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ABSTRACT
The global minimization problem for directly assimilating aliased radial velocities is derived in terms of Bayesian
estimation by folding the domain of the original Gaussian non-aliased observation probability density function (pdf)
into the Nyquist interval. By truncating the folded tails of the observation pdf, the observation term in the costfunction
recovers the aliased observation term formulated previously by an unconventional approach. This establishes the
theoretical basis for the unconventional approach and quantifies the involved approximation. The alias-robust radar
wind analysis developed based on the unconventional approach is also revisited from the Bayesian perspective.

1. Introduction

An aliasing operator was introduced in Xu et al. (2009, hence-
forth referred to as X09) to mimic the effect of aliasing (that
causes discontinuities in radial-velocity observations) and to
modify the observation term in the costfunction with an un-
conventional approach for direct assimilation of aliased radar
radial velocities into numerical models. By applying the alias-
ing operator to the entire analysis-minus-observation term at
each observation point in the observation term of the cost-
function, the unconventional approach of X09 can make the
costfunction smooth and convex in the vicinity of the global
minimum. Although the global minimization problem is dif-
ficult in general due to multiple local minima caused by the
zigzag-discontinuities of the aliasing operator, the problem can
be solved efficiently for some practical applications in which the
number of the control variables reduces drastically to three or
less, such as the recently developed alias-robust velocity azimuth
display (VAD) analysis (to be reported elsewhere) based on the
unconventional approach of X09. The alias-robust VAD analysis
can improve the environmental-wind information for dealiasing
(Eilts and Smith, 1990). It may also replace the modified VAD
(Tabary et al., 2001; Gao et al., 2004) to improve the VAD-based
dealiasing (Gong et al., 2003) and variational dealiasing (Gao
and Droegemeier, 2004).

The modified observation term in (6) of X09 is locally
quadratic in the vicinity of the global minimum. When the as-
sociated minimization problem is placed into the general frame-
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work of Bayesian estimation (Jazwinski, 1970; Chapter 5), the
locally quadratic form of the observation term implies that the
observation probability density function (pdf) is assumed to
be locally Gaussian in the vicinity of its global maximum. The
theoretical basis and involved approximation of this assumption
have not been studied yet and will be examined in this paper.
The next section will review briefly the Bayesian perspective of
the conventional minimization problem in radar radial-velocity
data assimilation. Section 3 will revisit the global minimiza-
tion problem presented in X09 in terms of Bayesian estima-
tion. Section 4 will compare the alias-robust VAD wind analysis
with the Bayesian VAD wind analysis of Tabary and Petitdidier
(2002). Conclusions follow in section 5.

2. Bayesian perspective of conventional
minimization problem

We denote by v the state vector for the gridded wind field to be
analysed, by p(v) the prior background pdf of v, and by p™(v)
the posterior analysis pdf of v updated by the radar observed
radial velocities (v,°; for i = 1, 2, ... n) around the analysis
time. According to the Bayesian rule, p™(v) is given by

p(n)(v) =p(V|v:°1, 0%, .. %)
= p(v)p(vrolserZs s Uron|v)/p(vrolvvr027 e vron)
X p(V)p(V:°1,0:%2, - - Ul V), (1)

where p(v,°1, v;%2, . .. v;°4]V) is the pdf of (v,.°(, v,°2, ... V;°y)
conditional by v, and p(v,°1, v,°2, ... v,°y) = [dVp(V)p(v,°1,
V%2, ... U;°y|V) is the normalization factor (independent of v)
for p™(v). The pdf can be updated by the observations either
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simultaneously by using (1) or serially by using

im)/putiloe, Lo

Vi) (@3]

PO =p P Wpuilv,uey, .
o pDW) p(v,%|v,v°0, ..

This equation shows how pi(v) is updated to p®(v) by the
ith observation according to the Bayesian rule. When i = n,
the serially updated pdf in (2) is equivalent to the simulta-
neously updated pdf in (1). This equivalence can be verified
by substituting p(v,°1, v:°2,... v:%|V) = p(v,°1|V)p(v,°2]V,
v:°1). . p(0 Vs 0%, .. v %) and p(v,°y, ¥°2,. .. 0%) =
P Dp(°2|v:° ). . . p(V V%1, . .. vy 1) Into (1) and com-
paring the resulting form with the serial expansion of (2) for
i=n.

