in the costfunction has the following
form:

Jp = 0y | AV, )

where o} is the background error variance, v = (u°, v°)T is
the background state vector, Av = v* — v’ is the analysis in-
crement, the background errors are assumed to be isotropic and
thus uncorrelated between the # and v components (see appendix
of Xu and Wei, 2001), and the error decorrelation length scale
is assumed implicitly to be infinity large (see Xu et al., 2006;
their section 5a). Since Jy, is a parabolic function of Av, the
costfunction Jy + Jo; (or Jy, + Jo2) is complicated only by the
observation term J,; (or J,;) in the presence of aliasing. As
the observation term J,; in (4) is discontinuous in the space v*
or Av, the global minimum of J, + J,; cannot be found reli-
ably by a descent algorithm, and similar situations were seen
for other types of discontinuous costfunction (Xu, 1997; Xu and
Gao, 1999). On the other hand, since the observation term J,,
in (6) is differentiable and concave upwards as long as |Av, +
&P — £°| < vy at each observation point according to (8), a de-
scent algorithm can be used to find the global minimum of J,, 4
J oy if the first guess provided by the background state v® is suffi-
ciently close to the true state v = (15, 15)T m s~'. The required
closeness of v* to v is quantified below.

When the background state is taken to be the first guess,
we have Av = 0 and Av, + &° = &® = v® — v, = hT(v* - v).
Substituting this into the required condition of |Av, + &® —&°| <
vy in (8) gives

[hT(v* — v) — °| < vy at each observation point. (10)

Note that [hT(v" — v) — °[> < |hT(V* = v)|> + |€°|> < |h]?|V® —
v|? + |e°|> = [V° — v|?> + |€°|%, where |h|?> = sin?0 + cos?8 = 1
is used, so (10) is satisfied as long as

b E

v’ —v|° < vﬁj — |&°|? at each observation point. (11)

As a Gaussian random variable with zero mean and a standard
deviation of o,, the probability of |e°| > 20, is less than 5%.
Thus, (11) can be largely (with a probability >95%) satisfied if

IV —v] < (v] —402)"”. (12)

o

This condition can be used to quantify the required closeness
of v’ tov.

Note from (9) that the gradient of J, is zero at Av = 0,
so the costfunction gradient is determined by the gradient of
the observation term at the starting point of v* = v®. Thus, as
long as the background state is in the concave area encircled
by the circular ridge in Fig. 2b, the descent should converge to
the global minimum. For vy = 12 m s~ and 6, =2 m s™', the
condition in (12)is |[v® —v| < 11.3 m s~! & vy and this condition
is consistent with the concave area in Fig. 2b. This condition can
be largely (with a probability >95%) satisfied if o < (v} —

Tellus 61A (2009), 5

402122 ~ vn/2 = 6 m s~!. By assuming o, = 5 m s~ for the
background term in (9), different background states are selected
arbitrarily in the vicinity of the true state within the range of
[V’ —v|] < 12 m s~! (which is slightly larger than 20',,). Starting
from each selected background state, the standard conjugate-
gradient descent algorithm (Golub and Van Loan, 1983; their
chapter 10) is used to minimize J, + Jo; and Jy, 4 Jo, with the
costfunction gradients with respect to v* = (u?, v*)T computed
by

V(o + Jo) = 20,2 AV +20,7 > (Z [v8, o] = v7), b

(13a)

and V(Jy+ Joo) = 20, 2Av+ 20,2 Y " (Z [v? = v,y ]), b,

' (13b)
respectively, where h; = cosf(sing;, cos¢;)T. As shown in
Fig. 5, the descent of J, + J,; fails to converge and stops at
various different places in the space of v* for different start-
ing points of v*. The zigzag fluctuations of the plotted contours
manifest the irregular fine-structure discontinuities of Jy, + Jo1,
and the implication is that the local gradient computed at an
estimated point of v* by the descent algorithm can be very dif-
ferent from the coarse-grain gradient of Jy, + J,,;. This explains
why paths A, B, C and D in Fig. 5 are much more tangent than
perpendicular to the coarse-grain contours and why path D can
even go up from point 1 to 2 against the coarse-grain gradient.
A similar failure of descent was seen in fig. 6 of Xu and Gao
(1999) for a discontinuous costfunction. On the other hand, the
minimization of J, + J,, always converges (in 2—8 steps) to
the same global minimum point at v* = (14.8, 14.6)" m s~!
(not shown), and the global minimum is min(Jy + Jo2) = 371.
This global minimum is very close to the total number (=360)
of the observations and thus satisfies the optimality consistency
criterion (Desroziers and Ivanov, 2001).