The conventional minimization problem in radar wind data
assimilation can be derived as a Bayesian estimate based on (1)
with the following two assumptions: (i) The background pdf is
Gaussian and thus has the following form:

p(v) = [(27)"Det(B)] ™" Zexp[ — (v — v")'B~!(v — v*)/2],
©)

where m is the state vector dimension, v’ is the background
mean, B is the background covariance matrix, and ()T denotes the
transpose of (). (ii) The observation error is Gaussian random,
homogeneous and uncorrelated between different observation
points, so the observation pdf is given by

P01, vt |V) =TT p(v%i|v) (4a)
and
poilv) = (27 0,2) " Pexp[ — (v° — HV)?/(20,7)],  (4b)

where []; denotes the multiplication over i from 1 to n, ();
denotes the value of () at the ith observation point, H is the
observation operator that projects and interpolates v onto the
radial direction along the radar beam at each observation point,
and o, is the observation error variance. Substituting (3)-(4)
into -In(1) gives

—1In p™(v) =L (V)+Jo(V)+c, )

where Jy(v) = (v — V)TB7I(v — v)/2, Jo(v) = Y i(v,° —
Hv);?/(20,2), and ) _; denotes the summation over i from 1 to n,
and c is a constant independent of v. Note that J,, + J, recovers
the convention form of the costfunction used in radar wind data
assimilation, which is a special case of the conventional form of
the costfunction used in operational variational data assimilation
[e.g. (2.1) of Parrish and Derber, 1992]. Thus, according to
(5), minimizing Jy, + J, is equivalent to maximizing Inp™(v)
or p™(v). This places the conventional minimization into the
perspective of Bayesian estimation. For radial and tangential
velocity analyses, B can be constructed by properly derived
analytical covariance functions (Xu and Gong, 2003; Xu et al.,
2006). If the state vector includes not only the velocity field

but also the mass and/or thermodynamic fields, then the cross-
covariances between these fields need to be considered in their
joint pdf and included in the background term J,(v) in (5).

3. Global minimization problem revisited

In the presence of aliasing, the domain of the observation pdf in
(4b) is folded from (-oco, 00) into the Nyquist interval (|v,° —
Hv| < vy), so the aliased observation pdf is

p(ily) = (27 0?)

x Y exp{ — [Z[v,” — Hv,vyli — 2kon]*/(20,7) }

= (21 0.%) P11+ 11 (v)]
x exp{—Z[v;" — Hv,uy [}/ (205%) }, (6)

where Y i denotes the summation over integer k from -co to
00, Z[(), vn] = () — 2uNNI[(), vn] is the aliasing operator, vy
is the Nyquist velocity, N[(), vn] = Int[()/(2vn)] is the Nyquist
number of (), Int[()] represents the nearest integer of (), and w;(v)
is the sum of exp{ —2(k*> — kZ[v,° — Hv, vy]i/vy)(vy/o,)*] over
k from %1 to o0 (with k = 0 excluded). Substituting (3)-(4a)
with (6) into —In(1) gives

—Inp®(v) = J(M) + Jo W) + D il + wiMl+¢,  (7)

where Jy,(v) is the same as in (5), and J2(v) = Y i Z[v,° — Hv,
vn1i2/(20,%) recovers the modified observation term in (6) of
X09. As shown in X09, J,(v) is quadratic in the vicinity of the
global minimum although its global structure is complicated by
multiple local minima caused by the zigzag-discontinuities of
the aliasing operator.

Note that | Z[v,° — Hv, vy 1i/vy| < 1 and (vy/o,)? > 1 (because
vy > 10 m s~ > o, for the operational WSR-88D radars). Us-
ing these conditions, one can verify that u;(v) < 1 and | ;In[1
+ M1~ 1Dimi(v)] € Jo2(v). The global minimizer of Jy, (V)
+ Jo2(v) is thus a valid approximation of the global maximizer
of Inp™(v) or p™(v) in (7). This establishes the theoretical ba-
sis for the modified observation term J,, originally formulated
with the unconventional approach in section 2.2 of X09. The
approximation involved in the original formulation of J; is thus
quantified by the small term ) ;In[1 + w;(v)] truncated from
(7). As shown in X09, J, has multiple local minima and so does
Jo + Joo. This implies that the non-Gaussian p™(v) derived in
(7) is multimodal, but in the vicinity of the global maximum it
corresponds to the Gaussian pdf in (1) with the observation pdf
given by the original non-aliased Gaussian form in (4b). Thus,
as a Bayesian (conditional maximum likelihood) estimate with
the observation pdf given by the aliased form in (6), the maxi-
mizer of p™(v) in (7) is identical to the Bayesian estimate with
the observation pdf given by the non-aliased Gaussian form in
(4Db), but the latter requires the radial-velocity observations to be
thoroughly dealiased first.
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4. Bayesian VAD wind analysis