When the conjugate-gradient descent algorithm is used to
minimize Jy, + J, with J, given as in (3), the algorithm converges
to the same minimum of min(J, + J,) = 3670 at v* = (-3.0,
-2.3)T m s7!. This v* is clearly a false estimate of the true
state v = (15, 15)T m s~', and the minimum value is much
larger than the total number of the observations and thus does
not satisfy the optimality consistency criterion. If 50% of the
aliased observations are dealiased, then the minimum point of
Jy + J, moves to v* = (6.0, 6.1)T m s~!, which is closer to the
true state but still a false estimate.

3.2. Examples with real radar observations

In this section, real radar observations are selected from the
radial velocities scanned by the operational KMHX radar
at 1959 UTC on 18 September 2003 when the long-lived
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Fig. 5. Contours of Jy, + Jo1 in the vicinity
of the global minimum, and searching paths
of failed minimization from seven different
starting points: A, B, C, D, E, F and G at (1%,
v?) = (P, vP) = (15, 20), (20, 15), (25, 10),
(15, 10), (10, 10), (10, 15) and (10,

20) ms~!, respectively. Each path is plotted
by a sequence of + signs connected by solid
lines. For clarity, only the initial point and
first two steps are labelled along each path
by 0, 1 and 2, respectively. The total number
of searching steps varies between 6 and 25

15 20

u* (m/s)

10

hurricane Isabel made landfall near Drum Inlet, North Carolina.
At this time, the hurricane centre was very close to the KHMX
radar location and the observed radial velocities were severely
aliased even though the Nyquist velocity was as large as vy =
23.19 ms~!, as shown by the two horizontal grey dotted lines
in Fig. 6 along with the observations (shown by dots) selected
along the range circle of » = 100 km at the 0.5° elevation angle.
The observations have a spatial resolution of 250 m in the ra-
dial direction and 1° in the azimuthal direction. The observation
error standard deviation is set to o0, = 2 m s~!, which is in the
range of the estimated values from the operational WSR-88D
radars as mentioned in Section 3.1. As an illustrative example,
only one range circle of radial-velocity observations is selected,
as shown by the dots in Fig. 6.

It is easy to see from Fig. 6 that the KMHX observed radial
velocities were aliased over the azimuthal ranges of 11° < ¢ <
56° and 248° < ¢ < 336°. Although the aliased velocities can
be easily identified by a human expert and corrected manually,
detecting and correcting all the aliased radial velocities on each
tilt of radar scans can be very challenging for an automated
dealiasing algorithm, especially if the algorithm is required to
be computationally very efficient for real-time operational ap-
plications. For the radial velocities scanned by the KMHX radar
at the 0.5° tilt in this example, the operational dealiasing algo-
rithm (Eilts and Smith, 1990) failed in two sector areas between
90° < ¢ < 120° and 278° < ¢ < 294° (not shown).

The background field is provided by the forecast produced by
the Navy’s Coupled Ocean/Atmosphere Mesoscale Prediction

and the costfunction value at the ending step
varies between 4258 and 9108 for different
paths.

25 30

System (COAMPS®1 , Hodur 1997). The COAMPS is config-
ured with three nested domains with resolutions of 54, 18 and
6 km for the coarse, medium and fine grids, respectively, and
30 levels in the vertical. The model configuration and nested
model domains are the same as that used in section 3b of Zhao
et al. (2008) for assimilating radar observations to improve the
short-term storm prediction for the 2003 hurricane Isabel case.
The predicted wind fields on the 6 km grid (from the control
run initialized by the COAMPS analysis at 1200 UTC with the
conventional observations only without including the radar ob-
servations) are projected onto the aforementioned range circle
to obtain the background field (shown by the thick grey curve
in Fig. 6). The background field is interpolated to n = 120 grid-
points evenly distributed over the entire circle with a resolution
of 3° in the azimuthal angle (or 5.24 km in the azimuthal arc
length for r = 100 km). The background wind error covariances
were previously estimated for COAMPS forecasts on the same
nested grids and used for the illustrative examples in Xu (2007).
The rotational and divergent parts of the background vector ve-
locity error variance were found to be roughly the same. The
estimated error variance was o2 = 70 m* s~2 and the estimated
de-correlation length was L = 40 km. These estimates will be
used for the illustrative example in this section.