As shown in Xu et al. (2006; section 5a), the traditional radar
VAD wind analysis can be viewed as a Bayesian estimate in
the limit of infinitely large background error variance and de-
correlation length scale with zero background mean. In this limit,
(5) and (7) reduce to

—In p™(v) o« —In[TT; p(v,%i|Vo)] = Jo(Vo) + ¢ (8)
and

—In p™(vp) o¢ —In[IT; p(v:°i|¥o)] = Joa(¥o)
+ )il + (V)] + ¢ & Jn(vo) + ¢, ©)

respectively, where vy = (i, vo, wo)" is the reduced state vector
for the horizontally averaged velocity field in the VAD analysis.
The radial velocity is thus related to vy by v, = h"v,, where
h" = (sinf, cosf sing, cosf cos¢) is the reduced observation
operator, 6 is the elevation angle and ¢ is the azimuthal angle
(clockwise with respect to the y-coordinate). Note that J,(vy)
> i(v° — hTvg);2 in (8) is the costfunction used by the tradi-
tional VAD analysis. Via (8), the traditional VAD analysis can be
reviewed as a Bayesian estimate, as mentioned above. Likewise,
Jo2(vo) o¢ Y Z[v,° — hTvg, un]i2 in (9) is the costfunction for-
mulated in (6) of X09 for the alias-robust VAD analysis, so the
alias-robust VAD analysis can be viewed via (9) as a Bayesian
estimate while the observation pdf is given by the truncated
Gaussian function in (6) with pu;(v) = 0, as indicated by the
approximation in the last step of (9).

Tabary and Petitdidier (2002) developed a Bayesian VAD
wind analysis technique to retrieve wind profiles from raw (not
dealiased) radial-velocity observations. In their technique, the
most likely VAD wind was estimated from a discrete posterior
pdf on a coarse grid of the horizontal VAD wind speed and di-
rection. The discrete pdf was updated serially by radial-velocity
observations with the observation pdf specified by a cosine-
type function over the Nyquist interval [see their Eq. (14)]. If
their cosine-type observation pdf is replaced by the truncated
Gaussian pdf in (6) with p;(v) = 0, then their Bayesian VAD
wind analysis can be simplified. In particular, the posterior pdf
can be formulated analytically and updated implicitly by using
the observations simultaneously without actually computing the
pdf, because the analysis only needs to estimate the state vector
by updating the global maximum of the pdf (or, equivalently,
the global minimum of the costfunction) rather than the entire
pdf. In principle, as shown by (1) and (2) in section 2, the up-
dating should lead the same final result regardless whether the
observations are used simultaneously or serially. For practical
applications, however, it is often convenient and efficient to up-
date the global minimum of the costfunction by using the obser-
vations simultaneously, and this is demonstrated by the recently
developed alias-robust VAD analysis (to be reported elsewhere)
based on the unconventional approach of X09.
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5. Conclusions

In this paper, the global minimization problem formulated in
X09 for directly assimilating aliased radar radial velocities is
revisited in terms of Bayesian estimation. It is shown that the
unconventional approach used to modify the observation term
in (6) of X09 can be justified and established formally as a
probabilistic approach based on the Bayesian estimation theory.
In particular, the global minimization problem for directly as-
similating aliased radial velocities can be derived in terms of
Bayesian estimation by folding the domain of the original Gaus-
sian non-aliased observation pdf into the Nyquist interval [see
(6)]. The modified observation term in (6) of X09 can be then de-
rived by truncating the folded tails of the Gaussian observation
pdf [that is, neglecting w;(v) in (7)]. The truncation therefore
quantifies the approximation involved in the unconventional ap-
proach of X09. The alias-robust VAD wind analysis based on
the unconventional approach is then compared with the Bayesian
VAD wind analysis of Tabary and Petitdidier (2002). The com-
parison suggests that using the truncated Gaussian observation
pdf in place of their cosine-type observation pdf can simplify
the analysis and improve the computational efficiency.
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