When the rotational and divergent parts of the background
vector velocity error covariance have the same variance and

1 COAMPS®
ratory.

is a registered trademark of the Naval Research Labo-
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Fig. 6. KHMX radar observed radial velocities plotted by dots along
the range circle of » = 100 km at the 0.5° elevation angle from
hurricane Isabel at 19:59:47 UTC on 18 September 2003. The Nyquist
interval is shown by the grey dotted lines at v, = fvn with vy =
23.19 m s~!. The + signs plot the alias-corrected observations outside
the Nyquist interval. The thick grey curve is the background radial

velocity vl’. The thin dashed and solid curves are the analysed
radial-velocity fields obtained from the minimizations of Jy + J,; and
Jb + Jo2, respectively. The dashed grey curve is the 50% reduced vf.
The dotted grey and thin dash—dotted curves are the analysed
radial-velocity fields obtained with the reduced v° from the
minimization of Jy, + Jo2 constrained by all the observations and by
merely the filtered observations [see (18b)], respectively. As an optimal
estimate of the true state, the solid curve is constrained by all the
observations and is denoted by vf in the text.

de-correlation length, the background radial-velocity error co-
variance can be modelled by Cy, = o2(cos Ag)exp[—| Ax|*/(2L%)],
according to (3.2) and (5.7) of Xu and Gong (2003), where A¢
and Ax are the azimuthal separation and horizontal distance be-
tween the two correlated points. Note that the background radial
velocities considered here are all along the same range circle of
r = 100 km, so Ax = 2rsin(A¢/2). Substituting this into the
above background radial-velocity error covariance model gives

Co(Ap) = o2(cos Agp) exp[—r? sin®(A¢p/2)/L?]. (14)

This error covariance model is used with the above estimates
of 0 =70 m? s72 and L = 40 km to compute the background
error covariance matrix B. The background term can be written
into the following form:

J, = Aa"™B~'Aa =5sTs, (15)

where Aa is the analysis increment vector composed of the
values of Av, = v? — vP at the background gridpoints on the
entire circle, and B/2s = Aa. As shown in Xu et al., (2006),
the analysis increment vector can also include the tangential ve-
locity field in the background term, but this inclusion does not
affect the radial-velocity analysis due to the absence of tangen-
tial velocity observation. For simplicity, the tangential-velocity
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analysis increment is not formulated into the background term
in (15). By transforming the control variable from Aa to s, the
background term is preconditioned in the last step of (15). The
observation term still can be formulated in three ways as in (3),
(4) and (6), except that v? is computed by Ha = H(b + Aa) =
H(b + B!/2), where a and b are the analysis and background
state vectors composed of the values of v?* and v?, respectively,
on the analysis grid (with 120 points evenly distributed over the
entire circle), and H is a matrix observation operator for the
interpolation from the analysis grid to the observation points.
Starting from the above background state, the conjugate-
gradient descent algorithm is used to minimize J, + J,; and
Jb + Jo2, With the costfunction gradients with respect to s com-

puted by
V(Jp + Jo1) = 28 + 20, 2(HB?) 'z, (16a)
and V(J, + Jo2) = 25 + 20, 2(HB'/*)"2,, (16b)

respectively, where z; and z, are the analysis-minus-observation
vectors composed of (Z[v?, vn] — v0); and (Z[vf - v, vnDi,
respectively, for i = 1, 2,...n in the observation space. The
minimization of J, + J,; converges in 50 steps to a local mini-
mum of the costfunction, that is, Lmin(J, + Jo;) = 2770. This
local minimum is much larger than the total number (= 318) of
the observations and thus does not satisfy the optimality consis-
tency criterion. As shown by the thin dashed curve in Fig. 6, the
analysed radial-velocity field at this local minimum tends to fit
the aliased observations (shown by dots) rather than the alias-
corrected observations (shown by + signs) outside the Nyquist
interval. Clearly, the minimization of J, + J, fails to find the
global minimum. On the other hand, the minimization of Jy, + J
converges in 40 steps to the global minimum, that is, Gmin(Jy, +
Jo2) = 408. This global minimum is reasonably close to the to-
tal number of the observations. (Note that the global minimum
can become very close to the total number of the observations
and thus better satisfy the optimality consistency criterion if the
observation error variance is tuned from 62 = 4 to 5 m? s72).
As shown by the thin solid curve in Fig. 6, the analysed radial-
velocity field at this global minimum fits very closely the alias-
corrected observations (shown by + signs) outside the Nyquist
interval.

The analysed radial-velocity field at the global minimum of
Jb + Jo2 is an optimal estimate of the true state v,. This estimate
is constrained by all the observations and can be denoted by
v°. The error covariance of v® can be estimated by [B~! +
(62H™H)'17! ~ 62(1-02B~!) and the error standard deviation
isoe ~ 0,(l —02/6})'/? ~ 1.4 m s7!, where H'H ~ I and
6l =2m?s? « o2 =70 m? s are used. Since 0, K o
(=8.4ms™"), v¢ can be used approximately as the true state v, to
compute the error of v?, that is, £® = v® — v, &~ v° — v°, where VP
is viewed as a realization (or ensemble member) sampled from
the probability distribution (or ensemble) of background fields.
As shown in Fig. 6, this v? is not close to v¢. The along-circle
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v° ~ ¢® is only 2.4 m? s2, but the spatially
1

spatial mean of v° —
averaged rms error is as large as 8.6 m s~ which is slightly
larger than the estimated oy, (= 8.4 m s™!). The maximum error
is &® & v° —v® = 19.7 m s~! at @ = 326° which is smaller than

the Nyquist velocity (vy = 23.19 m s~!). Thus, the condition
required in (8) with Av, = 0 [also see (10)] is satisfied, that is,

max |e°| ~ max |® — £°| < vn. a7

This explains why the descent minimization of J, + J,, con-
verges to the global minimum.

The COAMPS radar data assimilation system contains a
radar data quality control package (Zhao et al., 2006, 2008).
In this package, the dealiasing algorithm is similar to the three-
step dealiasing technique of Gong et al. (2003) except that the
COAMPS forecast background wind is used for the reference
check. The reference check accepts an observed or dealiased
radial velocity only if it is within £0.5vy of the reference radial
velocity provided by the COAMPS forecast. For the KMHX
observed radial velocities in Fig. 6, this threshold condition
(£11.595 m s~!) cannot be satisfied over five azimuthal ranges
(between 13° < ¢ < 38°,222° < ¢ < 225°,234° < ¢p <243°,
303° < ¢ < 304° and 309° < ¢ < 340°). This implies that the
proposed approach not only skips the dealiasing step in radar
data quality control but also outperforms the existing dealiasing
algorithm in the COAMPS radar data assimilation system as
long as the COAMPS forecast background wind field satisfies
the required condition in (17).

Now we consider that the above 1P is reduced by 50% (as
shown by the dashed grey curve in Fig. 6) and thus becomes
further away from v{. The spatially averaged rms error is then
increased from 8.6 to 13.5 m s~! and the maximum error is £° ~
VP —1° =26.7ms"! at ¢ = 320°. In this case, the condition (17)
is no longer satisfied, so the descent minimization of Jy, + Jo»
fails to converge to the global minimum. Instead, it converges
to a local minimum. The analysed radial-velocity field v? at this
local minimum is plotted by the dotted grey curve in Fig. 6. As
shown, this v? is deviated from v (thin solid curve) sharply over
the range of 310° < ¢ < 350° in the vicinity of the maximum
error (¢® ~26.7 ms™! at ¢ = 320°) where (17) is violated. Note
that €° reaches the negative maximum of —24.7 m s~! at ¢ = 27°
and thus also goes beyond £vy over the narrow range of 19° <
¢ < 27°, but the analysis v} is only slightly deviated from v{
over this narrow range.

The condition (17) can be relaxed to

max |e°| ~ max |® — ¢°| < (1 + a)vy (18a)

if the observations are filtered by the following threshold:

1Z[0? = v on] | < (1 = a)uw, (18b)

where « is a constant between O and 1. When o — 0, (18a)
reduces to (17), and (18b) is trivially satisfied by all the observa-
tions. When o — 1, (18b) tends to reject all the observations and
thus nullify (18a). The error of the reduced v® does not satisfy
(17) but satisfies the relaxed condition (18a) at least with o =

0.5. By using the observations filtered by (18b) with « = 0.5,
the minimization of J, 4 J,, converges to the global minimum
constrained merely by the filtered observations. As shown by
the thin dash—dotted curve in Fig. 6, the analysed radial-velocity
field v? at this minimum is closer to v¢ (solid curve) than v°
(thick grey curve). This v can be also obtained by minimiz-
ing the conventional costfunction J, + J, [see (3)] after the
observations are filtered by (18b) with &« = 0.5 and dealiased
by using v° as the reference state (see sections 2b—2c of Gong
et al., 2003; section 3b of Zhao et al., 2006). Here, by minimiz-
ing the modified costfunction J, + Joo, v is estimated directly
from the filtered observations without dealiasing. This v? can
be used as a new initial guess in place of v? in (18b) to re-filter
the observations and re-minimizing J, + J, to find the global
minimum constrained by the re-filtered observations. The pro-
cess can be iterated until no more observations can be retrieved
by re-filtering. For the above 50% reduced v with & = 0.5, the
process is completed in four iterations with all the observations
retrieved and the analysis becomes very close to v{ (thin solid
curve in Fig. 6) in the final iteration. Note that the background
error variance (0 = 70 m? s~2) estimated for the original v°
is much larger than the observation variance (62 = 4 m* s72).
For simplicity, however, the background error variance is not
adjusted (or updated) when v? is reduced by 50% (or updated by
the analysis during the iteration). Because of this, the analysis
in the final iteration is not exactly the same as v;, although the
difference is too small (between —0.3 and 0.4 m s~') to show in
Fig. 6.

4. Conclusions

In this paper, an aliasing operator is introduced to mimic the
effect of radar radial-velocity aliasing and the resultant zigzag-
discontinuities in radial-velocity observations. This aliasing op-
erator can be incorporated into the observation term of the
costfunction to facilitate direct assimilations of aliased radar
radial-velocity observations in two ways. The first way treats
the aliasing operator as a part of the observation operator in con-
sistence with the conventional form of the observation term in
the costfunction, but it does not ensure the analysis to be aliased
(or not aliased) in consistency with the aliased (or not aliased)
observation at every observation point. As a result, the analysis-
minus-observation term contains a large alias error whenever an
inconsistency occurs at an observation point. This causes fine-
structure discontinuities in the costfunction. The second way
applies the aliasing operator to the analysis-minus-observation
term at each observation point. In this way, the analysis is en-
sured to be aliased (or not aliased) in consistency with the aliased
(or not aliased) observation at each observation point as long as
the difference of analysis error and observation error (not in-
cluding the alias error) is within the Nyquist interval (between
Fwvy). The costfunction is thus smooth and concave upwards
in the vicinity of the global minimum. As a unconventional
approach, the second way is thus superior to the first way for
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assimilating aliased radar radial-velocity observations, and this
is demonstrated by illustrative examples with both simulated and
real radar observations.

Although the above unconventional approach ensures the
smoothness and convexity (that is, concave upwards) of the
costfunction in the vicinity of the global minimum, the modi-
fied costfunction is not globally convex (or concave upwards)
and has multiple minima due to the zigzag-discontinuities of the
aliasing operator. In this case, the global minimum cannot be
solved by a direct method (derived by setting the costfunction
gradient to zero) but can be found by a descent method (such
as the conjugate-gradient algorithm) if the first guess (provided
by the background state) is close to the true state with its max-
imum error smaller than the Nyquist velocity vy [see (10) and
(17)]. If the maximum error of the first guess exceeds vy but
is still well below 2vy [see (18a)], then the global minimum
cannot be found by a descent method unless the costfunction
is re-constructed by filtered observations [see (18b)]. When the
first guess is not close to the true state with its maximum error
close to or larger than 2vy, the global minimum of the mod-
ified costfunction is beyond the reach of a descent method. In
this case, finding the global minimum becomes very challenging
and difficult especially when the dimension of the minimization
problem is large. For some practical applications, the minimiza-
tion problem has only a few control variables (see the examples
in Section 3.1 of this paper), and an efficient method can be
developed to find the global minimum of the modified costfunc-
tion even when the first guess is zero and far away from the true
state. Progress made in this direction will be reported elsewhere.
Furthermore, the global minimization problem in this paper can
be re-derived in terms of Bayesian estimation by folding the
domain of the original Gaussian non-aliased observation prob-
ability density function into the Nyquist interval (Xu, 2009),
and this establishes the theoretical basis for the unconventional
approach proposed in this paper.
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